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ABSTRACT

Jiang, Zheyu Ph.D., Purdue University, December 2018. Multicomponent Distillation
– Mathematical Modeling, Global Optimization, and Process Intensification. Major
Professor: Rakesh Agrawal.

Distillation is the most important separation process that accounts for 90–95% of

all separations in the chemical industries. Even slight improvements can tremendously

impact the landscape of the chemical economy world. The goal of this thesis is

to develop mathematical modeling and global optimization approaches as well as

systematic process intensification strategies to design and synthesize compact, easy-

to-operate, energy-efficient, and cost-effective multicomponent distillation systems.

Towards this goal, we discuss the following aspects in this thesis:

1. We solve a longstanding challenge in chemical engineering of developing a short-

cut method to determine the minimum reflux condition for any multi-feed,

multi-product distillation column separating ideal multicomponent mixtures.

The classic Underwood’s method turns out to be a special case of our approach.

2. We develop the first enumeration based global optimization algorithm to identify

optimal distillation configurations that can potentially save up to 50% of total

cost or total exergy loss compared to conventional schemes from the immense

configuration search space. For the first time in the literature, global optimality

is guaranteed.

3. We propose a systematic and comprehensive multi-layer approach for process

intensification in multicomponent distillation. For the first time, industrial

practitioners have an easy-to-follow recipe to generate an array of completely

new and attractive highly intensified configuration designs that further enhance

operability, improve efficiency, and reduce total costs.
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1. INTRODUCTION

1.1 Motivation

Distillation is among the oldest unit operations and has been around since the

dawn of human civilization. The earliest application of distillation as a batch process

to extract essential oils from herbs dates back to∼3500 BC [1]. Since then, it remained

primarily as a batch unit operation until Jean-Baptiste Cellier-Blumenthal invented

the first continuously working distillation column in France and patented it in 1813

[2]. Facilitated by this hallmark of distillation, the entire world of chemical and

process engineering came into a new era. Nowadays, distillation has become the

single most important separation process that accounts for 90-95% of all separations

and consumes more than 40% of energy in the chemical and refining industries [3]. It

deals with some of world’s largest and most profitable separations, such as crude oil

fractionation, hydrocarbon separations from steam cracking, and natural gas liquids

(NGL) separations. For instance, the United States processed over 13.1 million barrel

of petroleum crude per day in the year of 2017 [4], and petroleum fractionation

consumes energy at the equivalent of roughly 2% of the crude processed [5]. This

works out to 0.26 million barrel per day, or equivalently 0.55 quadrillion (i.e. 1015) Btu

per year. In comparison, the total energy production in the United States is about 87.5

quadrillion Btu in 2017 [6]. In other words, 0.6% of energy produced in the U.S. is used

for petroleum crude fractionation alone, making it one of the most energy-intensive

industrial processes. Distillation is also a capital-intensive process. According to one

estimate [3], there are more than 40,000 distillation columns currently in operation in

the United States. Each distillation column used in refineries or commodity chemical

plants can cost tens of millions of dollars to build and install. As a result, even

modest improvements to the existing design and operation of distillation process have
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significant impact on the overall landscape of chemical and processing industries,

and ultimately, on U.S.’s energy security as well as the world’s sustainability and

environment.

1.2 A Single Distillation Column

A distillation column is a device that accepts heat at a higher temperature and

then rejects it at a lower temperature while providing the work of separation. Es-

sentially, distillation column offers the energy required to partially vaporize a liquid

mixture as well as the locations for the resulting liquid and vapor phases to contact

each other and reach thermodynamic equilibrium. Since different constituent compo-

nents in the mixture have different “tendencies” to leave the liquid phase and enter

the vapor phase, as thermodynamic equilibrium is established, the vapor phase is en-

riched in more volatile components while the liquid phase is enriched in less volatile

components. In a staged distillation column, such process takes place in a number of

stages or trays. Eventually, the desired separation of constituent components can be

achieved, provided the distillation column has enough energy supply and sufficient

number of stages. The stream enriched in more volatile components is withdrawn

at the top of the distillation column as the distillate product, whereas the stream

enriched in less volatile components is withdrawn at the bottom of the distillation

column as the bottoms product.

A typical continuous staged distillation column is shown in Figure 1.1. In the

column, the vapor and liquid phases are in continuous contact with each other on

the stages. The liquid flows downward to the bottom of the column where part of it

passes through a reboiler and gets vaporized before it is sent back to the bottom of

the column. The rest of the liquid is withdrawn as bottoms product. The vapor flows

upward to the top of the column where some or all of it is condensed into liquid in the

condenser. The condensed liquid that is sent back to the distillation column is also

known as reflux. The rest of the condensed liquid is withdrawn as distillate product.

As we can see, distillation is a typical countercurrent separation process. The feed
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Distillate
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Rectifying section
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Condenser
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Stage
Liquid

Vapor

Figure 1.1. A continuous distillation column.

stream enters the distillation column somewhere in the middle, separating the column

into two column sections. The section above the feed is known as the rectifying section

in which the more volatile (or lighter) components are “rectified” and become more

and more enriched in the material stream travelling upward compared to the feed

stream composition. And the section below the feed location is known as the stripping

section in which the lighter components are “stripped off” from the material stream

flowing downward compared to the feed stream composition.

1.3 Multicomponent Distillation Configurations

A large fraction of industrial separations are performed for multicomponent mix-

tures containing more than two components. To separate a multicomponent mixture

that contains n components into n pure products through distillation, a sequence of

distillation columns known as a distillation configuration is generally required. As

one would expect, there exists multiple distinct configurations that ultimately per-

form the same separation task for a multicomponent mixture. Figure 1.2 lists some of



4

the possible distillation configurations to separate a three-component non-azeotropic

mixture ABC into three pure component streams, namely A, B, and C. In Figure

1.2 and througout the remainder of this thesis, capital letters A, B, C, and so on rep-

resent pure components with their volatilities decreasing in alphabetical order. Here,

ABC could be any industrially relevant mixture such as benzene/toluene/xylene,

hexane/heptane/octane, nitrogen/agron/oxygen, etc. Also, we refer to streams that

are transferred between distillation columns as submixtures to differentiate them from

the main feed and the final product streams. For instance, in Figure 1.2a, stream AB

is a submixture stream.

ABC

BC

1 2

C

AAB

B

(a) (b) (c)

ABC

AB

1

C

2

B

A

ABC

BC

1

2

C

B
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ABC

BC

1 2

C

A
AB

B

ABC

BC

1 2

C

A

B

AB

ABC 1 2

C

A
AB

B

BC

(d) (e) (f)

Figure 1.2. Some of the possible three-component distillation config-
urations. (a) to (c) draws three distinct basic configurations, whereas
(d) to (f) draws all three possible thermally coupled configurations
that can be derived from the basic configuration of (c).
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Distillation configurations can be categorized in many ways. One way is to classify

configurations based on the number of columns used, namely regular-column (using

exactly n− 1 columns), sub-column (using < n− 1 columns), and plus-column (using

> n − 1 columns) configurations [7]. All configurations drawn in Figure 1.2 are

regular-column configurations. Systematic analyses on these classes of configurations

reveal that sub-column configurations can be systematically enumerated from regular-

column configurations [8]. Meanwhile, the best plus-column configuration, though

having more columns, could never outperform the best regular-column configuration

for any given separation in terms of heat duty [9]. Therefore, the complete set of

regular-column configurations is considered as the proper and reasonable choice of

search space of configurations [9].

Distillation configurations can also be categorized based on the nature of split

involved. A split is the smallest unit in a distillation configuration. It represents

the separation of a mixture into two product streams. For instance, there are two

splits in column 2 of the configuration of Figure 1.2c, AB → A/B and BC → B/C.

Sharp split produce top and bottom product streams with no overlapping components,

whereas non-sharp splits produce product streams with a non-negligible amount of

overlapping components. Accordingly, distillation configurations can be classified

as either sharp split configurations if all their splits are sharp or non-sharp split

configurations if at least one split is non-sharp [9]. In the case of Figure 1.2, the

configurations of 1.2a and b are sharp split configurations, and those of 1.2c thru f

are all non-sharp split configurations.

Finally, a distillation configuration can be further categorized as either basic or

thermally coupled (TC). A configuration is called basic if each column has one reboiler

and one condenser [10]. TC configurations can be derived from each basic configu-

ration by replacing one or more of its intermediate heat exchangers with two-way

vapor-liquid transfers known as thermal couplings. For example, the configurations

of Figure 1.2d thru f are TC configurations derived from the basic configuration

of 1.2c. Introducing thermal couplings to basic configurations rapidly expands the
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search space of regular-column configurations. Among all TC configurations, one can

further identify one completely thermally coupled (CTC) configuration in which all

submixtures are placed with thermal couplings from the rest of partially thermally

coupled (PTC) configurations. Figure 1.2f represents a CTC configuration, whereas

1.2d and e are PTC configurations.

1.4 Synthesis of Regular-Column Configurations

Identification of attractive distillation configurations for a given separation task

requires complete enumeration of all possible configurations in the defined regular-

column configuration search space. The first attempt to identify an optimal distil-

lation sequence from among known sequences probably dates back to Lockhart [11].

Since then, it has become a classic process synthesis problem in chemical engineer-

ing [12] and has attracted a number of researchers over the past decades. In particular,

Thompson and King [13] provided a method to generate all sharp split configurations.

Sargent and Gaminibandara [14] proposed a superstructure framework to include

both sharp and non-sharp split configurations, but this framework was incomplete.

Agrawal [15] extended the superstructure to include the missing satellite configura-

tions. Later, Agrawal [10] generalized the observations of a feasible basic distilla-

tion configuration into a set of rules and proposed a stepwise enumeration procedure

to synthesize all basic and thermally coupled regular-column configurations. This

laid the foundation for subsequent formulations proposed by Caballero and Gross-

mann [16], Ivakpour and Kasiri [17], and Shah and Agrawal [7]. Nevertheless, it

was found by Giridhar and Agrawal [18] that this method still omits certain config-

urations for ≥ 5-component separations. To address this, they proposed a network

formulation based on a set of general logical constraints that successfully enumerated

all basic regular-column configurations. Finally, Shah and Agrawal [7] developed a

simple and elegant six-step method to systematically generate the complete search

space of all sharp and non-sharp split basic and thermally coupled regular-column

configurations, which we refer to as the SA method from hereon.
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Here, we briefly layout the key steps involved in the SA method, as it lays the

foundation for many of the algorithms and approaches discussed in this thesis. For

illustration, we focus on synthesizing distillation configurations for ternary mixture

separations.

STEP 1: Based on the problem definition, identify the value of n, the number of

components in the feed to be separated as pure product streams. In this case, n = 3.

STEP 2: Generate an n× n upper triangular matrix. Each element in the upper

triangular portion uniquely corresponds to a stream that can be present in a config-

uration. For example, for ternary separation, all possible streams that may possibly

be present in a conguration are ABC, AB, BC, A, B, and C. This is illustrated in

Figure 1.3.

𝐴𝐵𝐶 𝐴𝐵

𝐵𝐶

𝐴

𝐵

𝐶

Figure 1.3. Upper triangular matrix synthesized in STEP 2 for n =
3. Blue arrows indicate the search directions for possible distillate
products that a stream can produce, and orange arrows indicate the
search directions for possible bottoms products.

As seen from Figure 1.3, if we pick any stream in the matrix, possible distillate

products that this stream can produce must always lie on the horizontal path to the

right of the stream. Similarly, possible bottoms products that the stream can produce

must always lie on the diagonal path to the right of the stream. For example, for the

main feed stream ABC, either AB or A can be produced as distillate product, and

either BC or C can be produced as bottoms product.

STEP 3: Identify matrix elements corresponding to submixture streams. In any

distillation configuration, the main feed stream and all final product streams are
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always present. However, not all possible submixture streams have to be present in

a configuration. Therefore, we need to identify the locations of submixture streams

in the matrix. The main feed stream always corresponds to the (1, 1)th element of

the matrix, whereas all final product streams occupy the last column of the matrix.

Therefore, the rest of the n(n+1)/2−1−n = (n−2)(n+1)/2 elements of the matrix

correspond to submixture streams. In this case, the (1, 2)th and (2, 2)th elements of

the matrix respectively correspond to submixtures AB and BC.

STEP 4: Generate numerical matrices that represent all permutations account-

ing for the presence or absence of submixture streams. If a stream is present in a

distillation configuration, the corresponding numerical matrix element is assigned a

value of 1. Otherwise, it is assigned a value of 0. As a result, the (1, 1)th element as

well as the n elements in the last column of the numerical matrix always take 1. On

the other hand, the rest of the matrix elements symbolizing submixtures take binary

values of either 0 or 1. Hence, a total of 2(n−2)(n+1)/2 distinct numerical matrices can

be generated. Each numerical matrix is a candidate distillation configuration.

𝐴𝐵𝐶 −

−

𝐴

𝐵

𝐶

𝐴𝐵𝐶 𝐴𝐵

−

𝐴

𝐵

𝐶

𝐴𝐵𝐶 −

𝐵𝐶

𝐴

𝐵

𝐶

𝐴𝐵𝐶 𝐴𝐵

𝐵𝐶

𝐴

𝐵

𝐶

1 0

0

1

1

1

1 1

0

1

1

1

1 0

1

1

1

1

1 1

1

1

1

1

(a) (c)(b) (d)

Figure 1.4. Numerical matrices synthesized in STEP 4 for n = 3.
Each matrix corresponds to a candidate distillation configuration.
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STEP 5: Eliminate infeasible configurations. Shah and Agrawal [7] provide math-

ematical constraints in terms of linear inequalities to ensure that only matrices cor-

responding to feasible basic congurations are included in the search space. These

constraints essentially perform the following two checks: (1) Except the main feed

stream, any stream that exists in a distillation configuration must be produced by

another stream; and (2) all components that enter a distillation column must also

leave the distillation column. For our example, the matrix of Figure 1.4d violates the

first check as final product B is not produced by any stream. Thus, it is discarded

from feasible configuration search space.

STEP 6: Finally, draw the configuration from a feasible matrix. Notice that any

two splits producing a common submixture or final product stream are grouped into

the same distillation column, in which the common stream is withdrawn as sidedraw

(e.g. final product B in column 2 in the configuration of Figure 1.2c). The basic

regular-column configurations drawn from the matrices of Figure 1.4a to c are shown

in Figure 1.2a to c, respectively.

Once we obtain all feasible basic configurations, we can replace some of all of

submixture reboilers and condensers with thermal couplings. In this example, we

can synthesize a total of 5 thermally coupled configurations out of the 3 possible

basic configurations. And we expect that the number of basic and thermally coupled

configurations grows combinatorially with respect to the n.

1.5 Research Objective and Overview

The complete enumeration of basic and thermally coupled configurations is just

the beginning towards the overall objective of designing compact, easy-to-operate,

energy-efficient, and cost-effective distillation systems for separation of non-azeotropic

multicomponent mixtures. This thesis is devoted to moving towards this overarching

goal by analyzing this problem from a conceptual design perspective at three different

levels (See Figure 1.5).
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At the bottom level, we would like to understand the mathematical principles

governing the mass transfer between liquid and vapor phases that are in contact inside

any single distillation column, even those containing multiple feed streams and/or one

or more sidedraw streams. In particular, we want to study the underlying physical

and mathematical properties of the model when a general multiple distillation column

is operated at minimum reflux. Gaining such fundamental understanding about how

the composition profile within a distillation column behaves is an absolute necessity

and serves as the foundation to the construction of an accurate mathematical model

for an entire multicomponent distillation configuration.

At the intermediate level, we will use novel mathematical programming tech-

niques to develop the first enumeration based global optimization algorithm that can

quickly and accurately identifies the optimal or a set of optimal distillation configura-

tions from the enormous search space of possible distillation configurations for a given

multicomponent separation task, based on industrially concerned objectives such as

minimizing capital and operating costs as well as maximizing the thermodynamic effi-

ciency. For the first time, industrial practitioners have a ranklist of all configurations

in terms of these objectives. Using this ranklist, one can conduct further analyses, in-

cluding performing rigorous process simulations on selected attractive configurations

using commercially available software packages such as Aspen Plus to evaluate their

actual total cost and/or thermodynamic efficiency attractiveness.

Once a subset of attractive configurations have been identified in the intermedi-

ate level, at the highest level, we can further enhance operability, improve energy

efficiency, and reduce equipment size and cost of these selected configurations using

novel process intensification strategies based on the newest advancements in the field

of multicomponent distillation. Often, several of these strategies are used simultane-

ously to produce a synergistic effect.

Having introduced all three levels of tackling this research objective, we adopt a

top-down research approach to organize this thesis:
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Chapter 2: Process intensification in multicomponent distillation. For the first

time, we propose a systematic and comprehensive multi-layer approach for process

intensification in multicomponent distillation. We discuss the key elements comprised

in this process intensification approach in detail, including thermally coupled distil-

lation, multi-effect distillation, simultaneous heat and mass integration, and dividing

wall columns. Equipped with this powerful methodology, industrial practitioners now

have an easy-to-follow recipe to synthesize an array of completely new and highly at-

tractive intensified multicomponent distillation system designs.

Chapters 3 and 4: Global minimization algorithm of total cost and total exergy

loss of distillation configurations. We develop the first robust and efficient enumer-

ation based global optimization algorithm to identify the optimal configuration or

generate the complete ranklist of distillation configurations based on the least min-

imum total costs or minimum total exergy loss from the immense search space of

regular-column configurations synthesized by the SA method [7]. Based on the re-

sults obtained from selected case studies, we also come up with several heuristics

and insights that can help design engineers select attractive configurations that are

more attractive to build and retrofit. Furthermore, we apply several novel process

intensification strategies discussed in Chapter 2 in conjunction with this global op-

timization algorithm to generate new configurations with improved total cost and

energy efficiency performances.

Chapters 5 and 6: Minimum reflux condition for multi-feed, multi-product distil-

lation columns. We solve a 80-year challenge in chemical engineering of developing a

shortcut, algebraic based method to model a general multi-feed, multi-product distil-

lation column separating ideal or near-ideal multicomponent mixtures and to deter-

mine its minimum reflux ratio. It turns out that the classic Underwood’s method [19]

is just a special case of our proposed method. By providing several counterexamples,

we revisited and revised several well accepted heuristics and design assumptions that

industrial practitioners commonly use. Furthermore, we show that our method can

be applied to understand various other industrially important applications.
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Chapter 7: Reversible distillation model. We use the method developed in Chap-

ters 5 and 6 to understand the physics and mathematics behind a distillation column

in which some part of its column sections is operated at a reversible manner.

Chapter 8: Multicomponent batch distillation. To conclude this thesis, we extend

the research outcomes discussed so far in continuous distillation to the area of batch

distillation. In particular, we attempt to construct an accurate shortcut based model

for batch distillation process using the results obtained in Chapters 5 and 6. We dis-

cuss the potential applications in which batch distillation might be a more attractive

option than continuous distillation.
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2. PROCESS INTENSIFICATION IN MULTICOMPONENT DISTILLATION

Process Intensification (PI) is an emerging concept in chemical engineering that de-

scribes the design innovations that lead to significant shrinkage in size and boost in

efficiency of a process plant. Distillation, which is the most commonly used sepa-

ration technique in the chemical industries, is a crucial component of PI. Here, we

present the following systematic, multi-layer approach for peroforming PI in multi-

component distillation, including 1) Introducing thermal couplings to strategically

eliminate reboilers and condensers at submixture levels to save energy and capital

cost; 2) Improving operability of thermally coupled columns by converting thermal

couplings to liquid-only transfer streams or by column section rearrangement; 3) Per-

forming simultaneous heat and mass integration among thermally coupled columns to

eliminate distillation columns and further reduce heat duty; and 4) Conducting any

thermally coupled distillation in 1 to n− 2 column shells using dividing wall columns

that are operable. We demonstrate these aspects of PI through examples and illus-

trate how synergistic use of them can lead to the design of compact, easy-to-operate,

energy efficient and cost effective multicomponent distillation systems.

2.1 Introduction

Different distillation configurations, while performing the same separation task,

generally have very distinct capital and operating costs. Moreover, due to their

structural differences, some configurations are easier to operate and control than oth-

ers. These design and operational considerations naturally raise the following ques-

tion: “Given a multicomponent separation problem, which distillation configuration(s)

is/are more attractive to build, operate, and/or retrofit?” To address this central is-

sue from a conceptual design perspective, a series of design strategies and approaches
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have been developed over the past two decades. These strategies and methodologies

all follow under the umbrella of “Process Intensification (PI)”, a concept that

has been in use for quite some time but has truly emerged as an important design

philosophy in chemical engineering only in the past decade [20]. The idea of PI was

first introduced to the chemical industry in the 1970s and has led to some of the

brilliant equipment and process designs that are still being used to this day, such as

the static mixer and reactive distillation process [21]. Over the past decades, PI has

attracted increasingly more academic and industrial interest as a guideline for process

improvements in designing new facilities as well as retrofitting existing ones to meet

the increasing demands for sustainable production. However, the question remains:

What really is process intensification? In the 1st International Conference on Process

Intensification for the Chemical Industry in 1995, Ramshaw [22] offered one of the

first definitions of PI as a strategy to reduce the size of a chemical plant by reducing

the number of unit operations and equipment pieces involved. However, as pointed

out by Stankiewicz and Moulijn [23], Ramshaws definition is somewhat limited in

scope as it exclusively concerns with reduction of plant and/or equipment size [22].

In turn, they broadened the span of PI by redefining it as the development of new

equipment and processes that significantly decrease equipment and plant size, reduce

waste production, and finally result in cheaper and more sustainable production [23].

Ponce-Ortega et al. [24] and Reay [21] further expended the definition of PI to in-

clude principles such as process safety, increase in energy efficiency and production

throughput, as well as reduction of inventory and the use of raw materials. All these

definitions provide valuable insights to researchers and engineers in understanding

what PI means for different industrial applications and scales. But in the context of

multicomponent distillation, we believe that PI stands for innovative process synthe-

sis strategies that minimize the number of equipment pieces, reduce total cost, while

boosting energy efficiency of multicomponent distillation systems. Under this defini-

tion, the overall goal for PI is to synthesize compact, easy-to-operate, energy efficient

and cost effective distillation configurations based on a given separation task.
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In this chapter, we introduce a comprehensive, multi-layer analysis approach for

PI in multicomponent distillation which is summarized in Figure 2.1. Starting from

any basic regular-column configuration, we will first discuss the attractiveness of re-

placing some or all of submixture reboilers and/or condensers with thermal couplings

in terms of energy and cost savings. This idea is carried over throughout different

layers of PI and is the heart and soul of PI in multicomponent distillation. Next, we

will discuss strategies to reduce or even eliminate the operational difficulties associ-

ated with conventional TC configurations, while still retaining their energy and cost

benefits. These strategies are highly useful in arriving at the subsequent layers of

PI. By applying these strategies, we can synthesize operable multi-effect distillation

systems for multicomponent separation to significantly reduce the heat duty require-

ment. Meanwhile, we can also perform novel simultaneous heat and mass integration

in a strategic manner for a selected subset of regular-column configurations. This

leads to the discovery of a special class of intensified sub-column configurations that,

for many applications, could have the lowest possible total vapor duty requirement

among all configurations in the entire search space. Finally, for the first time, we

are able to synthesize and build an array of hitherto unknown dividing wall columns,

many of which are operable, for any basic and TC configuration. Through illus-

trative examples, we provide readers with a comprehensive review of the important

layers of PI in multicomponent distillation. We hope that the readers could have

a better understanding as well as appreciation of the great opportunities for PI in

multicomponent distillation.

2.2 Energy Efficient Configurations Synthesized by Introducing Thermal Couplings

Thermal couplings are two-way liquid-vapor transfer stream between distillation

columns within a configuration. Some historical examples of TC configurations in-

clude the use of a side-rectifier to recover argon in air distillation [25], and side-

strippers to produce different fractions in petroleum crude distillation [5]. A sequence

of TC configurations can be derived from one basic configuration by replacing some
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Figure 2.1. A roadmap of PI for multicomponent distillation. In this
roadmap, we have listed the key references that highlight each PI
strategy.



18

or all reboilers and/or condensers associated with intermediate transfer streams, also

known as submixtures, with thermal couplings [26, 27]. While some examples of TC

configurations have been known for a while, it is not until the 1980s when TC config-

urations started to receive more attention due to their potentials for large heat duty

savings [28–32]. At the same time, the lower heat demand for a TC configuration also

leads to smaller diameters for a number of column sections and overall heat exchanger

sizes. Together with the elimination of reboilers and/or condensers, introducing ther-

mal couplings generally results in lower capital investment and more compact plant

being built.

Figure 2.2 shows the systematic introduction of thermal couplings to one of the 203

basic configurations synthesized by the SA method [7] for a 5-component ABCDE

mixture to produce five product streams, each enriched in one of the components. The

configuration of Figure 2.2a is a basic configuration with no thermal coupling. Instead,

it involves one-way liquid transfers of submixtures BCD, CD, and DE as well as one-

way vapor transfers of submixtures ABCD. Starting from the basic configuration of

Figure 2.2a, submixtures associated with heat exchangers can be systemically replaced

by thermal couplings between distillation columns as shown in Figure 2.2b to o.

Configurations of Figure 2.2b to e has one thermal coupling; configurations of Figure

2.2f to 1k has two thermal couplings; configurations of Figure 2.2l to 1o have three

thermal couplings; and finally, the configuration of Figure 2.2p is completely thermally

coupled (CTC), i.e. all submixture heat exchangers are replaced by thermal couplings.

Overall, for this particular basic configuration of Figure 2.2a, we can derive a total

of 24 − 1 = 15 TC configurations, including one CTC configuration and 14 partially

TC ones. These configurations have the same column and split arrangement as the

basic configuration. The only difference among these configurations is the placement

of thermal couplings and heat exchangers at all submixtures. Thus, they can be

considered as configurations within the same family. Each family has a family tree.

In this case, we can draw the family tree for a family of configurations by considering

each individual configuration as the parent or child of other configurations. A child



19

configuration contains all the thermal couplings that the parent configuration has,

plus one additional thermal coupling. As expected, each family must always have

exactly one basic configuration and one CTC configuration. Also, it is worth noting

that the configuration of Figure 2.2l, even though has three thermal couplings, is not

the child of configuration of Figure 2.2f that has two thermal couplings.
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Figure 2.2. A family of regular-column configurations: (a) basic con-
figuration with no thermal coupling; (b) to (e) configurations with
one thermal coupling; (f) to (k) configurations with two thermal cou-
plings; (l) to (o) configurations with three thermal couplings; and (p)
CTC configuration with all four thermal couplings.

As the number of components in the feed increases, the number of regular-column

configurations increases combinatorially, much faster than the number of basic con-

figurations [7]. This greatly expands the of regular-column configurations search
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space. Table 2.1 summarizes the enumeration results of basic and TC regular-column

configurations for up to eight-component mixture separations. For instance, for a five-

component feed, there exists 203 structurally distinct basic configurations and 5925

TC ones. When it comes to six-component feed, the total number of basic configu-

rations is 4373, but the number of TC configurations explodes to 502539. The large

search space of regular-column configurations certainly poses a challenge to industrial

practitioners in identifying the attractive configurations for a given separation prob-

lem. As a result, there is definitely an urge for a quick and reliable screening tool

that can accurately evaluate each and every configuration in the search space within

reasonable amount of time [33].

Table 2.1.
Complete search space of regular-column configurations synthesized
by the SA method [7]. The total number of sharp split configurations
can be obtained using the closed form formula presented by Thompson
and King [13].

n

Total number
of basic

configurations

Number of
sharp split

basic
configurations

Total number
of TC

configurations

Number of
sharp split

TC
configurations

3 3 2 5 2
4 18 5 134 15
5 203 14 5925 98
6 4373 42 502539 630
7 185421 132 85030771 4092
8 15767207 429 29006926681 27027

To evaluate these configurations, we first need an objective function that charac-

terizes the performance of each configuration quantitatively. The operating cost of

a distillation configuration relative to others is often characterized by its total vapor

duty requirement, which is the sum of vapor flow generated at all reboilers per unit

time at its operating condition. The minimum total reboiler vapor duty requirement,

V min
tot , is thus a direct representation of a configurations first-law energy consumption,

i.e. heat duty without considering the temperature level at which the heat is pro-
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duced or rejected [32]. Therefore, V min
tot is commonly used as the objective function

for comparing the heat duty requirement of distillation configurations [33,34].

Due to the combinatorial explosion in the size of regular-column configuration

search space with the number of components in the feed [18], evaluating each and every

configuration in the search space rigorously using process simulators such as Aspen

Plus is never an easy and efficient option. Needless to mention the amount of effort

required to guarantee convergence and global optimality for each and every simulation

flowsheet. One almost always needs to formulate an optimization problem to consider

and solve all configurations in the search space in a timely and accurate manner.

Caballero and Grossmann [35] presented a superstructure based on state task network

representation to synthesize all TC configurations, including the completely thermally

coupled (CTC) ones. The superstructure was modelled as a generalized disjunctive

program. Afterwards, Caballero and Grossmann [16] extended the superstructure to

capture all basic and TC regular-column configurations. The resulting generalized

disjunctive program was formulated and solved as a mixed integer nonlinear program

(MINLP) to identify the configuration that minimizes the total cost. However, the

MINLP could not be solved to global optimality as the local nonlinear programming

(NLP) solver fails to give a feasible solution due to convergence difficulties such as

singularity issues associated with disappearing column sections [35]. To account for

these issues, they proposed an algorithm based on a modified version of logic-based

outer-approximation algorithm. Nevertheless, they were still unable to guarantee

global optimality with this approach [35].

Caballero and Grossmann [16] then introduced a two-step iterative optimization

procedure to solve the MINLP by first identifying the best CTC configuration, fol-

lowed by determining the best submixture heat exchanger placement for the config-

uration identified in the first step. These authors have also extended this solution

procedure to consider heat integration [36], column section rearrangements [37], and

dividing wall columns [38] in their designs. Despite the attempts to solve individual
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MINLP in each step to global optimality, overall this two-step optimization procedure

still does not always yield the true optimal solution.

Besides the MINLP based approach summarized above, a fundamentally different

approach to identify optimal distillation configuration is to first synthesize the com-

plete search space, followed by formulating individual optimization problem for each

configuration in the search space. Inspired by this, Nallasivam et al. [34] proposed a

nonlinear programming (NLP) based approach to determine V min
tot for any configura-

tion using Underwoods method for minimum vapor duty calculations in each column

section [19]. It is shown that NLP optimization solvers such as BARON [39] guar-

antee global optimality for each configuration [33, 34]. Though this shortcut based

algorithm uses underlying assumptions of ideal liquid-vapor equilibrium, constant

relative volatility, and constant molar overflow [34], it is found that the rank-list of

configurations obtained by these NLP calculations is consistent with that obtained

by running rigorous Aspen Plus simulations using real thermodynamic models for

zeotropic multicomponent separations [40].

We evaluate the minimum total vapor duty requirement for the family of con-

figurations considered in Figure 2.2. For five-component separations, 25 − 1 = 31

different representative feed compositions can be formulated4, depending on whether

each component is rich or lean in the feed. For example, ABcDe denotes that the

feed is rich in components A, B, D and lean in components C and E. Lean compo-

nents, if theres any, are assigned a mole fraction of 0.05 in the feed, whereas the

rich components share the leftover mole fraction equally. Here, we consider the

example feed condition of saturated liquid feed with feed composition of abcDE

(i.e. mole fractions of A = B = C = 0.05, D = E = 0.425) and flow rate of 1

kmol/s. The relative volatility set considered between each consecutive component is

{αAB, αBC , αCD, αDE} = {1.1, 2.5, 1.1, 1.1}, in which an α value of 1.1 is a represen-

tative of difficult split and an α value of 2.5 an easy split. The results are summarized

in Figure 2.3, in which the vertical axis is the normalized V min
tot relative to the lowest

vapor duty requirement among all configurations within the family. Data points a
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thru p in Figure 2.3 correspond to the configurations of Figure 2.2a thru p, respec-

tively. Combining the vapor duty results of Figure 2.3 with the configurations shown

in Figure 2.2, we can easily make the following observations that can be generalized

to any family of configurations.
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Figure 2.3. Normalized minimum vapor duty requirement of the
family of configurations in Figure 2.2 with respect to the number
of thermal couplings involved. This example deals with feed com-
position of abcDE and relative volatility of {αAB, αBC , αCD, αDE =
1.1, 2.5, 1.1, 1.1}

.

First, any child configuration must always have a lower or at least the same V min
tot

compared to any of its parent configuration. In other words, V min
tot of any child configu-

ration is always upper bounded by the lowest V min
tot among all its parent configurations.

For example, as illustrated in Figure 2.3, the child configuration of Figure 2.2j, which

consists of two thermal couplings at submixtures ABCD and CD, has a lower V min
tot

than its parent configuration of either Figure 2.2c or d. The basic configuration (e.g.

point a of Figure 2.3) and the CTC configuration (e.g. point p of Figure 2.3) must al-
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ways respectively have the highest and lowest V min
tot among all configurations within a

family. In this example, the basic configuration requires 36.2% more minimum vapor

duty than the CTC configuration.

While it is true that introducing thermal couplings to a configuration will never

worsen its minimum total vapor duty, it is generally not needed to replace all sub-

mixture heat exchangers with thermal couplings to achieve the maximum vapor duty

savings [41]. This guideline is concerned with a more fundamental question related

to thermal coupling: “Is it always more energy efficient to introduce more thermal

couplings to a distillation configuration?” To answer this question, it is no longer

sufficient to focus merely on the absolute value of the total vapor duty requirement

(first-law heat-duty savings) of the configuration. Instead, one also needs to con-

sider the temperature levels at which the vapor duties are produced and condensed

which directly affect the costs of utilities that drive the distillations. This aspect of

temperature-level penalty is especially important for sub-ambient temperature distil-

lations, heat pump assisted distillations, as well as applications in which the boiling

points of the components involved are very different. In this example, the configura-

tion of Figure 2.2l has the same V min
tot as the CTC configuration but uses only three

thermal couplings. On a similar note, the parent configuration of Figure 2.2i, which

has two thermal couplings, consumes exactly the same V min
tot as one of its child configu-

rations of Figure 2.2o. In either case, it is not useful to include the additional thermal

coupling at submixture BCD, since the total vapor duty will not improve any further

and yet the utility cost is likely to increase when all the required heat duty would

be generated at the reboiler of E which operates at the highest temperature level.

In other words, additional thermal couplings no longer provide any additional vapor

duty benefits. These extra thermal couplings should be avoided as they could incur

unnecessary penalties in utility costs and thus lower the thermodynamic efficiency of

the configuration [32].

On the other hand, in some cases, introducing thermal couplings to certain sub-

mixture locations of the configuration would potentially provide significant first-
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law heat duty savings without bringing any penalties in utility costs. Shah and

Agrawal [41] presented some heuristics to enable quick identification of such useful

thermal couplings. For example, we find out that when thermal coupling is intro-

duced to the basic configuration at submixture DE, the resulting TC configuration

of Figure 2.2b requires significantly less minimum vapor duty than configurations of

Figure 2.2i, j, and k that use two thermal couplings, as well as the configuration

of Figure 2.2o which uses three thermal couplings. In fact, when closely examining

configurations of Figure 2.2b, f, and m, which respectively correspond to the best TC

configurations with exactly one, two, and three thermal couplings from Figure 2.3,

we recognize that all of them have a thermal coupling at submixture DE. To under-

stand this, notice that in column 4, the lower DE → D/E split requires significantly

more vapor flow than the upper CD → C/D split, as the mass flow of component

C into the column is small compared to that of component D or E. Therefore, by

replacing the reboiler at sumixture DE with a thermal coupling, the excess vapor

duty generated by the reboiler at E can now transfer to column 1 to facilitate the

ABCDE → ABCD/DE split there. As a result, the total vapor duty requirement of

the TC configuration of Figure 2.2b is greatly reduced compared to that of the basic

configuration. At the same time, no additional utility cost is created. When building

energy efficient distillation systems, it is always important to keep in mind the syn-

ergistic effect of strategically introducing thermal couplings to the right submixtures

in order to achieve the best trade-off between maximum vapor duty savings and low

utility costs.

So far, we have been analyzing configurations within one family. Now, let us

back up from scrutinizing each individual configuration and compare configurations

of different families. To do so, we need a common benchmark configuration for com-

parison. The well-known fully thermally coupled (FTC) configuration is a special

CTC configuration that uses the maximum possible number of n(n − 1) distillation

column sections and only one reboiler and one condenser [26]. As an example, the

FTC configuration for five-component separation is shown in Figure 2.4. It uses a
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Figure 2.4. Fully thermally coupled (FTC) configuration for five-
component mixture separation. Intermediate sidedraws BCD, BC,
and CD are two-phase streams that allow both liquid and vapor trans-
fers between distillation column.

total of 20 column sections, 9 submixture transfer streams, and 6 thermal couplings.

For ternary and quaternary separations, it is found that the FTC configuration al-

ways preserves the lowest possible V min
tot among all basic and TC configurations in

the regular-column configuration search space [29, 31, 42]. For example, for ternary

mixture separations, several studies have shown that the FTC configuration can po-

tentially reduce the total vapor duty by 10% to 50% compared to conventional direct

and indirect split configurations [43–45]. For separations involving a higher number

of components, it is conjectured [31, 46] and later demonstrated [34] that the FTC

configuration indeed has the maximum vapor duty benefits compared to any other

configuration in the search space. Because of this, for a long time, people have be-

lieved that the FTC configuration is also more thermodynamically efficient than other

configurations for most separations [44]. However, this contradicts the reality that

the FTC configuration has not found a wide industrial use [47], especially for qua-

ternary separations and above. There are many reasons why the FTC configuration
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is never implemented in large scale, despite that it has been known for nearly 70

years [27]. One important reason is that the FTC configuration has the maximum

possible number of column sections and submixture transfer streams, which makes

it particularly expansive to build and difficult to operate [48, 49]. Nevertheless, an-

other important reason that hinders the FTC configuration from being widely built

is that, even though it requires the lowest possible heat duty, this heat is generated

at the highest temperature reboiler (e.g. reboiler at E of Figure 2.4) and rejected at

the lowest temperature condenser (e.g. condenser at A of Figure 2.4). Because of

this, the actual thermodynamic efficiency of the FTC configuration often turns out

to be significantly lower than other configurations in the search space. For ternary

separation, Agrawal and Fidkowski [47] conducted thermodynamic efficiency analysis

and showed that the range of feed specifications (composition and relative volatilities)

in which the FTC configuration has a higher thermodynamic efficiency than other

configurations is quite limited. Flores et al. [50] also reached similar conclusions when

considering a set of cases involving ternary and quaternary separations.

Because of this, one may naturally start questioning him/herself: Is the FTC

configuration ever needed to be built? To answer this question, we need to compare

the FTC benchmark configuration with other configuration families. Recall the five-

component separation case that we previously considered. In this case, it turns out

that the partially TC configuration of Figure 2.2l, which requires the same minimum

total vapor duty as the CTC configuration of Figure 2.2p, also achieves identical mini-

mum total vapor duty as the FTC configuration of Figure 2.4. Since it uses additional

reboilers and condensers that operate at intermediate temperature levels, the configu-

ration of Figure 2.2l preserves the same vapor duty benefits of the FTC configuration

while having higher thermodynamic efficiency. Furthermore, this configuration also

uses only 3 thermal couplings and 10 column sections, half of what is needed for the

FTC configuration. Therefore, there is for sure no need to build the FTC configu-

ration for this specific separation task. To determine if this claim is true in general,

we generate a total of 496 distinct representative feed specifications following Girid-
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har and Agrawal [9] by enumerating all possible combinations of representative feed

composition and relative volatility sets (31 representative compositions × 16 repre-

sentative relative volatilities). We perform exhaustive NLP calculations [34] for all

496 feed cases on all 6128 configurations in the search space. From the optimization

results summarized in Figure 2.5, we find out that it is almost always possible to

find at least one non-FTC configuration which requires the same V min
tot as the FTC

configuration while requiring less number of column section. The FTC configuration

has the lowest V min
tot among all configurations in the search space under only 6 out of

496 feed cases (1.2%). And in 137 out of 496 cases (27.6%), the same lowest V min
tot can

be obtained from configurations with just 10 column sections, as opposed to the FTC

configuration which requires 20 sections. These non-FTC configurations identified in

Figure 2.5 have at least one reboiler or condenser that uses milder temperature-level

utility, making them more thermodynamically efficient than the FTC configuration.

Hence, for most industrial applications, we believe that, unless absolutely needed,

building the FTC configuration is never the first choice; that is, it is always possible

to find non-FTC substituents that require the same minimum vapor duty as the FTC

configuration, yet perform superior in terms of capital investment, compactness, as

well as thermodynamic efficiency. Finally, we realize that none of the sharp split

configurations has the same minimum total vapor duty as the FTC configuration in

any of the 496 feed cases. This result is consistent with our previous observations

for four-component mixture separations that non-sharp split configurations generally

have much lower heat duty than sharp split ones [9].

2.3 Strategies that Improve Operability of Thermally Coupled Columns

As we have mentioned, the operational difficulty associated with thermal couplings

is one of the major reasons that impede the construction of FTC configuration for

industrial uses. This is perceived to be due to the opposite directions of vapor transfer

streams in two thermal couplings between two distillation columns [51]. Consider, for

example, the first two columns of the five-component FTC configuration shown in
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Figure 2.4. The vapor stream associated with the thermal coupling at BCDE has to

be transferred back from column 2 to column 1, whereas the vapor stream associated

with the thermal coupling at ABCD is transferred from column 1 to column 2. This

means neither column 1 nor 2 could have a uniformly lower or higher pressure than

the other column. Careful control of the pressure profiles within both columns needs

to be conducted to ensure that the pressure in the bottom of column 1 is always

lower than the pressure in the bottom of column 2; whereas the pressure at the top of

column 1 is always greater than the pressure at the feed point of ABCD near the top

of column 2. Similar controllability issues are present for subsequent columns as well.

As the number of components to be separated increases, the resulting conventional

FTC configuration will suffer from increasingly more difficult control and stringent
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operational requirements, making it less attractive or even impossible for industrial

implementations.

The operability issue associated with thermal couplings is not just limited to the

FTC configuration. For any TC configuration that has two distillation columns si-

multaneously connected by two thermal couplings, the vapor flow direction of the

top thermal coupling will always be in the opposite direction to that of the bottom

thermal coupling. Unless we can figure out a way to solve the operational challenge,

industrial practitioners will be concerned and reluctant to build any TC configura-

tion. Here, we present two strategies to overcome this operational difficulty from

a conceptual design perspective. The first strategy deals with rearranging column

sections connected by thermal couplings to synthesize a sequence of new TC config-

urations, many of which are operable [37,51–54]. Some well-known examples include

the side-rectifier and side-stripper arrangement derived from the direct and indirect

split configuration, respectively [55, 56]. Agrawal and Fidkowski [51] introduced the

ceoncept of thermodynamically equivalent TC configurations, whereby for any ther-

mal coupling originating from the top/bottom of one distillation column, one can first

disjoint the upper/lower column section of the next column from its original location,

followed by restacking it right above/below the column from which the thermal cou-

pling is originated [52]. Through column section rearrangements, the newly generated

configurations are completely thermodynamically equivalent to the original TC con-

figuration, since all we do is to simply reconnect some of the column sections without

changing the temperature profile, composition profile, and the L/V ratio for every

column section.

Caballero and Grossmann [37] applied the concept of thermodynamically eqiva-

lent TC configuration to generate the complete set of thermodynamically equivalent

configurations for any given TC configuration. Consider the TC configuration shown

in Figure 2.6a. This configuration has four thermal couplings at submixtures ABCD,

CDE, AB, and DE. As a result, a total of 24 − 1 = 15 thermodynamically equiv-

alent versions can be systematically derived. In Figure 2.6b to e, we show 4 out of
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these 15 thermodynamically equivalent versions that involve only one column section

rearrangement. It can be easily verified that, in the original configuration of Figure

2.6a, the vapor transfer streams of thermal couplings at submixtures ABCD and

CDE flow in opposite directions, making it hard to control. Among the four ther-

modynamically equivalent versions shown in Figure 2.6, the ones of Figure 2.6c and

e overcome the operational difficulty both vapor streams associated with thermal

couplings ABCD and CDE are now transferred unidirectionally from one column

to the other. By simply maintaining the column from which the vapor streams are

supplied at a slightly higher pressure than the other column, the flow of both vapor

transferred can be easily regulated through a valve. At the same time, the liquid

streams can be transferred through static head or liquid pumps [30].

Besides resolving the operational difficulty from a conceptual design perspective,

there are two additional apparent advantages of performing column section rearrange-

ment to TC configurations. The first advantage, as we have discussed, is due to the

thermodynamic equivalence nature of these newly derived arrangements compared to

the original TC configuration. Therefore, as long as we start from a TC configuration

that has been identified to be energy efficient, the new equivalent versions are guar-

anteed to be energy efficient as well. To some extent, this strategy allows us to gain

operational ease “for free” without sacrificing any heat duty benefits. The second

advantage is that, through column section rearrangement, some equivalent versions

may have lower capital costs compared to the original configuration if sections with

similar vapor duty (i.e. similar diameter) are now stacked together. Hence, column

section rearrangement might be a useful technique to any TC configurations, even the

ones with no operational difficulties associated with the opposite direction of vapor

flows. Again, consider the configuration of Figure 2.2f and the same case study dis-

cussed in the previous section. In this configuration, since the two thermal couplings

of column 1 connect to two different columns (column 2 and column 4), column 4 can

then be operated at slightly higher pressure than column 1, which is itself maintained

at slightly higher pressure than column 2. No operational difficulty related to vapor
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Figure 2.6. (a) A five-component CTC configuration; (b) to (e) ther-
modynamically equivalent versions of (a) by rearranging one column
section. There are 11 more thermodynamically equivalent versions
that can be further derived by rearranging more than one section si-
multaneously. Note that the sidedraw stream CD is withdrawn from
the column 2 as saturated liquid.

transfers will be experienced. However, since most of the vapor duty generated at

column 4 reboiler is transferred through thermal coupling at DE to column 1, the di-

ameter of the original column 4 is likely to shrink above the location where DE stream

is introduced, resulting in higher capital cost. By restacking the bottom section of

column 4 below column 1, the resulting new arrangement is expected to be cheaper to

build as the column sections are better rearranged so that the newly stacked columns

have more uniform diameters.
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As one might have concluded, based on the discussion so far, that the root cause

of the operational challenge associated with thermal coupling comes from the vapor

transfer, which is inherently more difficult to control than a liquid transfer stream.

A bold but reasonable question one can then ask is: “Is there a way to keep the

energy benefit of a thermal coupling while getting rid of vapor transfer completely?”

Agrawal [57] provided a solution by introducing a strategy for converting any thermal

coupling, originally as a two-way liquid-vapor transfer, into liquid-only transfer (LOT)

stream. Figure 2.7 illustrates Agrawal’s LOT conversion for a thermal coupling which

originates at the top of a column. The procedure is quite simple and yet powerful.

First, duplicate the upper part of the column (including any associated product or

stream) associated with net material inflow and stack the duplicated part onto the

column associated with net material outflow. After that, change the two-way liquid-

vapor thermal coupling link to a LOT stream. For example, in the configuration

of Figure 2.7b, a new section S4, which is a duplication of section S2 along with its

associated condenser and final product X, is placed on top of section S1. The thermal

coupling that connects the two columns is then converted into a LOT stream with

liquid flowrate of M . Based on physical reasoning, Agrawal [57] concluded that the

new configuration of Figure 2.7b would have the same overall vapor duty requirement

as the original TC configuration of Figure 2.7a, and hence, is thermodynamically

equivalent to the original configuration.

Madenoor Ramapriya et al. [58] presented a mathematical proof by showing that

a physically feasible flowrate M in Figure 2.7b for the LOT stream must always

exist such that the L/V ratio of section S4 (L+M
V

) and section S2 (L
′−M
V ′

) in the new

configuration is identical. And it is also equal to the L/V ratio of section S2 ( L+L
′

V+V ′
) in

the original configuration of Figure 2.7a. A similar proof can be constructed when a

thermal coupling that originates from the bottom of a column is converted to a LOT

stream. We can easily visualize the thermodynamic equivalence between the two

arrangements of Figure 2.7 by tracing their liquid and vapor flow paths. By having

a two-way liquid-vapor transfer in the TC configuration of Figure 2.7a, the vapor
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Figure 2.7. (a) A conventional TC arrangement that produces product
or submixture stream X; (a) TC arrangement of (a) replaced with
liquid-only transfer stream and a new section S4 on top of S1. Note
that the orange curves indicate liquid and vapor flows that belong to
the first column, whereas the blue curves indicate liquid and vapor
flows that belong to the second column. Dashed curve represents
vapor flow paths and solid line represents liquid flow path.

and liquid traffic inside section S1, combined with those in section S3, are transferred

respectively to and from section 2 where the single condenser is located. In other

words, when thermal coupling is in place, both the separation tasks that take place

in sections S1 and in S3 are assigned to the condenser on top of section S2. However,

by adding an additional section S4 on top of S1 and placing a new condenser on top

of S4, we simply redirect the vapor and liquid traffic inside section S1 so that, instead

of diverting them respectively to and from the next column, they now stay inside

the same column. By doing so, the new section S4 and the condenser on top of it

are used exclusively for the separation inside section S1. This also enables section

S2 as well as the condenser on top it to focus entirely on its own separation task

inside S3. The configuration of Figure 2.7b requires the same total vapor duty as the

original TC configuration by manipulating flowrate M for the LOT, which can be

easily accomplished using a valve. At the same time, the additional condenser on top
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of S4 also gives extra controllability to the configuration of Figure 2.7b. Therefore,

this approach successfully solves the operational difficulty associated with thermal

coupling and allows us to come up with a sequence of operable designs that are

thermodynamically equivalent to the TC configuration that we start with.

In Figure 2.8, we draw some of the equivalent configurations derived from the

configuration of Figure 2.6a. Note from Figure 2.8 that the operational benefit asso-

ciated with each conversion of a thermal coupling to one-way LOT comes with a price

of an additional column section and a heat exchanger. However, the number of heat

exchangers can be reduced by collecting the overhead vapor/bottom liquid streams

that produce the same product and sending them to a common condenser/reboiler

containing separate passages. Each passage is designed with a tailored active heat

transfer area to match the approach temperature required for condensing/vaporizing

the associated vapor/liquid stream [59]. The overall active heat transfer area of the

common heat exchanger will be similar to the sum of active heat transfer areas for all

individual exchangers, as the overall total vapor duty requirement remains the same.

ABCDE

ABCD

CDE

AB

DE

CD

A

B

C

D

E

1 2

(a)

3

4

A

ABCDE

ABCD

CDE

AB

DE

CD

A

B

C

D

E

1 2

(b)

3

4

A

E

ABCDE
ABCD

CDE

AB

DE

CD

A

B

C

D

E

1 2

(c)

3

4

A

E

A

AB

ABCDE
ABCD

AB

DE

CD

A

B

C

D

E

1 2

(d)

3

4

A

E

A

AB

E

DE

CDE

Figure 2.8. (a) Equivalent configuration of Figure 2.6a by replacing
thermal coupling at submixture AB with LOT stream; (b) equivalent
configuration with LOT streams at submixtures AB and DE; (c)
equivalent configuration with LOT streams at submixtures ABCD,
AB and DE; (d) equivalent configuration with LOT streams at sub-
mixtures ABCD, CDE, AB and DE.

The Agrawal’s LOT method [57], apart from offering operability convenience,

provides additional benefits: (i) reduction in heat duty due to thermal coupling be-
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comes clear; (ii) double-effect and multi-effect distillations for TC columns, in order

to further reduce heat duty, become feasible; and (iii) new dividing wall column con-

figurations including those which are more operable can be drawn. To understand

(i), first consider the conventional arrangement of Figure 2.8a where the submixture

stream produced as the top product of column 1 is associated with a condenser. This

submixture is fed to column 2 as saturated vapor stream. And the liquid reflux of

column 1 is generated by condensing part of its overhead vapor. In column 2, final

pure product X is produced by condensing all the vapor coming from the vapor feed

as well as the vapor flow below the feed point in the column. In contrast, as we can

see from the LOT arrangement of Figure 2.9b that is thermodynamically equivalent

to having a thermal coupling at the submixture, the condenser C1 of column 1 now

participates in distilling a portion of the pure product stream X, i.e. sharing part

of this separation task originally belonging to C2 as shown in Figure 2.9a. Mean-

while, condenser C1 in the LOT arrangement also provides the liquid reflux required

for column 1. This suggests that, if the split associated with the top of column 2

is critical and controls the overall vapor duty requirement in the column, then the

condensing duty of C2 of Figure 2.9b is less than that of Figure 2.9a. This leads to an

overall reduction in heat duty of the entire LOT arrangement of Figure 2.9b (i.e. the

TC configuration) compared to the basic configuration of Figure 2.9a. In this case,

placing the condenser C1 at submixture location lowers the separation efficiency by

unnecessarily condensing part of the overhead vapor in column 1. Such inefficiency in

the basic configuration of Figure 2.9a is generally manifested in the literature through

the discussion of so-called “remixing losses” caused by thermodynamic irreversibility

when a single-phase submixture stream enters column 2 [60,61].

Up till this stage, we have been discussing the advantages of building TC config-

urations over conventional basic configurations as well as addressing the operational

issues associated with traditional thermal couplings through innovative PI strategies.

These approaches and insights related to thermal couplings, when combined with

other existing PI strategies such as multi-effect distillation, simultaneous heat and
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Figure 2.9. (a) The distillate stream of column 1 is associated with
condenser C1 and transferred as saturated vapor to column 2 where
the final pure product X is produced by condenser C2; (b) the LOT
arrangement of TC column of Figure 2.7a. Both condensers produce
final pure product X.

mass integration, and dividing wall columns, can create an amazing array of syner-

gistic possibilities that produces numerous attractive distillation configurations that

were hitherto unknown to us before. The remaining discussions of this chapter will

be devoted to describing these combinations.

2.4 Energy Efficient, Operable Multi-Effect Distillation for Thermally Coupled Con-
figurations

One of the first and direct applications of all PI strategies discussed earlier is the

synthesis of energy efficient and operable multi-effect distillation systems for TC con-

figurations. Multi-effect distillation, which involves distillation columns operating at

different pressures, performs various heat integrations between the condenser associ-

ated with a higher-pressure column and reboiler at a lower-pressure column. Through

heat integration, the overall heat usage of the distillation system can be significantly

reduced. Wankat [62] performed detailed calculations for a series of double- and
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multi-effect distillation configurations for binary mixtures and concluded that these

configurations could lead to significant heat duty savings with only a modest increase

in capital cost. For ternary separations, Cheng and Luyben [63] found that double-

effect configurations derived from conventional basic direct-split, indirect-split, and

prefractionator schemes could result in 20-45% decrease of heat duty requirement.

Although the overall savings of heat duty depend on the feed composition and rel-

ative volatilities as well as the operating conditions for both columns, double-effect

distillation has the potential to reduce heat duty up to 50% over basic configura-

tions [64,65]. Several control studies also showed that these double-effect versions of

basic configurations could be quite operable [66,67].

Moreover, a number of parametric analyses [45, 68, 69] demonstrate that double-

effect systems for basic configurations outperform the best TC configuration in almost

all feed conditions. These results are striking given the fact that TC configurations

already consume significant less heat duty than the basic configurations. It makes

people naturally wonder if it is possible to introduce multi-effect distillation to TC

configurations to achieve even greater heat duty savings. Following the conventional

procedure to draw the double-effect version from a basic configuration, an initial

attempt [64] to draw double-effect configuration is shown in Figure 2.10b for the

ternary FTC configuration of Figure 2.10a, which is an operable thermodynamically

equivalent version of the Petlyuk column [26] and can be easily synthesized by using

Agrawal’s method of column section rearrangement described earlier [30]. In this

double-effect configuration, the vapor streams of thermal couplings AB and BC are

first compressed and then sent to the high-pressure column 2, whereas the liquid

streams of both thermal couplings are transferred from the high-pressure column 2

to low-pressure column 1. There is no reboiler or condenser in this configuration to

generate vapor or liquid externally, which introduces a difficult challenge for column

startup. Specifically, since the high-pressure column 2 has no external source for

vapor generation, all the vapor duty required for column 2 must be supplied by

the vapor streams from the low-pressure column 1 via thermally couplings. But
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at the same time, the vapor duty for column 1 is in turn generated by the heat

obtained from condensing the vapor from the top of the column 2. This endless-loop

type scenario makes the startup and operation of such a double-effect configuration

especially challenging. To build multi-effect configurations for TC separations that

are operable, it will be desirable to include external heating and cooling utilities

for distillation instead of relying solely on the vapor and liquid flows transferred via

thermal couplings.
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Figure 2.10. (a) Ternary FTC configuration; (b) initial attempt to
draw a double-effect configuration from (a); (c) equivalent configu-
ration of (a) by converting all thermal couplings to LOT streams;
(d) operable double-effect configuration using forward heat integra-
tion [64]; (e) operable double-effect configuration using reverse heat
integration.

Agrawal [64] introduced the conversion of thermal coupling to LOT stream by

adding a heat exchanger as the right tool to solve this operability issue and his method

will now be illustrated through Figure 2.10. Figure 2.10c with LOTs is one of the

equivalent configurations of the FTC configuration of Figure 2.10a. It has a reboiler

and a condenser in each column, making it similar to a basic configuration from

process control perspective. From this equivalent configuration, we can then draw the

corresponding double-effect system in which the overhead vapor of one column is heat

integrated with bottoms liquid of the other column. This double-effect configuration
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will be fully operable. Two possible operable double-effect configurations, one with

forward heat integration (feed enters the high-pressure column) and the other with

reverse heat integration (feed enters the low-pressure column), are shown in Figure

2.10d and e. In comparison with the initial drawing of the double-effect configuration

in Figure 2.10b, these new configurations produce pure products A and C from both

columns. Each column has either a condenser or a reboiler, making the startup and

operation of the double-effect configuration much easier.
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Figure 2.11. (a) Operable double-effect configuration with forward
heat integration between column 1 and column 2 for the configuration
of Figure 2.10d; (b) operable double-effect configuration with reverse
heat integration between column 1 and column 2, with column 3 and
column 4 being heat integrated (external heating or cooling utilities
may be needed).

As another example, we examine some of the possible double- and multi-effect

arrangements for the configuration of Figure 2.8d, which we recall is an equivalent
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configuration of Figure 2.5a. With a total of four columns, many operable double-

effect arrangements are possible. For instance, any two of these four distillation

columns can be heat integrated through double-effect. The other two columns can

be either be or themselves double-effect heat integrated. For each combination of

these columns, there are again two possible schemes: forward heat integration or

reverse heat integration. Alternatively, any three of the four columns or all the four

columns can be multi-effect heat integrated by creating operating the distillation

columns at three or four different pressures, respectively. All these arrangements are

operable. Figure 2.11 shows two possible double-effect configuration designs. In the

first configuration of Figure 2.11a, double-effect forward heat integration takes place

between the top of the column 1 and bottom of column 2. Columns 3 and 4 can be

operated at any suitable pressure. In the second configuration of Figure 2.11b, we

present a double-effect configuration with reverse heat integration between the top

of column 2 and the feed column. Note that in this configuration, columns 3 and 4

is heat integrated without creating any pressure difference, since the pure product B

produced at the bottom of column 3 is lighter than the pure product C produced at

the top of column 4. As a result, there is sufficient temperature gradient allowing

for heat integration between column 3 and column 4, which reduces the overall heat

duty and increases energy efficiency even further. We will discuss this specific type

of distillation configurations in detail in the context of simultaneous heat and mass

integration in the next section.

It is worth noting per our earlier discussion that one generally will not need all

four thermal couplings shown in Figure 2.6a in order to achieve the maximum heat

duty benefit. For a given feed to be separated, it is very likely that most, if not all, of

the heat duty benefit can be achieved with one or two thermal couplings. This means

that the number of LOTs between columns 1 and 2, in an optimaized version of the

configuration of Figure 2.11a or b, will be substantially lower than the ones currently

shown in Figure 2.11 and will contribute towards attractiveness of the configuration.

In conclusion, the PI strategy of converting thermal coupling to liquid-only transfer
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stream opens up a window of new operable multi-effect distillation opportunities for

TC configurations.

A word of caution towards finding the lowest heat-duty multi-effect configuration

with low heat duty, once a lowest heat duty subset of regular-column configurations

with or without thermal couplings, have been identified through global optimiza-

tion, it is not guaranteed that their multi-effect versions will yield the lowest heat-

duty multi-effect options. Reduction in heat duty, when two columns are integrated

through a double effect, depends on how close the heat duties are for each of the

columns prior to and after the integration. When the two columns have nearly equal

heat duty requirements, a potential reduction of 50% could be realized. Thus, one

can envision a scenario where a configuration has an overall higher heat duty but due

to better matching between the heat duties of the columns, leads to lowest heat duty

subsequent to multi-effect integration. This calls for an independent optimization of

the multi-effect configurations.

2.5 Attractive Thermally Coupled Configurations Synthesized by Novel Heat and
Mass Integration Strategy

Heat and mass integration (HMI) to consolidate distillation columns in a config-

uration is mostly known as simultaneous elimination of a reboiler and a condenser

producing the same final product streams or submixtures. HMI of this kind has been

commonly used to synthesize regular-column configurations [8, 9, 14, 15, 17, 35, 70].

However, HMI is not just limited to removing reboilers and condensers associated with

the same final products or intermediate streams. For example, in the 4-component ba-

sic sharp split configuration shown in Figure 2.12a, the bottom product B produced

at column 2 is lighter than the top product C produced at column 3. Therefore,

instead of using two independent columns, we can consolidate columns 2 and 3 to

form a single column 2-3, as drawn in Figure 2.12b, in which the vapor generated at

the reboiler of D and the liquid produced by the condenser at A now respectively

provide the vapor and liquid flow needed for both AB → A/B and CD → C/D
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splits. The resulting configuration, first synthesized by Brugma [71], can reduce the

overall heat duty significantly. Further, with the expense of an additional column

section in column 2-3, the Brugma configuration simultaneously eliminates the use

of one distillation column, a reboiler that originally produces product B, and a con-

denser that originally produces product C. Both final product streams B and C are

now withdrawn from column 2-3 as liquid sidedraws. Such HMI achieved by means

of an additional section is referred to as heat and mass integration with additional

section, or simply HMA [72]. The additional section is called the HMA-section and

is provided with enough stages to allow smooth heat and mass transfer between the

ascending vapor from the lower part and descending liquid from the upper part of the

column [8]. The resulting capital and operating costs reduction due to HMA makes

it attractive for industrial applications.
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Figure 2.12. (a) A 4-component basic sharp split configuration; (b)
the Brugma configuration [71]; (c) the Cahn and Di Miceli configura-
tion [73]; (d) the Kaibel column [53].

According to generalization of Brugma’s concept [71] by Madenoor Ramapriya

et al. [72], HMA can be introduced between any two distillation columns as long

as the bubble point of the liquid stream leaving the condenser to be eliminated is

higher than the dew point of the vapor stream leaving the reboiler to be eliminated,

since it guarantees the required approach temperature for heat transfer to happen. It

suggests that, in theory, HMA can take place between any two distillation columns
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if one column produces a less volatile top final product/submixture stream whereas

the other column produces a more volatile bottom final product/submixture stream.

Thus, systematic enumeration of all HMA opportunities can generate numerous new

HMA configurations [72]. For example, for the basic configuration of Figure 2.13a,

the reboilers associated with submixture BC and/or final product C can be heat

and mass integrated with condensers associated with submixture DE and/or final

product D. This leads to a total of six possible combinations of HMA arrangements.

In addition, for each of the six HMA configurations synthesized, one can further draw

its TC derivatives. Two of the thermally coupled HMA configurations are illustrated

in Figure 2.13b and c. Additional thermodynamically equivalent HMA configurations

can also be generated by Agrawal’s method to convert some of the thermal couplings

to LOT streams [57]. For instance, consider a new HMA configuration [74] drawn

in Figure 2.13e, which is thermodynamically equivalent to the HMA configurations

of Figure 2.13b and c. This HMA configuration is obtained from the CTC version

of Figure 2.13a by first converting thermal couplings at BC and DE with LOTs, as

shown in Figure 2.13d, followed by performing two HMAs between columns 2 and 3

as well as between columns 4 and 5. Notice that final product streams C and D are

now withdrawn from the resulting configuration of Figure 2.13e as liquid sidedraws

from two different consolidated columns. This technique, also known as “strategic

side-stream withdrawal”, is first discovered by Shenvi et al. [8] as a new way to

further reduce the heat duty of a slightly modified version of Figure 2.13c by making

streams BC and DE as liquid sidedraws instead of two-way liquid-vapor transfers. It

is now clear that this heat duty reduction is really attributed to the combined effect

of thermal coupling and heat integration. This also verifies the observation made by

Shenvi et al. [8] that pure C and D can be produced as sidedraws in the consolidated

column 2-3.

Although HMA can potentially reduce the overall heat duty, it may lead to higher

utility costs since the reboiler and condenser operated at intermediate temperature

levels are simultaneous eliminated due to HMA. To minimize the utility costs, one
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Figure 2.13. (a) A 6-component basic configuration; (b) the HMP con-
figuration derived from (a) by coupling reboiler at C with condenser
at D; (c) another thermally coupled HMA configuration derived by
coupling reboilers BC and C with condensersDE andD, respectively;
(d) thermodynamically equivalent configuration of the CTC version
of (a) with LOTs; (e) a HMA configuration derived from (d) contain-
ing two HMAs. This configuration is thermodynamically equivalent
to the HMP configuration of (b), but has more column sections and
sidedraws; (f) same configuration of (e) with an intermediate reboiler
at C in column 2-3 and an intermediate condenser at D in column 4-5
to reduce the temperature-level penalty when ABC → A/BC split
requires more heat duty than DEF → DE/F split in column 2-3,
and DE → D/E split requires more heat duty than BC → B/C split
in column 4-5.

can introduce intermediate reboiler/condenser at appropriate locations of the consol-

idated column [8,72]. Suppose, for the HMA configuration of Figure 2.13e, the upper
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ABC → A/BC split is more energy intensive than the lower DEF → DE/F split

in column 2-3, while the lower DE → D/E split is more energy intensive than the

upper BC → B/C split in column 4-5. Then, for column 2-3, instead of generating

all the required heat for both splits at the reboiler of F which operates at the high-

est possible temperature level, an intermediate reboiler can be placed at sidedraw

product C to generate the extra heat duty needed for the upper ABC → A/BC

split. Similarly, for column 4-5, instead of rejecting all the heat at the condenser of

B, an intermediate condenser can be placed at sidedraw product D to condense the

excess vapor from the lower DE → D/E split. The key message is that, starting from

a basic configuration, the concept of HMA, especially when combined with other PI

strategies, can lead to numerous new and potentially attractive HMA configurations.

Among all the new HMA configurations synthesized from the basic configuration of

Figure 2.13a, it can be seen that the one which always has the lowest overall heat duty

requirement and meanwhile has the highest degree of structural simplicity is shown in

Figure 2.13b. For example, this configuration, which is thermodynamically equivalent

to the HMA configurations of Figure 2.13c and e that respectively require 12 and 14

column sections to build, only uses 11 column sections. Such HMA configurations of

Figure 2.13b share the unique feature of the existence of a thermal coupling at every

submixture and HMA only between pure component products. By virtue of this

feature, Jiang et al. [74] have shown that such a configuration minimizes the remixing

losses caused by thermodynamic irreversibility among all possible HMA configurations

synthesized from a basic configuration. Thus, for each basic configuration synthesized

by the SA method [7], we can quickly check if there simultaneously exists any reboiler

that produces a pure component product which is more volatile than any final pure

component product produced from a condenser. If so, HMA at submixture level

is not required for this configuration to achieve the maximum heat duty savings.

Instead, delaying HMA until the final product ends followed by introducing complete

thermal coupling to replace all submixture heat exchangers can lead to a new, energy

efficient HMA configuration which we refer to as the HMP configuration whose
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name highlights the aspect that HMA is only introduced between two final product

streams [74].

Table 2.2.
The number of basic configurations that are candidates for HMP and
the number of HMP configurations for up to 6-component separation
(Source: Jiang et al. [74])

n

Total number
of basic

configurations

Total number
of basic

configuration
candidates
for HMP

Number of
sharp split basic

configuration
candidates
for HMP

Total number
of possible

HMP
configurations

4 18 1 1 1
5 203 15 6 17
6 4373 282 26 347

Table 2.2 summarizes the enumeration results of HMP configurations for up to

six-component mixture separations [74]. The second and third column of Table 2.2

list the total number of basic configurations and the subset of basic configuration

identified as HMP candidates, respectively. For four-component system, there exists

one and only one candidate basic configuration shown in Figure 2.12a that can un-

dergo HMP. The resulting HMP configuration of Figure 2.12c is readily derived from

the Brugma configuration by introducing complete thermal coupling to submixture

AB and CD, and is also known as the Cahn and Di Miceli configuration [73]. For

five-component system, all 15 basic configurations that are candidates for HMP have

been explicitly drawn by Jiang et al. [74]. It is worth noting that some basic config-

uration candidate can lead to more than one HMP configurations. This multiplicity

has been accounted for as listed in the last column of Table 2.2. The fourth column of

Table 2.2 specifies the number of sharp split basic configuration candidates for HMP.

These values are consistent with the results derived by Rong et al. [70] who only

investigate sharp split HMP configurations. As we can see, the subset of sharp split

HMP configurations constitutes a continually shrinking fraction of the set formed by

all HMP configurations.
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Among all possible HMA arrangements for a basic configuration, the HMP con-

figuration features the principles of PI the most since it exhibits the maximum heat

duty savings due to both thermal coupling and HMA and also has the simplest struc-

ture to build. Through several case studies of five-component separations, Jiang et

al. [74] quantify the magnitude of potential heat duty savings for the first time by

introducing HMP to basic configuration candidates. They show that many HMP

configurations can often even have the same V min
tot as the FTC configuration of Figure

2.4, which as mentioned before always yields the lowest minimum total vapor duty

requirement among all configurations in the search space [29,31,34,42]. For example,

consider the CTC configuration of Figure 2.6a from which one of the 17 HMP con-

figurations for five-component separations, as shown in Figure 2.14a, can be directly

synthesized by consolidating column 3 and column 4. This HMP configuration uses

3 columns, 13 column sections, 5 submixtures, and 4 thermal couplings, as opposed

to having 4 columns, 20 sections, 9 submixture, and 6 thermal couplings for the FTC

configuration of Figure 2.4.
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Figure 2.14. (a) HMP configuration derived from the configuration of
Figure 2.6a. In this configuration, the sidedraw stream CD is taken
out from column 2 as saturated liquid, as shown in Figure 2.6; (b) the
same HMP configuration of (a) allowing two-phase flow for sidedraw
stream CD; (c) a partially TC configuration derived from the config-
uration of (b) by introducing condensers back to submixtures ABCD
and AB.
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As an illustration, we consider the case in which the relative volatility set between

each consecutive component is {αAB, αBC , αCD, αDE} = {2.5, 2.5, 1.1, 1.1}. The feed

is taken as saturated liquid. NLP calculations for all 31 (i.e. 25 − 1) representative

feed compositions report that this HMP configuration gives exactly the same V min
tot as

the FTC configuration under 12 cases. Note that in this HMP configuration, sidedraw

stream CD is withdrawn from column 2 as a liquid-only stream which is expected to

be easier to control than a two-phase stream. However, if we relax this restriction by

allowing the sidedraw CD to be a two-phase stream, then the number of cases under

which the corresponding HMP configuration of Figure 2.14b achieves the same V min
tot

as the FTC configuration increases from 12 to 19. For the remaining 12 cases, the

HMP configuration has a slightly higher V min
tot than the FTC configuration, but no

more than 3.5%. More interestingly, extensive NLP calculations for all HMP as well

as regular-column configurations disclose that, among all the configurations that give

the same V min
tot as the FTC configuration, the one that requires the least number of

column sections corresponds to one of the HMP configurations under a number of feed

conditions. From a practitioners perspective, this suggests that the HMP configura-

tions are capable of providing the most heat duty savings and capital cost reductions

to a wide window of feed conditions. Last but not least, in some cases, the heat duty

saving benefits are preserved even when some thermal couplings in the original HMP

configuration are replaced back with heat exchangers [74]. For instance, for the same

relative volatility set considered above, when the thermal couplings at submixtures

ABCD and AB are replaced with condensers for the HMP configuration of Figure

2.14b, the resulting partially TC configuration, shown in Figure 2.14c, still has the

same V min
tot as the FTC configuration under 16 out of 31 cases. Note that now every

column has at least one reboiler and/or condenser, which makes the configuration of

Figure 2.14c much more effective to operate than the FTC configuration. This also

supports our earlier argument that, for a given separation task, it is always possible

to synthesize some non-FTC configurations through various PI strategies that would
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require the same heat duty savings as the FTC configuration, but are more thermo-

dynamically efficient, much cheaper to build, and easier to operate and control.

2.6 Systematic Synthesis of All Dividing Wall Columns for Any Conventional Dis-
tillation Configurations

Lastly, we now present how one can combine all the PI strategies together to

synthesize all useful dividing wall columns (DWCs) using a single column shell or

multiple shells ranging from 2 to n − 2 for any basic or TC configuration, including

any HMP configuration. A DWC is a distillation column containing one or more

vertical partitions inside to distill a multicomponent mixture into pure components.

The concept of DWC was first proposed for the Petlyuk column [26] by Wright [27] as

early as 1940s. As illustrated in Figure 2.15a and b, the idea is to perform both the

separation tasks originally associated with the prefractionator and with the main col-

umn in a single column shell. To achieve this goal, a vertical partition is placed inside

the distillation column to create two separate zones that allow different separation

tasks to take place within the same column without disturbing each other’s heat and

mass transfer. These two zones essentially mimic the prefractionator and the main

column of the original Petlyuk column. The thermal couplings at AB and BC in the

Petlyuk column are in turn transformed into the free space that allows for two-way

liquid-vapor communication above and below the partition, respectively. As a result,

the DWC of Figure 2.15b is completely thermodynamically equivalent to the origi-

nal Petlyuk column of Figure 2.15a. Likewise, the well-known Kaibel column [53] of

Figure 2.12d, which is the first industrial implementation of DWC [58], is thermody-

namically equivalent to the original configuration of Figure 2.12c, also known as the

Cahn and Di Miceli configuration [73]. In fact, for any multicomponent system, each

and every conventional distillation configuration has at least one thermodynamically

equivalent DWC version that performs all separations in a single column shell.

To synthesize single- and multi-shell DWC for any distillation configuration for

the first time, Madenoor Ramapriya et al. [76] introduce an easy-to-use, step-wise
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Figure 2.15. Selected ternary distillation configurations and their cor-
responding DWC versions: (a) the FTC configuration (i.e. Petlyuk
column); (b) DWC version of (a) proposed by Wright [27]; (c) the in-
direct split TC configuration which is equivalent to the side-stripper
arrangement [57]; (d) DWC version of (c) proposed by Agrawal [75];
(e) the basic direct split configuration; (f) DWC version of (e); (g) a
partially TC version of (a); (h) DWC version of (g) [30].

procedure. Besides single-column DWCs, more configurations containing DWCs and

use from 2 to n−2 column shells can be systematically derived by following the same

consolidation procedure but for any suitable subset of distillation columns. Their

work thus greatly expands the search space of useful configurations for separating

a multicomponent mixture. Several conventional configurations for ternary separa-

tions, such as the direct split configuration and side-stripper arrangement, as well

as their respective DWC versions, are explicitly drawn in Figure 2.15 for illustra-

tion. This one-to-one correspondence between any basic or TC configuration and

a DWC enables us to directly transform the problem of determining the heat duty

requirement of a DWC into an equivalent but much simpler problem of calculating
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the heat duty of its corresponding conventional configuration. This also allows one

to ranklist different DWCs in terms of heat duty by simply performing the same

task for the conventional configurations through, for example, NLP calculations [34].

More importantly, there has long been a myth among people that distillations using

DWCs save energy compared to using conventional systems. We point out that the

attractiveness of DWCs in terms of heat duty is not due to the use of DWCs, but is

attributed to the heat duty benefits associated with the original configurations from

which the DWCs are derived. For example, the DWC of Figure 2.15b introduced by

Wright [27] requires less heat duty than conventional sequences simply because the

ternary FTC Petlyuk column of Figure 2.15a has the requires the least heat duty

among all configurations in the search space [29,31,34,42]. On the other hand, if we

start with a conventional sequence thats itself energy intensive, e.g. the basic direct

split configuration of Figure 2.15e, we would never expect the resulting DWC, shown

in Figure 2.15f, to have a lower heat duty requirement compared to conventional

configurations. Therefore, it is important for practitioners to first consider the entire

search space of configurations and perform the screening process through optimiza-

tion to identify a few attractive flowsheets before generating their DWC versions by

following the procedure of Madenoor Ramapriya et al. [76, 77].

Although a DWC does not intrinsically result in operating costs reduction by

itself, it does save considerable amount of capital cost as well as land requirement as it

reduces the number of column and other equipment pieces used for distillation [38,75].

As much as 30% of capital cost reduction for ternary separations has been reported

as DWCs are used in place of conventional sharp split configurations [78–81]. Thus,

the compactness and cost effectiveness of DWC makes it an exciting path for PI in

multicomponent distillation.

Because of these potential benefits, we have seen a rapid increase in the use of

DWCs for industrial applications. According to Dejanovi et al. [81], the number of

DWCs installed has passed over 100 in 2009. However, compared to the number

of conventional distillation columns currently in operation in the chemical industry,
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this number is still quite minuscule. Also, almost all industrial implementations of

DWC have been for ternary separations [82]. So far, the only reported quaternary

DWC for industrial use is a Kaibel column built by BASF which still uses only one

partition [83]. This DWC incorporates complex internal design together with various

proprietary reflux splitters and liquid distributors for controllable operation. And we

have not yet seen any industrial implementation of DWC with multiple unextended

partitions for ≥ 5-component separations.

We believe that the primary reason why DWCs have not been implemented in

large scale is due to the following. For a long time, industrial practitioners were

only aware of the existence of DWCs synthesized from a few selected conventional

configurations, such as the FTC configuration [26] of Figure 2.15a and the Cahn

and Di Miceli configuration [73] of Figure 2.12c. One of the distinct characteristics

these configurations share is that they all involve several thermal couplings. While

these thermal couplings lower the heat duty of the resulting DWCs compared to

the DWCs synthesized from basic configurations, they also make the resulting DWCs

harder to control and operate. Optimal operation of DWCs derived from conventional

configurations with several thermal couplings is particularly strenuous because it is

generally difficult to achieve the desired vapor split below the vertical partition as

discussed in Madenoor Ramapriya et al. [58]. For example, consider the DWC of

Figure 2.15b which is derived from the Petlyuk column [26]. Clearly, the vapor flow

generated at the reboiler of C cannot be regulated as it travels upwards and gets

split by the partition. In other words, the control of vapor flows in the two parallel

zones created by the vertical partition is missing in this DWC. And it is difficult to

operate and maintain the DWC at the optimal L/V ratio in either parallel zone. In

the end, the promising heat duty benefits from the DWC due to thermal couplings

cannot be seen as a result of its inferior performance. In fact, a much higher heat

duty is generally required in practice to achieve the desired product purities. This

challenge gets compounded when higher-component DWCs are built, as the number

of unregulated vapor splits increases as number of vertical partitions of this sort in the
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corresponding DWC increases. Because of this, so far we have not seen any industrial

implementation of DWC with two or more vertical partitions.

Recently, Madenoor Ramapriya et al. [58] finally solved this longstanding challenge

by utilizing Agrawal’s method [57] to convert any thermal coupling to a thermody-

namically equivalent LOT stream. Starting from the original FTC configuration of

Figure 2.15a containing two thermal couplings, 3 (i.e. 22 − 1) additional equivalent

configurations can be synthesized by converting thermal coupling at AB, or thermal

coupling at BC, or thermal couplings at both AB and BC, to LOTs. These equiv-

alent configurations and their resulting DWCs are drawn in Figure 2.16. Any of the

three equivalent DWCs is now equipped with at least one reboiler and/or condenser

for each of the two zones created by the partition, which allows independent precise

control of L/V ratio in each zone. Thus, the DWCs shown in Figure 2.16 no longer

suffer from the controllability issue that is associated with the conventional DWC of

Figure 2.15b.
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Figure 2.16. (a) Equivalent configuration of ternary FTC configu-
ration of Figure 2.15a by converting thermal coupling at BC to a
LOT; (b) the resulting DWC of (a); (c) equivalent configuration of
ternary FTC configuration by converting thermal coupling at AB to
a LOT; (d) the resulting DWC of (c); (e) the DWC derived from the
configuration of Figure 2.10c.

Similarly, any conventional TC configuration including the HMP configurations

that were lately discovered, a slew of thermodynamically equivalent DWC versions

that are hitherto unknown can be drawn systematically [77]. These equivalent DWCs

are systematically generated by successively applying Agrawal’s LOT strategy [57]



55

to the DWCs synthesized from the stepwise procedure of Madenoor Ramapriya et

al. [76]. A large portion of these newly generated DWCs are fully operable and

controllable. For instance, Figure 2.17 shows some of the DWC examples synthesized

from the HMP configuration of Figure 2.14b. Starting from Figure 2.17a thru d,

the associated DWCs demonstrate increasing operability, as more thermal couplings

are converted to LOT streams. In particular, the last two DWCs of Figure 2.17c

and d are fully operable, since each of the three parallel zones is associated with

at least one reboiler and/or condenser. Among all of the fully operable DWCs, the

ones with the least number of heat exchangers and LOTs are drawn in Figure 2.17e

and f. These two operable DWCs are more compact and cost-effective, making them

more attractive among practitioners. For DWCs synthesized by the methodology

of Madenoor Ramapriya et al. [77], the LOT streams transfer materials from one

zone to another externally via connecting pipes and liquid pumps. The specifications

for these liquid-only streams, such as flow rate and temperature, can be precisely

monitored and controlled as needed. Plausible industrial implementations for such

operable DWCs have also been discussed [59].

Meanwhile, notice from Figure 2.17h that the simplest operable DWC version for

the five-component FTC configuration of Figure 2.4 has a total of 3 partitions and 9

submixtures. On the other hand, the single-shell operable DWCs of Figure 2.17e and

f, which have the same V min
tot as the FTC configuration under various feed conditions

as discussed earlier, require only 2 vertical partitions and 5 submixtures. The struc-

tural simplicity associated with these DWC versions is inherited from the original

HMP configuration of Figure 2.14b. Finally, it is worth pointing out that combining

the methodologies of Madenoor Ramapriya et al. [76, 77] allows us to enumerate all

possible equivalent configurations containing DWCs using 2 to n − 2 column shells.

Figure 2.17g shows one possible equivalent arrangement of the HMP configuration

of Figure 2.14b by consolidating the first two columns in the HMP configuration in

the form of a DWC, while leaving the last column as a standalone column. As a

result, the DWC in Figure 2.17g uses only one vertical partition and is fully operable
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Figure 2.17. (a) to (d) Some possible DWCs for the HMP configu-
ration of Figure 2.14b with increasing operability. These DWCs are
derived from the equivalent conventional configurations of Figure 2.8.
The DWCs in (c) and (d) are fully operable since each parallel zone
has at least one reboiler and/or condenser; (e) to (f) fully operable
DWC versions that require the least total number of heat exchang-
ers as well as LOT streams; (g) an operable version of the HMP
configuration that uses 2 column shells; (h) an operable DWC for
five-component FTC configuration of Figure 2.4 synthesized based on
the methodology of Madenoor Ramapriya et al. [58].

by converting thermal couplings at CDE and DE to LOT streams. Similarly, one

could draw another equivalent arrangement by consolidating the last two columns the

original HMP configuration of Figure 2.14b into a DWC, and leave the first column

as it is. The point is, for the first time, instead of knowing only a few DWCs which

are inoperable, industrial practitioners can apply different PI strategies to simultane-

ously synthesize an array of new attractive intensified configurations using operable
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DWCs. To a great extent, the discovery of equivalent configurations containing fully

operable DWCs can be considered as the ultimate form of PI.

2.7 Summary

Process Intensification has gained tremendous attention in the chemical industry.

In spite of this increasing interest of PI among researchers and industrial practitioners,

the full landscape of PI remains unexploited in the area of multicomponent distilla-

tion. Over the past decades, several new methodologies have been developed that

allow us to synthesize compact, easy-to-operate, energy efficient and cost-effective

multicomponent distillation configurations. All these strategies fall under the cat-

egory of PI. In this chapter, we piece these PI strategies together in an organized

manner and, for the first time, propose a systematic, multi-layer approach for PI in

multicomponent distillation.

This approach starts from the complete enumeration of all possible basic regular-

column configurations using the SA method [7]. Once a basic configuration is iden-

tified, systematic introduction of thermal couplings can be applied to synthesize TC

derivatives. Strategic replacement of submixture reboilers and/or condensers with

thermal couplings establishes the foundation to all subsequent PI strategies. With

the help of state-of-art global optimization algorithms [34], the best performing TC

derivative in terms of heat duty and utility (temperature-level) cost can be identified.

Next, two independent PI strategies, namely column section rearrangement [52] and

conversion of thermal coupling to liquid-only transfer [57], can be implemented to

reduce the operation difficulty of a TC configuration without affecting its heat duty

benefit. This leads to a series of new thermodynamically equivalent configurations,

many of which are easy-to-operate and cost-effective. For a given TC configuration,

systematic utilization of these PI strategies leads to a series of new thermodynami-

cally These two strategies also play an essential role in constructing subsequent layers

of PI.



58

By converting thermal coupling links with LOT streams, operable multi-effect

distillation becomes a feasible and attractive option for TC columns for the first

time [64]. Independently, we also discover a simple but powerful rule recently about

simultaneous HMI [74] for a special set of CTC configurations. We show that for

these CTC configurations, HMI only between final pure product ends is sufficient to

offer the maximum heat duty savings. This forms a new class of simple, easy-to-build

HMP configurations which require the least number of column sections among all

configurations in the search space to achieve the same heat duty benefits as the FTC

configuration under many feed conditions.

Finally, we integrate the PI strategies discussed above to successfully synthesize

all possible DWCs associated with any basic or TC configuration [76] and solve the

longstanding operational challenge that hinders DWCs from being implemented in

large scale in industry [58, 77]. The discovery of compact, energy efficient, cost-

effective multicomponent distillation systems containing fully operable DWCs and

using 1 to n− 2 column shells is a classic example of PI at its best.

Overall, the systematic, multi-layer PI approach opens the door to the great op-

portunities for PI in multicomponent distillation. We hope that the analyses and

examples discussed in this chapter serve the purpose of inspiring and guiding in-

dustrial practitioners towards designing and building novel and attractive intensified

multicomponent distillation systems.
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3. GLOBAL MINIMIZATION OF TOTAL COST FOR MULTICOMPONENT

DISTILLATION CONFIGURATIONS

We introduce a general economic based global optimization framework for deter-

mining the minimum cost required to distill any ideal or near-ideal multicomponent

mixture into its individual constituents using a sequence of columns. This new frame-

work extends the Global Minimization Algorithm (GMA) introduced in Nallasivam

et al. [34]; and we refer to the new framework as the Global Minimization Algorithm

for Cost (GMAC). The GMAC guarantees global optimality by formulating a nonlin-

ear program (NLP) for each and every distillation configuration in the search space

and solving it using global solvers. The case study presented in this work not only

demonstrates the need for developing such an algorithm, but also shows the flexibility

and effectiveness of the GMAC, which enables process engineers to design and retrofit

energy efficient and cost-effective distillation configurations.

3.1 Introduction

The overall goal of synthesizing new and attractive distillation configurations for

a given separation task requires that process engineers to have the capability to effi-

ciently and accurately identify a configuration or a set of configurations which yield

the minimum total cost, especially when considering the magnitude of differences in

capital and operating costs different configurations can have even if they all perform

the same separation task. Due to the combinatorial increase in the size of the regular-

column configuration search space with the number of components in the feed [7,18],

performing rigorous simulations for each and every configuration in the search space

using process simulators such as Aspen Plus in order to identify attractive configura-

tions is certainly too inefficient and expansive to be even possible. One almost always
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needs to formulate an optimization problem to consider and solve all configurations

in the search space in a timely and accurate manner. Caballero and Grossmann [35]

presented a superstructure based on state task network representation to synthesize

all thermally coupled configurations, including completely thermally coupled (CTC)

ones in which all intermediate heat exchangers in a configuration are replaced with

thermal couplings. The superstructure was modelled as a generalized disjunctive

program. Afterwards, Caballero and Grossmann [16] extended the superstructure to

capture all basic and thermally coupled regular-column configurations. The result-

ing generalized disjunctive program was formulated and solved as a mixed integer

nonlinear program (MINLP) to identify the configuration that minimizes the total

cost. However, the MINLP could not be solved to global optimality as the local non-

linear programming (NLP) solver fails to give a feasible solution due to singularity

issues associated with disappearing column sections [35]. Also, the iterations are very

time-consuming. And even if a solution is found, it often corresponds to a poor local

optimum. To account for these issues, they proposed an algorithm based on a mod-

ified version of logic-based outer-approximation algorithm. Nevertheless, they were

still unable to guarantee global optimality with this approach [35].

Caballero and Grossmann [16] then introduced a two-step iterative optimization

procedure to solve the MINLP by first identifying the best CTC configuration, fol-

lowed by determining the best submixture heat exchanger placement for the config-

uration identified in the first step. These authors have also extended this solution

procedure to consider heat integration [36], column section rearrangements [37], and

dividing wall columns [38] in their designs. Essentially, this two-step iterative pro-

cedure decomposes the original problem of simultaneously finding the optimal topo-

logical structure and the optimal submixture heat exchangers placement into two

subproblems. Thus, the optimal solution obtained from this process may not corre-

spond to the true optimal solution of the original optimization problem. For a general

case, such a decomposition may lead to local optimal solution.



61

Also, the cost model developed under this two-step procedure is somewhat over-

simplified. For example, a fixed capital cost of $150,000 is assumed for all reboilers

and condensers [84], whereas in practice, heat exchangers costs should be dependent

on various factors such as the type of heat exchanger used, actual heating or cooling

duty requirement, etc. Also, the actual number of stages in a distillation column

in the model of Caballero and Grossmann [35] does not account for the dependence

of the actual reflux ratio of the column. Instead, the model is forced to use twice

the minimum number of stages calculated by the Fenske equation [85] as the actual

number of stages. Moreover, in the model of Caballero and Grossmann [16], all con-

densers, including the ones at submixtures, are total condensers, i.e. all submixtures

fed into the next distillation column are saturated liquid streams. However, using

total condensers at submixture levels may result in unnecessary penalty in energy re-

quirement and total cost. These oversimplifications and modeling assumptions may

lead to mis-identification of attractive configurations with low total cost because they

tend to unfairly favor either capital cost contribution over operating cost contribution

to total cost or vice versa.

Besides these oversimplifications, the accuracy and thus the usefulness of this

model is also questionable due to the way the distillation column diameter is calcu-

lated. It is known that non-sharp split configurations constitute a large portion of

distillation configurations in the search space [7]. For non-sharp split configurations,

at least one distillation column contains more than one split. For such a distillation

column consisting of multiple splits, the model of Caballero and Grossmann [16] cal-

culates individual column diameter for each split in their two-step procedure instead

of using an uniform diameter for all the splits involved in the same distillation col-

umn. This split-based method of calculating column diameter may result in multiple

contractions and/or expansions in a single column shell, causing significant increase

in capital expenditure since special design and materials are required for construction.

Furthermore, we found out that the constraints implemented in Caballero and

Grossmann [16] to calculate the minimum vapor duty requirement of a distillation
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column using the Underwood’s method [19] are incomplete, in the sense that too

much flexibility has been granted to the system, which results in solutions that turn

out to be physically infeasible to be achieved. Clearly, there is a need to correct the

erroneous constraints and improve the cost model.

Besides the MINLP based approach discussed above, a fundamentally different

approach to identify the optimal distillation configuration is to first synthesize the

complete search space, followed by formulating individual optimization problem for

each configuration in the search space. Nallasivam et al. [34] recently adopted this

enumeration based approach by proposing an algorithm to formulate a NLP prob-

lem to minimize the total reboiler vapor duty requirement for each and every basic

and thermally coupled regular-column configuration in the search space generated by

the SA method [7]. Each NLP problem is solved to global optimality using global

solver BARON [39]. This algorithm is then given the name of Global Minimization

Algorithm (GMA); and it is the first-of-its-kind that guarantees global optimality for

such a problem. Although the GMA does require the computation effort of solving

each and every individual configuration in the search space before the single best

configuration can be identified, it is amenable to parallelization and a number of op-

timization strategies such as bounding tightening [34], all of which can reduce the

computational time substantially. Therefore, in this chapter we focus on developing

a general NLP based formulation based on the GMA approach that minimizes the

total cost of any regular-column distillation configuration. This general formulation

is referred to as the Global Minimization Algorithm for Cost, or simply GMAC for

short.

The total cost of a distillation configuration comprises of two parts: the capital

cost and the operating cost. The capital cost of a configuration depends on the num-

ber and sizes of distillation columns and trays, reboilers, condensers, and so forth.

Assuming that all reboilers use similar heating utility and all condensers use similar

cooling utility, the operating costs associated with reboilers and condensers are di-

rectly proportional to the sum of vapor duties generated at all reboilers and condensed
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at all condensers, respectively. Moreover, considering the operating life of the facility,

the annual interest rate as well as inflation must be incorporated into the overall cost.

All these factors will be captured in the GMAC formulation. In this formulation, the

majority of the GMA framework is retained with few modifications; additional cost

related relations and constraints are added. We will present these equations in the

next section. The strategies and techniques used to improve convergence and reduce

computational time of the NLP problem are elucidated in Nallasivam et al. [34].

After presenting the NLP formulation, we will study a five-component alcohol mix-

ture separation example to demonstrate the usefulness and robustness of the GMAC

approach. We will then compare our results with the solution obtained from the TMA

process to suggest the need for a global optimization algorithm. Different objective

function scenarios are also considered and discussed to show how the final optimal

solutions change accordingly. These analyses effectively illustrate the flexibility that

our GMAC approach can achieve, which will allow process engineers to not only de-

sign new attractive distillation systems, but also retrofit existing ones in a chemical

plant.

3.2 NLP Formulation

Any optimization problem is described by the decision variables, the objective

function, and the constraints. In the GMAC formulation, all the decision variables

and most of the constraints from the GMA framework described in Nallasivam et

al. [34] have been retained. On the other hand, the objective in the GMAC framework

is to minimize the total annualized cost TAC which is defined as a linear combination

of the fixed capital investment FCI and yearly operating cost Y OC:

min TAC = kFCIFCI + kY OCY OC (3.1)

in which the coefficients kFCI and kY OC are nonnegative constants provided by the

users based on their specific needs. For example, if a user is interested in finding
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out the configurations that are cheap to build, then kFCI is set to be 1 and kY OC

is set as 0 to optimize only the capital cost. Conversely, if operating cost is the

primary concern, the user can specify kFCI = 0 and kY OC = 1. When both capital

and operating costs need to be considered, it is common to use the total annualized

cost as the objective function [86], in which kY OC = 1 and FCI is annualized by

assuming certain depreciation period L (typically 8 to 10 years) and estimating an

annual interest rate r as well as an annual inflation rate f . The effective interest rate

r′, after accounting for inflation, is thus given by r−f
1+f

[86]. With this, the coefficient

kFCI for total annualized cost estimation is determined as:

kFCI =
r′(1 + r′)L

(1 + r′)L − 1
(3.2)

A feasible distillation column operation must satisfy vapor-liquid equilibrium and

appropriate mass balance relations. In addition, the vapor flow requirement for car-

rying out a given separation in a distillation column section satisfies Underwood’s

equations [19]. The full set of constraints implied by these relationships has been

throughly discussed in Nallasivam et al. [34] and is retained in this chapter with

one exception. In practice, the optimal operation of a distillation column is usually

achieved between 1.1 to 1.5 times its minimum reflux ratio [87]. Using the heuristic

that the actual reflux ratio is 20% higher than the minimum reflux ratio, we have,

for each split s:

V top
s ≥ 1.2V min

s − 0.2
n∑
k=1

Xs,k ∀s = 1, · · · , ns (3.3)

where as described in Nallasivam et al. [34], V top
s is the actual vapor flow in the upper

column section of split s, V min
s is the minimum upper section vapor flow determined

by Underwood’s distillate constraint [19], Xs,k stands for the net material upward

flow in the upper section of split s. The quantity DISTSs gives the stream number

associated with the split’s top product as discussed in Nallasivam et al. [34]. Mean-
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while, ROW (m) corresponds to the lightest component number in material stream

m, and COL(m) is equal to the number of components present in stream m [7, 34].

For instance, when m = BCD, ROW (m) = 2 which stands for the second most

volatile component (i.e. component B), and COL(m) = 3. Finally, ns is the number

of splits present in the configuration.

We need to point out that the minimum vapor duty constraints presented in

Caballero and Grossmann [16] and also in Nallasivam et al. [34] used to calculate

V min
s for each split s have not been formulated correctly. Instead of allowing them

to be inequality constraints, these Underwood’s distillate constraint [19] must be

introduced as an equality constraint with respect to the active Underwood roots

associated with split s, which are related to the key components of the split [88]:

V min
s =

n−j+i∑
k=i

αkXs,k

αk − θs,r
∀r = i+ 1, · · · , n− j + i− 1;

i = ROW (DISTSs); j = COL(DISTs); ∀s = 1, · · · , ns (3.4)

From Equation (3.4), it is clear that only the active Underwood roots θs,r whose

magnitudes are in between the relative volatilities of heavy key and light key compo-

nents associated with split s are selected. If these Underwood’s distillate constraints

are introduced as inequalities instead, then the system would have too much flexi-

bility than it should have. This makes the model of Caballero and Grossmann [16]

incomplete. As pointed out by Tumbalam Gooty et al. [89], the solution of Xs,k iden-

tified by the optimization program may in fact turn out to be physically infeasible.

Fortunately, even though Nallasivam et al. [34] did not present the Underwood’s dis-

tillate constraint formulation correctly, the actual model did implement the correct

formulation in the GMA framework, and thus the results obtained from the examples

considered in the work of Nallasivam et al. [34] are still accurate. Nevertheless, here

we explicitly remind the readers about the right way of formulating the Underwood’s

distillate constraint.
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We will now introduce the detailed cost model to estimate the FCI and Y OC.

The FCI is estimated by the total module cost CTM which can be approximated by

the product of the total purchased costs of major pieces of process equipment in the

facility and the appropriate Lang factor Flang [86, 90]:

FCI ≈ CTM = FlangkCEPCI

( ∑
c∈REB

Creb,c +
∑

c∈COND

Ccond,c +
ns∑
s=1

Ccol,s +
ns∑
s=1

Ctray,s

)
(3.5)

in which Ccol,s, Ctray,s, Creb,c, and Ccond,c are purchased equipment costs associated

with column shell associated with split s, tray stages in the column associated with

split s, reboiler at column c, and condenser at column c, respectively. Here, sets

REB and COND keep track of the distillation column indices in a configuration

that are associated with reboilers and condensers, respectively. Fluid processing

plants typically have a Lang factor of 4.74 [86]. The multiplier kCEPCI is the ratio of

Chemical Engineering Plant Cost Index (CEPCI) between the present time and the

time when the capital cost correlations are tabulated. It accounts for the increase of

purchased equipment costs due to inflation.

Next, we will examine the purchased equipment cost correlations present in Equa-

tion (3.5). The tray cost Ctray,c is a function of tray type, the diameter of distillation

column c (Ac), as well as the total number of tray stages in the column (Nc). Such

correlations for various tray types have been tabulated in several references including

Turton et al. [86]. These correlations are expressed or can be fitted as second-order

polynomials with respect to Ac:

Ctray,c = Nc(ktray,0 + ktray,1Ac + ktray,2A
2
c) (3.6)

where ktray,0, ktray,1, ktray,2 are constants specified by the users based on the actual

implementation. The total number of trays Nc in distillation column c can be es-

timated by a number of ways. One way is to use the Fenske-Underwood-Gilliland

method to first estimate the number of trays associated with each split s in column
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c followed by adding them together. Eduljee [91] presented an alternative equation

form for the Gilliland’s correlation [92] as follows:

Ns −Ns,min

Ns + 1
= 0.75

[
1−

(Rs −Rs,min

Rs + 1

)0.5688]
(3.7)

in which Ns is related to the minimum number of stages Ns,min which is determined

from the Fenske equation [85], the minimum reflux ratio Rs,min for split s, and finally

the actual reflux ratio in operation Rs which is 1.2Rs,min as already mentioned. As

we can readily see, Equation (3.7) is highly nonlinear and nonconvex. To avoid

potential computational issues when solving the optimization model, Caballero and

Grossmann [38] simply replaced the right hand side (RHS) of Equation (3.7) by a

constant, after evaluating the RHS at a range ofRs,min where most distillation columns

are operated and realizing that it is relatively insensitive to the change in Rs,min. Or,

one could also use a simple power law fit in terms of Rs,min to approximate the RHS

of Equation (3.7). In our GMAC formulation, users have the flexibility to choose the

equation form for the RHS as they desire, based on their expected range of operating

reflux ratios of the distillation columns. Note that one can easily show, according

to Equation (3.7), that Ns is lower and upper bounded by 1.917Ns,min + 0.917 and

4Ns,min + 3, respectively. Knowing these bounds on decision variables can tighten the

GMAC formulation and foster convergence.

For split s, the minimum number of stages Ns,min is calculated a priori using the

Fenske equation [85] by pre-specifying the fractional recovery β of the light key in the

distillate and the fractional recovery δ of the heavy key in the bottoms product:

Ns,min =
ln
(

βδ
(1−β)(1−δ)

)
lnα

∀s = 1, · · · , ns (3.8)

in which α is the relative volatility ratio of the light key and heavy key components

for split s. For example, for ABCD → AB/BCD split, the light key is component

A and heavy key is component C, so in this case α = αA/αC .
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The cross sectional area Acol,s of a column section is calculated for each split s

from Doherty and Malone [93]:

Acol,s =
Mav√
ρvρl

k

φfloodc0
max{V top

s , V bot
s } ∀s = 1, · · · , ns (3.9)

where Mav is the average molecular weight of the components in the system; ρv and ρl

are respectively the mass density of liquid and vapor present on the tray; φflood is the

fraction of flooding velocity desired in the design, typically between 0.6 and 0.75; And

c0 is a constant in Fair’s correlation [94] that is related to the tray spacing. For a tray

spacing of 24 inches (61 cm), c0 is estimated to be 439 m/hr [93]. Coefficient k here

stands for the inverse of the fraction of total cross sectional area available for flow. A

typical value for k is given by 1/0.8 = 1.25. Finally, V top
s and V bot

s are the vapor flows

in the upper and lower column sections associated with split s, respectively. These

constants and coefficients are all made user-defined in the NLP formulation.

As we have previously mentioned, for a non-sharp split configuration, at least one

distillation column contains more than one split. To accurately estimate the column

shell cost and tray cost for such a distillation column, we need to appropriately

modify Equation (3.9) such that each distillation column is associated with a uniform

diameter and it is given by the maximum diameter determined for all splits involved

in the column:

Acol,c ≥
Mav√
ρvρl

k

φfloodc0
max{V top

s , V bot
s } ∀c = 1, · · · , n− 1, s ∈ COLSc (3.10)

where the set COLSc gives the split indices associated with distillation column c.

The height of the column shell Hs associated with split s is related to Ns by Hs =

kHNs ∀s = 1, · · · , ns, where kH is the desired tray spacing specified by the users,

typically between 0.3 m to 0.6 m. Thus, the total height of a column shell is simply

given by the sum of column heights associated with all the splits in the distillation

column, plus an extra spacing denoted as h for liquid sump at the bottom of the
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column as well as for the surge capacity and vapor disengaging space that may be

required at the top [93]:

Hc =
∑

s∈COLSc

Hs + h (3.11)

Once Acol,c and Nc have been defined, we can write down the purchased cost for

column shell associated with column c, Ccol,s, as:

Ccol,c = kcol,0 + kcol,1Acol,cHc ∀c = 1, · · · , n− 1 (3.12)

The reboiler and condenser costs in distillation column c, Creb,c and Ccond,c, are

functions of heat exchanger type, construction material type, and the heat transfer

area. The heat transfer area is related to the overall heat transfer coefficient of the

heat exchanger and its approach temperature. Again, these parameters are user-

defined in the GMAC model. Assuming that the distillation system operates at or

near ambient pressure so that no special material is required, we can formulate the

heat exchanger cost as a linear function of heat transfer area:

Creb,c = kreb,0 + kreb,1Areb,c ∀c ∈ REB

Ccond,c = kcond,0 + kcond,1Acond,c ∀c ∈ COND
(3.13)

As we have pointed out, when using a fixed capital cost for heat exchangers in

a distillation configuration, the total annualized cost TAC in Equation (3.1) may

favor more towards FCI than Y OC. This will inaccurately penalize thermally cou-

pled configurations which have lower energy requirements. To avoid this, it is not

recommended to use fixed capital costs for heat exchangers in an economic based

optimization formulation. The heat transfer area for reboiler (Areb,c) and condenser

(Areb,c) associated with distillation column c can be estimated from the heat transfer

rate Q once the values of overall heat transfer coefficient U and log mean temperature

difference (LMTD) are specified by the user. To simplify our model without losing
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key information, we assume that LMTD are the same for all reboilers and condensers,

all reboilers have an identical Ureb, and all condensers have an identical Ucond:

Areb,c =
Qreb,c

UrebLMTD
=

V bot
s

UrebLMTD

∑n−j−i
k=i Xm,k∆Hk∑n−j−i

k=i Xm,k

∀c ∈ REB, s = SBOTc, m = BOTTSs, i ∈ ROW (m), j ∈ COL(m)

Acond,c =
Qcond,c

UcondLMTD
=

V top
s − Vm

UcondLMTD

∑n−j−i
k=i Xm,k∆Hk∑n−j−i

k=i Xm,k

∀c ∈ COND, s = STOPc, m = DISTSs, i ∈ ROW (m), j ∈ COL(m)

(3.14)

where ∆Hk is the molar latent heat of vaporization for component k. The elements

in the sets SBOTc and STOPc correspond to the splits respectively located at the

bottom and top of distillation column c. Looking back at Equation (3.14), it is clear

that the term
∑n−j−i

k=i Xm,k∆Hk/
∑n−j−i

k=i Xm,k gives the average molar latent heat

of vaporization for the mixture or pure component of stream m, assuming that the

binary interaction between any two components in the mixture is negligible.

This completes the discussion of related equations and correlations for estimating

the FCI. There are several ways to estimate the Y OC of a distillation configuration,

one of which is to use the concept of cost of manufacturing (COM) which can be

expressed as a function of the utility costs (Cut) as well as the fixed capital invest-

ment (FCI) that accounts for maintenance and supplies, depreciation, administration

costs, local taxes and insurances, etc. [86,95,96]:

Y OC ≈ COM = kCOM,0FCI + kCOM,1Cut

= kCOM,0FCI + kCOM,1

( ∑
c∈REB

Cut,reb,c +
∑

c∈COND

Cut,cond,c

)
(3.15)
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in which kCOM,0 is generally estimated to be 0.28 when considering an annual depre-

ciation of 10% of FCI, whereas a typical value for kCOM,1 is 1.23 [86]. The utility

cost associated with reboiler or condenser i is simply given by:

Cut,reb,c = Qreb,c ×OpHr × Cheat ∀c ∈ REB

Cut,cond,c = Qcond,c ×OpHr × Ccool ∀c ∈ COND
(3.16)

where OpHr is the operating hours per year (typically around 8000 hours), and Cheat

as well as Ccool represent unit heating and cooling utility cost, respectively. Again,

as a first estimate, we assume that the heating/cooling utilities used in all reboil-

ers/condensers have similar costs. With this, the optimization model formulation for

the GMAC is now finalized. In summary, the cost model developed in the GMAC

framework improves that developed by Caballero and Grossmann [16] in the following

major aspects:

1. The Underwood’s distillate constraint to determine the minimum vapor duty

required for a split has been correctly implemented.

2. Reboiler and condenser capital costs are no longer fixed. Instead, heat ex-

changer cost is now a function of the total heat transfer area required, which is

proportional to the vapor duty generated or condensed in the heat exchanger.

3. Rather than fixing the total number of trays in a distillate column to be exactly

twice of the minimum number of trays, users have the flexibility to specify the

correlation as they desire, e.g. the Fenske-Underwood-Gilliland correlation.

4. For a distillation column consisting of multiple splits, a uniform column diam-

eter is used for the entire column.

The NLP problem for each and every configuration synthesized using the SA

method [7] is solved in GAMS using global solver BARON [39]. In the next section, we

will consider a specific case study in detail to illustrate the reliability and robustness

of the GMAC approach.
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3.3 Case Study – Alcohols Separation

We consider a five-component atmospheric pressure distillation example studied

in Caballero and Grossmann [16, 36] involving the separation of alcohols mixture:

ethanol (component A), isopropanol (B), 1-propanol (C), isobutanol (D), and 1-

butanol (E). The relative volatilities of these components are determined from Poling

et al. [97] as {αA, αB, αC , αD, αE} = {4.1, 3.6, 2.1, 1.42, 1.0}, indicating that these

separations are relatively difficult to perform. The feed is a saturated liquid stream

whose component flow rates are given by {fA, fB, fC , fD, fE} = {20, 20, 80, 60, 20}

kmol/hr. The latent heats of vaporization for all components are estimated to be

{∆HA,∆HB,∆HC ,∆HD,∆HE} = {38.80, 39.41, 41.62, 46.37, 45.41} MJ/kmol.

3.3.1 Scenario 1 – Minimizing Minimizing Total Annualized Cost

Scenario 1 concerns the minimization of combined annualized capital cost and

operating cost, i.e. the total annualized cost of a distillation configuration. Under

this scenario, we use the cost parameters listed in Table 3.1. We formulate the general

NLP problem for each of the 6128 distillation configurations in MATLAB and solve

each NLP problem in GAMS using BARON solver [39] by connecting MATLAB and

GAMS via the GAMS/MATLAB interface [98]. All 6128 configurations are solved

to global optimality (≤ 1% duality gap) within 4.91 hours of CPU time using a Dell

OptiPlex 5040 desktop that simultaneously utilizes all four of its Intel Quad-Core

i7-6700 processors with the help of the Parallel Computing Toolbox in MATLAB.

Among all 6128 flowsheets, the best configuration with the lowest total annualized

cost of 1.691 million USD (in 2017’s value) is shown in Figure 3.1a. Table 2.2 shows

the main results and optimal operating conditions for this configuration. The GAMC

approach not only gives the single best performing configuration of Figure 3.1a, but

also generates the ranklist of distillation configurations based on their minimum total

annualized cost. This ranklist is useful because it allows industrial practitioners to

quickly identify attractive candidates that have similar minimum total annualized
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cost compared to the globally best configuration but are easier to build and/or to

operate. Industrial practitioners can then perform more detailed analysis only on

these attractive candidates to evaluate their actual potential savings. For example,

the configuration of Figure 3.1b, which is among the top 1% of all 6128 configurations

in terms of minimum TAC (1.745 million USD), has the same topological structure as

the optimal configuration of Figure 3.1a but uses two more reboilers at submixtures

BCDE and CD. These additional reboilers offer more potential opportunities for

heat integration with other process units in the plant, resulting in further reduction

in total cost. Furthermore, the presence of submixture reboilers increases the ther-

modynamic efficiency of the distillation process, as part of the heat duty originally

completely supplied by reboilers at DE and E as shown in Figure 3.1a can now be

generated by these submixture reboilers which operate at less extreme temperature

levels.

(a) (b)

ABC

BCDE

A

BC

ABCDE

B

BCD
1

3

2

C

CD
4

D

E

DE

ABC

BCDE

A

BC
ABCDE

B

BCD1
3

2

C

CD
4

D

E

DE

AB

CDE

A

ABCDE 1

2

3

B

DE

C

4

E

D

(c)

Figure 3.1. (a) The optimal configuration with the lowest TAC among
all 6128 configurations under Scenario 1; (b) a second configuration
that has the same topological structure as the configuration of (a) but
with only one thermal coupling. It is among the top 1% in terms of
TAC of all 6128 configurations; (c) the best sharp split configuration
in terms of minimum TAC that has a ranking of 4685 out of 6128
configurations.

For a long time, design engineers have been used to designing and building sharp

split configurations for most industrial separations. Despite their structural simplicity,
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sharp split configurations are known to suffer from high energy requirement compared

to non-sharp split ones [18]. In this example, the best sharp split configuration in

terms of minimum total annualized cost among all basic or thermally coupled sharp

split configurations is explicitly drawn in Figure 3.1c. This configuration, which has a

minimum TAC of 2.405 million USD, is 42.2% more “expansive” to build and operate

than the global optimal configuration and is ranked 4685th out of all 6128 configura-

tions. Albeit sharp split configurations use the least number of column sections (i.e.

2(n−1) for n-component separation), they generally consume significantly more heat

duty than non-sharp split configurations, thereby significantly increasing distillation

column and heat exchanger sizes.

3.3.2 Scenario 2 – Minimizing Capital Cost

In industrial practices, there are many circumstances where engineers are more

interested in identifying distillation flowsheets requiring the least capital investment

to build. For example, in a highly integrated chemical complex where the multicom-

ponent distillation system is just a part of the plant, the operating costs of distillation

columns are not too much of concern to process engineers since excess heating and

cooling utilities are generally available from other parts of the plant so the distillation

system can essentially operate “for free”. Needless to mention the recent shale gas

boom which has caused the energy price in the US to drop significantly over the past

decade. To minimize only the annualized capital cost of a distillation configuration

using the GMAC approach, one may simply set kY OC in the objective function of

Equation (3.1) to 0. In the same alcohols separation case with the same cost pa-

rameters as listed in Table 2.1, we identify that the optimal configuration with the

lowest minimum annualized capital cost (1.078 million USD, in 2017’s value) is the

one in Figure 3.2. Surprisingly, it turns out that the second best configuration based

on capital cost actually corresponds to the same optimal configuration as shown in

Figure 3.1a with the lowest TAC under Scenario 1. This configuration has a min-

imum annualized capital cost of 1.088 million USD, which is only 1% higher than
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the global optimal solution of Figure 3.2. In fact, these two configurations are even

structurally similar. The major difference is that column 2 in the configuration of

Figure 3.2 performs BCDE → BCD/CDE split, whereas column 2 in Figure 3.1a

undergoes BCDE → BCD/DE split. This difference causes column 3 in Figure 3.2

to have two additional column sections compared to the configuration of Figure 3.1a

and subsequently leads the presence of an additional split of CDE → CD/DE.

ABC

BCDE

A

ABCDE
B

BCD1

2
C

4

D

E

CDE

3

DE

CD

BC

Figure 3.2. The optimal configuration with lowest annualized capital
cost among all 6128 configurations.

Just by visually inspecting these two configurations, one might tend to think

that the structurally more complex configuration of Figure 3.2 should have a higher

capital cost than the configuration of Figure 3.1a. So what makes this configuration

actually cheaper to build? To answer this question, we need to examine the internal

vapor and liquid flows inside these distillation columns in both configurations to see

how the column sizes and costs are affected accordingly. From Tables 3.3 and 3.4,

we realize that columns 2 and 4 of Figure 3.2 have much smaller column diameters

compared to columns 2 and 4 of Figure 3.1a, respectively. As a consequence, the

increase in column shell cost associated with column 3 in the configuration of Figure

3.2 due to the additional column sections is small in comparison to the decrease

in column shell costs of columns 2 and 4. The reason why columns 2 and 4 in the
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configuration of Figure 3.1a have larger diameters is primarily because of the presence

of thermal couplings at submixtures BCDE and CD. In this case, the vapor duty

required for ABCDE → ABC/BCDE split in column 1 is completely generated

by the reboiler of column 2 before it is transferred to column 1 by thermal coupling

at BCDE. Therefore, the internal vapor flow in the stripping section of column

2 (409.35 kmol/hr) is significantly more than what is needed for the separation of

BCDE → BCD/DE. This increases the diameter of column 2 considerably. On the

other hand, in the configuration of Figure 3.2, the internal vapor traffic inside column

2 at optimal operation is 230.72 kmol/hr, resulting in a much smaller diameter of

the column. Similarly, in the configuration of Figure 3.1a, part of the vapor duty

required for column 3 is supplied by the reboiler of column 4 via thermal coupling at

submixture CD. This greatly increases the vapor traffic in the lower part of column 4

(233.13 kmol/hr) compared to its upper part (131.40 kmol/hr), again causing a larger

diameter of the column. For the same reason, even though the configuration of Figure

3.2 requires 12 more trays, the overall tray cost
∑4

c=1Ctray,c of this configuration ($

499.9k) is still lower than than that of Figure 3.1a ($ 513.3k).

Figure 3.3 plots the optimal minimum capital costs for all 6128 configurations in

the search space along with their corresponding overall reboiler vapor duty require-

ments. The overall reboiler vapor duty requirement of a distillation configuration,

which is the sum of vapor duties generated at all reboilers, has been commonly used

as an indicator of its operating cost [34]. As a result, industrial practitioners may

find such plot useful in designing energy efficient and cost-effective multicomponent

distillation systems. For example, the green box in Figure 3.3 contains a total of

113 configurations that are potentially useful since they require < 10% more capital

investment compared to the best performing configuration in the search space. These

113 configurations belong to 34 distinct configuration “families”. A configuration

“family” is defined as a group of distillation configurations with the same topological

structure but have different heat exchanger/thermal coupling placements. Process

engineers thus have a variety of flowsheet design options to choose from based on
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factors such as maximum number of thermal couplings, layout of the facility, require-

ment on the presence and/or absence of certain splits/submixture streams (which is

important for retrofitting), etc. Also, note that these 113 configurations cover a wide

range of overall reboiler vapor duty requirements. Depending on the actual plant

design, some of these configurations with higher reboiler duties might be more at-

tractive than others to provide heat integration opportunities for these reboilers with

other process units.
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Fig. 3.4a

Fig. 3.4b

Figure 3.3. A plot showing the optimal objective function values
(minimum capital cost) and their corresponding total reboiler vapor
duty requirements for all 6128 configurations in the search space under
Scenario 2. Each dot represents a configuration. The red and yellow
dots in the plot corresponds to the configurations of Figure 3.4a and
b, respectively.

Two example configurations are highlighted as the red and yellow dots in Figure

3.3 and are explicitly drawn in Figure 3.4a and b, respectively. The configuration of

Figure 3.4a turns out to be the fully thermally coupled (FTC) configuration with sid-
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edraw streams BCD, BC, and CD are withdrawn as liquid-only streams. Although

it yields the lowest total reboiler vapor duty requirement among all configurations in

the search space, the FTC configuration requires the maximum possible number of

column sections (i.e. n(n− 1) for n-component separation) and submixture streams

(i.e. (n − 2)(n + 1)/2), making it complex and expansive to build and difficult to

operate [74, 99]. From Figure 3.3, we see that the configuration of Figure 3.3 has a

minimum capital cost of 1.828 million USD, which is 69.7% higher than that of the

global optimal solution. Fortunately, one can almost always find at least one non-

FTC configuration which consumes almost the same lowest reboiler vapor duty but

is much cheaper to build. In this case, we identify 60 additional configurations that

would require < 5% more total reboiler heat duty than the configuration of Figure

3.4a but with lower capital costs, among which the best performing configuration

has a minimum annualized capital cost of 1.186 million USD. Hence, for most indus-

trial applications, we believe that building the FTC configuration should never be

considered as the first choice.

Next, we would like to analyze the example configuration of Figure 3.4b which has

the highest minimum capital cost compared to all other configurations and a relatively

high reboiler vapor duty requirement. This configuration resembles a indirect split

configuration except that column 3 performs a non-sharp split of ABC → AB/BC,

making column 4 a two-feed distillation column. Since the main feed enters column

1 as a saturated liquid stream, a large quantity of vapor duty is required to boil all

components but E to vapor state so that stream ABCD can be produced at the top

of column 1. This not only increases the capital and operating costs of reboiler at E,

but also significantly increases the diameters of column 1 as well as all subsequent

distillation columns due to the presence of thermal couplings at submixtures ABCD,

ABC, and AB. In addition, these sharp splits in the configuration increase the

number of trays to achieve the desired separations substantially. The consequence

is that giant column shells and many large-sized trays are unavoidable. In fact, the

annualized capital costs attributed to trays and column shells are respectively 1.522



83

and 1.046 million USD, more than twice of the corresponding average costs of 0.727

and 0.508 million USD when considering all 6128 configurations. This example clearly

emphasizes the importance of feed conditions, including its thermal quality, on the

identification of cost-effective configurations from a different perspective.

(a) (b)
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Figure 3.4. (a) Example configuration highlighted as red dot in Figure
3.3; (b) example configuration highlighted as yellow in Figure 3.3.

One interesting observation regarding the ranklist of configurations based on min-

imum annualized capital cost is that sharp split configurations could achieve much

higher rankings compared to Scenario 1. For example, the best performing sharp

split configuration, which turns out to be the basic configuration version of Figure

3.1c (i.e. thermal coupling at submixture CDE is replaced with a reboiler), has a

minimum annualized capital cost of 1.217 million USD. It is ranked 252nd out of

6128 configurations in the search space (top 4.1 %). Notice that under Scenario 1,

this sharp split configurations is placed at the 3967th out of all 6128 configurations

in terms of minimum total annualized cost. Therefore, it is important for industrial

practitioners to have a clear idea of what they need in practice based on the actual

status of the plant such as plant-wise energy balances in order to choose the most

suitable objective function to use.
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3.4 Ensuring Global Optimality

As we have discussed, the NLP based GMAC framework guarantees global op-

timality for each and every configuration using global solver BARON [39]. As a

comparison with the two-step iterative optimization procedure introduced by Ca-

ballero and Grossmann [16], we construct the following equivalent two-step iterative

process using the GMAC framework. This is referred to as the two-step minimization

algorithm (TMA). In the first step of the iterative procedure of Caballero and Gross-

mann [16], all binary variables associated with submixture reboilers and condensers

are set to zero, indicating the absence of submixture heat exchangers. Equivalently,

in the TMA, only CTC configurations are considered during the first stage. All CTC

configurations are optimized in the GMAC framework to obtain a ranklist of them

with respect to their optimal objective function values. In the second step of the

iterative procedure of Caballero and Grossmann [16], the binary variables associated

with the same topological structure (i.e. intercolumn connectivity) as the top CTC

configuration in the ranklist are fixed, whereas the binary variables associated with

submixture heat exchangers now become decision variables. This subproblem es-

sentially solves for the optimal arrangement of submixture reboilers and condensers,

and the optimal solution from this second step is recorded. In the equivalent TMA

approach, all basic and partially thermally coupled configurations belonging to the

same family of the top CTC configuration are identified using the SA method and

solved to global optimality in the GMAC framework, and the best optimal objective

function value among the family of configurations is recorded. Next, the second-best

CTC configuration based on the ranklist of the first step is optimized for the optimal

submixture heat exchanger placement in the second step the same way as the best

CTC configuration is optimized. If the newly identified configuration has a lower to-

tal cost than the one identified earlier, we examine the third-best CTC configuration

on the ranklist of the first step. This process is repeated iteratively until the optimal

solution obtained from the second step starts worsening. It is then claimed that the
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configuration identified by the time the solution starts worsening corresponds to the

best configuration with the lowest total cost across all configurations in the search

space. A process flow chart illustrating the TMA method is shown in Figure 3.5.

Start

Use the SA method to 
generate all configurations

Use the GMAC to solve all 𝑁𝐶𝑇𝐶
CTC configurations; ranklist them

𝑘 = 1; 𝐶0 = a large number

If 𝑘 >
𝑁𝐶𝑇𝐶

Use the GMAC to solve all configurations 
with the same topological structure as 

the 𝑘th CTC configuration in the ranklist; 
denote the lowest cost value among 

these configurations as 𝐶𝑘

No

If 𝐶𝑘 <
𝐶𝑘−1

Yes

𝑘 = 𝑘 + 1

No

The optimal configuration has 
been found to be the one with 
the lowest cost value of 𝐶𝑘−1

End

Yes

Figure 3.5. Process flow chart that simulates the TMA process using
the GMAC approach.

In Scenario 1 of the alcohols separation example, our objective is identify the

optimal configuration which has the lowest minimum total annualized cost. Recall

from previous discussion that the optimal configuration among all 6128 configurations

synthesized by the SA method corresponds to the one drawn in Figure 3.1a. We
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find out that the best configuration concluded using the TMA method also turns

out to be same one identified by the GMAC framework. In fact, based on various

case studies that we have examined, when the objective is to minimize the total

annualized cost and the payback period is relatively long (8 to 10 years or more), the

optimal configuration identified by the TMA method is always among the few best

configurations, if not the best configuration itself, identified by optimizing the entire

search space of configurations using the GMAC approach. This is primarily because,

as the payback period gets longer, the contribution of the annualized fixed capital

investment FCI to the objective function of Equation (3.1), which is represented by

the value of coefficient kFCI , because smaller as a result of Equation (3.2) compared

to the operating cost contribution. Therefore, configurations with lower Y OC (in

other words, total vapor duty requirement) are more likely to have lower minimum

TAC compared to other configurations with higher Y OC. As a result, the CTC

configuration ranklist obtained in the first step of the TMA in terms of minimum

TAC is expected to match well with the actual ranklist of configurations obtained in

the second step. This means that the global optimal configuration is more likely to

come from the configuration family where the best CTC configuration comes from. In

this case, the two-step iterative procedure of Caballero and Grossmann [16] actually

works pretty well.

On the other hand, in scenario 2 of the example in which the objective is to

minimize the capital cost, or in the case when the payback period is short, the two-step

iterative procedure no longer gives the correct global optimal configuration. This is

because the Y OC contribution to the objective function now becomes small compared

to the FCI contribution. Thus, the CTC configuration ranklist obtained in the first

step of the TMA in terms of minimum TAC no longer matches well with the actual

ranklist of configurations obtained in the second step. To see this, we use the TMA

approach to ranklist the configurations following the steps in Figure 3.5. The green

dots in Figure 3.6 represent the minimum annualized capital costs corresponding to

the top 23 CTC configurations identified in Step 1 in the ranklist. And the blue



87

Global
optimum

1000

1100

1200

1300

1400

1500

1600

1 3 5 7 9 11 13 15 17 19 21 23

M
in

im
u

m
 c

a
p

it
a

l 
c
o

s
t 

(×
1

0
0

0
$

)

Iterations

Two-Step Optimization Procedure

Step 2

Step 1

Figure 3.6. Results obtained from the two-step optimization proce-
dure (TMA) for Scenario 2. Following the steps shown in Figure 3.5,
the TMA process would have terminated at the third iteration, even
though the true global optimal solution actually corresponds to the
23rd iteration.

bars represents the lowest minimum capital costs obtained in Step 2 corresponding

to the best heat exchanger arrangements. Each iteration stands for a configuration

family. It turns out that the true global optimum, confirmed to be so by the GMAC

after solving all 6128 configurations to global optimality, corresponds to the 23rd best

configuration family identified in Step 1. However, based on the stopping criterion

of Caballero and Grossmann [16], the TMA process would terminate after the first

three iterations is finished and conclude that the configuration identified in Step 2

of the 2nd iteration, which has a minimum capital cost of 1.160 million USD, is

the “global optimal” solution. In total, one can find 49 configurations with a lower
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minimum capital cost than that identified by the TMA method, many of which are

attractive candidates from an industrial perspective. This counterexample shows

that the two-step iterative procedure proposed by Caballero and Grossmann [16]

does not always give the optimal or near-optimal solution for a general problem.

Surprisingly, we find out that by simply changing Step 1 from ranklisting all CTC

configurations to ranklisting all basic configurations, the global optimal configuration

of Figure 3.2 is correctly identified in the modified TMA method. After examining

several case studies, we conclude that this modified TMA approach can be used to

identify the optimal or near-optimal configuration when the objective function comes

to minimizing only the capital costs. It can also be used in cases where the objective

is to minimize the total annualized cost but the payback period is short. Of course,

this heuristic may still fail to give even the near-optimal solution when the capital

cost contribution to the objective function is of similar magnitude compared to the

operating cost contribution. In this case, one must rely on the GMAC approach

to identify the best performing configuration or to generate an accurate ranklist of

configurations in terms of total costs.

3.5 Further Exploration of Process Intensification Opportunities

For a given multicomponent separation task, our GMAC framework gives the

ranklist of all basic and thermally coupled regular-column configurations synthesized

by the SA method [7] based on their minimum capital and operating costs. One may

naturally ask this question: “How to further reduce the capital and operating costs

of a distillation configuration?”

Recent advances in process intensification (PI) in multicomponent distillation have

offered us the right tools to address this question. In Chapter 2, we introduce the

first systematic, multi-layer approach to conduct PI in multicomponent distillation

starting from any basic regular-column configuration. Compared to the original con-

figuration, newly synthesized highly intensified configurations, such as the heat and

mass integrated configurations and dividing wall columns, are much more compact,
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easy-to-operate, energy efficient, and cost-effective to build and operate. In this sec-

tion, we will demonstrate some of the PI opportunities one may want to explore to

further improve the compactness and cost-effectiveness of top configuration candi-

dates identified by the GMAC approach in the alcohols separation example.
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Figure 3.7. (a) the configuration within the top 1% of TAC that uses
the lowest number of column sections (12 sections); (b) an intensified,
more operable configuration derived from (a) following the strategy of
Shenvi et al. [8]; (c) a heat and mass integrated configuration derived
from Figure 3.1c.

In Scenario 1 of the alcohols separations example, we identify through GMAC that,

among the top 1% of configurations with the lowest minimum TAC, the one requiring

the least number of column sections is drawn in Figure 3.7a. This configuration,

whose minimum total annualized cost is 1.777 million USD, has two non-sharp splits

(ABCDE → ABC/CDE and CDE → CD/DE) and uses only 12 column sections.

In this configuration, submixture streams BC and CD are thermal couplings that

respectively connect column 2 and column 3 with column 4 in which the common

component C is withdrawn as final product. It turns out that one can further reduce

the TAC of this configuration as well as enhancing its operability by first converting

both thermal couplings of BC and CD into liquid-only transfer streams [100], followed

by performing simultaneous heat and mass integration to consolidate columns 2 and

3 into a single column shell of column 2-3 while producing the common final product
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C as a sidedraw stream [8]. The resulting intensified configuration is shown in Figure

3.7b. Compared with the original configuration of Figure 3.7a, this new configuration

uses only three column shells and requires a smaller reboiler at final product E as

the heat duty can be reduced by heat and mass integration [8, 99]. Thus, despite

having to introduce an additional column section to the consolidated column 2-3, the

configuration of Figure 3.7b is likely to have an even lower minimum TAC compared

to the original configuration of Figure 3.7a. Apart from being more cost-effective,

this new configuration is also more operable than the original configuration since

submixtures BC and CD are now completely transferred from column 2-3 to column

4 as liquid-only streams whose flow rates can be controlled precisely. Moreover,

the operability issue associated with thermally coupled columns 3 and 4 in Figure

3.7a, as a result of stringent pressure requirement [101], is now resolved in the new

configuration of Figure 3.7b when column 2-3 in the new configuration is allowed to

be operated at a uniformly lower pressure with respect to column 4 so that the vapor

generated at reboiler of E can flow to column 2-3 naturally.

Likewise, one PI strategy to possibly reduce the total cost of the best performing

sharp split configuration drawn in Figure 3.1c is to perform heat and mass integration

between a lighter pure product reboiler and a heavier pure product condenser [102].

As shown in Figure 3.7c, the heat and mass integrated configuration is derived from

the original sharp split configuration by first eliminating the reboiler associated with

final product B and the condenser associated with final product C, followed by con-

solidating column 2 and 3 into one single column 2-3 while withdrawing pure products

B and C as sidedraws. Of course, the strategy of heat and mass integration can also

take place between reboiler at B and condenser at D. However, one can easily calcu-

late these heat exchanger duties and verify that the integration between reboiler at B

and condenser at C offers greater heat duty savings and thus more potential savings

on heat exchanger costs. Overall, by simultaneously eliminating two heat exchangers

and one column shell, we believe that the heat and mass integrated configuration of
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Figure 3.7c has the potential to offer substantial reductions in capital and operating

costs compared to the original sharp split configuration of Figure 3.1c.
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Figure 3.8. (a) A thermodynamically equivalent version of Figure 3.2
by consolidating columns 2 and 3 into one column shell with a ver-
tical partition. This dividing wall column arrangement is expected
to have a lower capital cost compared to that of Figure 3.2; (b) an
equivalent, operable version of (a) derived by following the method-
ologies of Medenoor Ramapriya et al. [77]. Submixture CDE is now
transferred from one zone in the dividing wall column to the other as
a liquid-only stream.

In Scenario 2 of the alcohols separation example, we have concluded from the

GMAC approach that the optimal configuration with the lowest annualized capital

cost among 6128 configurations is the one shown in Figure 3.2. We realize that

columns 2 and 3 in the optimal configuration of Figure 3.2 are especially suitable

for PI using a dividing wall column (DWC). Compared to conventional distillation

configurations, DWCs have been known to substantially reduce the capital cost as well

as land requirement since they use less number of column shells and other equipment

pieces [38, 75]. For example, as much as 30% of capital cost reduction for ternary

separations has been reported when DWCs are used in place of conventional sharp

split configurations [79]. For the configuration of Figure 3.2, vapor duty generated

by the reboiler at DE is first split into two fractions, one continues to travel upward

within column 3 while the other goes to column 2 through the thermal coupling at
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CDE. These two fractions of vapor traffic will eventually merge back to column 3

above the thermal coupling at BCD. Based on this observation, it is expected that

when consolidating columns 2 and 3 of Figure 3.2 into a single column shell with

a vertical partition as shown in Figure 3.8a, the resulting DWC will have the the

same or at least similar diameter and height as column 3 in the original configuration

of Figure 3.2. This means that we have essentially eliminated column 2 of Figure

3.2 with no penalty but only savings in column shell costs! In addition, the new

configuration of Figure 3.8a is thermodynamically equivalent to the original regular-

column configuration [77]. In other words, the heat exchanger costs and duties are

unlikely to change notably after process intensification. Of course, one also needs to

consider the cost of the vertical partition, as well as any additional cost associated with

specially designed column internals and trays for the DWC. However, this intensified

configuration of Figure 3.8a is still expected to perform even better than its original

regular-column configuration in terms of annualized capital investment.

Despite having the potential to offer further capital savings compared to the con-

figuration of Figure 3.2, the DWC in the intensified configuration of Figure 3.8a might

face challenges in achieving the desired vapor split at the bottom of the vertical par-

tition. To solve this operability difficulty, Madenoor Ramapriya et al. [77] proposed

a systematic approach from which one can arrive at a thermodynamically equivalent

version shown in Figure 3.8b. In this version, submixture CDE is transferred from

one zone in the DWC to the other externally as a liquid-only stream. The features

of extended vertical partition and an additional reboiler producing the same mixture

DE make this DWC easy to operate and control, as the desired L/V ratio in both

zones of the DWC can be reached and maintained precisely. Note that the sum of

heat duties generated at both reboilers that produce the same submixture DE of

Figure 3.8b is equal to that generated at the single reboiler at DE of Figure 3.8a,

meaning that the heat exchanger costs for these two configurations should be similar.

As we can see from these illustrations, synergistic use of the powerful global op-

timization tool such as the GMAC and conceptual design strategies based on PI can
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lead to the discovery of completely new and highly intensified configuration flowsheets

that are compact and inexpansive to build and easy to operate. It has opened up

many great opportunities for industrial practitioners, many of which are hitherto un-

known to them before. Of course, to truly identify the global optimal configuration

design, it would be more desirable to include these new and intensified configura-

tions into the search space of attractive and useful configurations and incorporate

them into the GMAC framework. This would require us to first come up with a new

superstructure formulation like the SA method [7] to systematically enumerate the

search space that also includes these intensified configurations. And second, we need

to update the cost model in the current GMAC framework to accurately estimate the

capital and operating costs associated with these new intensified configurations. This

will be one of our research directions in the future.

3.6 Conclusion

For the first time, we develop an enumeration based global optimization algorithm

for the economic optimization (GMAC) of any regular-column distillation configura-

tion synthesized by the SA method [7] that distills any ideal or near-ideal multicom-

ponent mixture. This method greatly extends the GMA framework [34] developed

recently to minimize the total reboiler vapor duty requirement of any regular-column

configuration. Compared with existing models in the literature, more accurate cost

models have been incorporated in the GMAC framework. Cost related parameters

and correlations can be specified by users as they wish, making the GMAC a robust

and flexible tool to use. Moreover, the GMAC approach guarantees global optimality

for any configuration in the search space synthesized by the SA method [7], which

enables us to obtain the complete ranklist of configurations based on any cost related

objective.

The effectiveness and robustness of the GMAC model are demonstrated on var-

ious 4- to 6-component separation examples in the literature. It is found that the

GMAC method can solve all distillation configurations to global optimality for all
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cases within minutes to hours, depending on the problem size. In this article, we

present a case study involving a five-component alcohols separation example in de-

tail, from which many valuable insights are generated to help industrial practitioners

to choose and design energy efficient and cost-effective configurations provided the

specific separation task. The energy requirement, capital cost, as well as operabil-

ity of the attractive configurations identified by the GMAC approach can be further

improved by applying new process intensification strategies such as heat and mass

integration and dividing wall column as discussed in Chapter 2. Combining the pow-

erful global optimization algorithm such as the GMAC as a useful screening tool with

novel conceptual design techniques will enable process engineers to quickly shortlist a

few attractive configuration candidates and generate highly attractive designs which

can undergo further, more detailed analysis.

We demonstrate that the two-step iterative optimization procedure which de-

composes the original problem into two independent subproblems, cannot guarantee

global optimality on the result it finds. The GMAC method is thus the only economic

optimization framework available as of now that guarantees global optimality. In the

next phase, we will devote ourselves to developing an effective and efficient MINLP

based global optimization model for economics analysis and its solution strategies to

identify the single best configuration or the top-K best configurations within seconds

or minutes.



95

4. GLOBAL MINIMIZATION OF TOTAL EXERGY LOSS FOR

MULTICOMPONENT DISTILLATION CONFIGURATIONS

The operating cost of a multicomponent distillation system comprises two major as-

pects: the overall heat duty requirement and the temperature levels at which the heat

duties are generated and rejected. The second aspect, often measured by the ther-

modynamic efficiency of the distillation system, can be quantified by its total exergy

loss. In this chapter, we introduce a global optimization framework for determining

the minimum total exergy loss required to distill any ideal or near-ideal multicompo-

nent mixture using a sequence of columns. Desired configurations identified by this

new framework tend to use milder-temperature reboilers and condensers and are thus

attractive for applications such as heat pump assisted distillation. Through a case

study of shale gas separations, we demonstrate the effectiveness of this framework

and present some useful physical insights for designing energy efficient distillation

systems.

4.1 Introduction

The operating cost or energy consumption of a distillation configuration comprises

two major aspects: the total reboiler heat duty requirement, which is proportional

to the sum of vapor flows generated at all reboilers per unit time, as well as the

temperature levels at which the heat duties are generated by the reboilers and rejected

by the condensers [47]. The first aspect is associated with the first-law heat-duty

demand of a distillation configuration, whereas the second aspect is closely related

to the heating and cooling utility costs (second-law temperature-level costs) of the

reboilers and condensers. Here, we clearly distinguish the difference between “energy”

and “heat”. While most people have been primarily focusing on the absolute value of
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overall heat duty needed in a configuration, less attention is paid on the temperature

levels at which the generation and removal of heat duties occur, i.e. the qualities

of the heat duties. Failure to recognize and consider both aspects may lead to the

design of inefficient distillation systems [47,103].

Thermodynamic efficiency analysis is an useful tool to evaluate the energy per-

formance of a multicomponent distillation system [104]. One of the classic industrial

examples that illustrates the importance and potency of thermodynamic efficiency

analysis is the separation of air into high purity nitrogen, oxygen, and argon prod-

ucts. This separation, which is conducted at cryogenic conditions, is primarily driven

by work instead of heat. Thus, the thermodynamic efficiency of this process is char-

acterized using the following definition [105]:

η =
minimum work of separation

total work of separation
(4.1)

Under this definition of Equation (4.1) based on total work input, Agrawal and

Fidkowski [47] calculated the thermodynamic efficiency for each of the three ternary

thermally coupled configurations shown in Figure 4.1. In this figure, and also in all

subsequent figures, capital letters A, B, C, and so on represent pure components

with their volatilities decreasing in alphabetical order. It is determined that the

side-rectifier configuration of Figure 4.1b has the highest thermodynamic efficiency of

44.52%, which is consistent with the industrial practice for argon recovery that has

been in use for over 85 years [106]. On the other hand, the three-component fully

thermally coupled (FTC) Petlyuk configuration [26] of Figure 4.1c, which is known to

always have the lowest total heat duty requirement among all configurations, has only

1/3 the thermodynamic efficiency as the side-rectifier configuration. This is because,

even though the FTC configuration requires the lowest possible heat duty, all the heat

is generated at the highest temperature reboiler (i.e. reboiler at C of Figure 4.1c)

and removed at the lowest temperature condenser (i.e. condenser at A of Figure

4.1c). Thus, it is not surprising that, in spite of many attempts trying to improve
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Figure 4.1. (a) Indirect split thermally coupled configuration, which is
equivalent to the side-stripper scheme; (b) direct split thermally cou-
pled configuration, which is equivalent to the side-rectifier scheme;
(c) the fully thermally coupled (FTC) Petlyuk column [26]. The
thermodynamic efficiencies for these configurations are determined
by Agrawal and Fidkowski [47]. In this example, A = nitrogen, B =
argon, and C = oxygen.

the energy efficiency of the FTC configuration [107], it has not found any successful

application in cryogenic air separation. In fact, for ternary separations, the range

of feed conditions under which the FTC configuration has a higher thermodynamic

efficiency than other configurations turns out to be quite limited [47]. Flores et al. [50]

also reached similar conclusions when considering a set of cases involving ternary and

quaternary separations.

The usefulness of thermodynamic efficiency analysis is not only limited to cryo-

genic separations, but also in applications such as heat pump assisted distillation,

multi-effect distillation, heat integrated distillation, vapor recompression distillation,

etc. These applications may or may not have to be operated at subambient conditions.

It is worth pointing out that the definition of thermodynamic efficiency of Equation

(4.1) is more accurate and reasonable than various other definitions [3, 108] where

minimum work of separation is directly compared to the total heat supplied to the

reboiler, which implicitly assumes that this heat cannot be reused anywhere else as it
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gets removed by the condenser. This underlying assumption is clearly inaccurate for

the applications listed above and for highly integrated plants where the rejected heat

is often used elsewhere. In fact, the thermodynamic efficiency of distillation process

calculated based on such definitions is usually abnormally small and can never reach

100% even for a fully reversible process [109, 110], which often leads to the miscon-

ception that distillation is always inefficient to operate compared to other separation

processes such as membranes. The definition of Equation (4.1), on the other hand,

captures the true thermodynamic efficiency of the distillation process itself.

The total work of separation in the denominator of Equation (4.1) is often ex-

plicitly expressed as the sum of minimum work of separation and exergy loss of the

process [104,105,111–113]:

total work of separation = minimum work of separation + exergy loss (4.2)

The exergy of a stream is equal to the maximum work obtainable when it is

brought to the reference conditions via a reversible path [114]. To understand this,

consider the schematic diagram of Figure 4.2, in which two equal quantities of heat

duty QH (QC) at two different temperatures above (below) the reference point are

brought to the reference condition using reversible heat engines (reversible heat

pumps). Combining the first and the second law of thermodynamics, one can easily

show that the work outputs from the reversible heat engines (heat pumps) are given

by:

WH = QH

(
1− T0

TH

)
> W ′

H = QH

(
1− T0

T ′H

)
> 0

WC = QC

(
1− T0

TC

)
< W ′

C = QC

(
1− T0

T ′C

)
< 0

(4.3)

in which a negative work output (i.e. WC or W ′
C) simply means that work input is

required to “pump” the heat QC from a lower temperature level TC or T ′C to the

reference temperature T0. From Equation (4.3), one can readily see that for the same
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′

𝑇𝐻
′

𝑇𝐻

Figure 4.2. For the same amount of heat QH at two different tem-
perature levels (TH > T ′H) above the reference temperature T0, the
one at TH generates more work WH from the reversible heat en-
gine (RHE) than the one at T ′H when both heats are brought to
T0 (WH > W ′

H > 0). Similarly, for the same amount of heat QC

at TC and T ′C (TC < T ′C) which are lower than T0, the one at the
lower temperature TC requires more work input from the reversible
heat pump (RHP) than the one at T ′C when they are brought to T0
(WC < W ′

C < 0).

amount of heat at different temperature levels, the one at more extreme temperature

produces or requires more work (exergy) than the one at a milder temperature. Thus,

we can determine the thermodynamic efficiency of the distillation process itself based

on the exergy loss within the distillation column, which can be characterized by the

temperature level at which the reboiler and condenser are operated [105,115].

Agrawal and Herron [115] applied the concept of exergy analysis to determine

the optimal thermodynamic efficiency of a distillation column separating ideal binary

mixtures for several feed conditions and relative volatilities. Following the simplifying

assumptions of ideal vapor-liquid equilibrium relations, constant relative volatilities,



100

and constant and equal latent heats of vaporization for both components over the

operating temperature range of the column, the authors made a groundbreaking

discovery that temperatures do not appear explicitly in the final efficiency expres-

sions [115]. Based on this finding, Agrawal and Herron [116] analyzed the optimal

placement of an intermediate reboiler and/or intermediate condenser in a binary dis-

tillation column and generated several heuristics [117]. While previous studies have

been centered on binary mixture distillations, Agrawal and Fidkowski [109] also stud-

ied the thermodynamic efficiencies for conventional as well as “improved” direct and

indirect split basic configurations for ternary mixture separations. As shown in Figure

4.3, the improved configurations modify the reboiler and condenser associated with

interconnecting stream between the two distillation columns (also called submixture)

to simultaneously produce two streams with the same composition, one as saturated

liquid and the other as saturated vapor, that enter the next distillation column as

feed. Using modified reboilers and condensers at submixtures locations reduces the

total exergy loss of the distillation process [109, 118]. Agrawal and Fidkowski [103]

later extended the idea of Agrawal and Herron [109] to analyze the thermodynamic

efficiencies of ternary direct and indirect split thermally coupled configurations. How-

ever, since then, there has not been many attempts in the literature to further gen-

eralize this methodology to systematically account for distillation configurations that

separate four or more components.

As the size of regular-column configuration search space quickly explodes as the

number of components in the feed increases [7, 18], it quickly becomes too compu-

tationally expansive to possibly perform total exergy loss calculations for each and

every configuration in the search space using process simulators such as Aspen Plus.

One almost always needs to formulate an optimization problem that can be quickly

solved to explore the entire search space within reasonable amount of time in order to

identify one or a set of energy efficient configurations for a given separation task. The

search for the global optimal configuration in the entire search space can be carried

out using two distinct approaches. The first approach is to formulate the optimization
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(b)(a) (c) (d)

Figure 4.3. (a) A conventional submixture condenser; (b) modified
condenser configuration generating two feed streams to the next col-
umn; (c) conventional submixture reboiler; (d) modified reboiler con-
figuration producing two feed streams to the next column. Orange
lines indicate vapor flows and blue lines indicate liquid flows.

problem as a single mixed-integer nonlinear programming (MINLP) problem [16,35].

If succeeded, this MINLP based approach can find the global optimal solution without

enumerating all the configurations in the search space. However, for many cases, the

resulting MINLP could not be solved to global optimality due to various convergence

difficulties [35]. Despite various attempts that tried to tackle these issues, includ-

ing proposing an alternative algorithm based on a modified version of logic-based

outer-approximation algorithm [35] as well as decomposing the optimization problem

into subproblems followed by introducing an iterative optimization procedure to solve

them [16], the MINLP based approach still fails to guarantee global optimality [119].

Besides the MINLP based approach discussed above, a fundamentally different

approach to search for the optimal distillation configuration is to first synthesize the

complete search space, followed by formulating an optimization problem for each

configuration in the search space. This is also known as the enumeration based ap-

proach [33]. Recently, Nallasivam et al. [34] developed an enumeration based global

minimization algorithm (GMA) to minimize the total reboiler vapor duty require-

ment for each and every basic and thermally coupled regular-column configuration

synthesized by the SA method [7]. In the GMA approach, the optimization for each

configuration is formulated as a nonlinear programming problem (NLP) and can be

solved to global optimality using global solver BARON [39] in GAMS in a matter
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of seconds. A number of strategies, such as parallelization and bound tightening

techniques [34], can further bring down the computational time significantly. The

objective of this chapter is to develop a general NLP based global optimization algo-

rithm that minimizes the total exergy loss (i.e. maximizes thermodynamic efficiency

since the minimum work of separation in Equation (4.1) is a constant if feed and

product specifications are known) for any regular-column distillation configuration.

This algorithm is referred to as the Global Minimization Algorithm for Exergy, or

simply GMAE.

In the GMAE formulation, the majority of the GMA framework [34] is retained;

additional exergy related relations and constraints are added and will be explained in

the next section. Once the complete GMAE framework is introduced, we will exam-

ine a five-component case study involving natural gas liquids (NGLs) recovery and

fractionation to demonstrate the usefulness and robustness of the GMAE approach.

By investigating several representative configurations in detail, We explore some of

the physical insights behind them and show how these insights can generate useful

heuristics and guidelines for process engineers to identify energy efficient configu-

rations. Next, several process intensification strategies discussed in Chapter 2 will

be considered to further improve the thermodynamic efficiency, eliminate equipment

pieces, and save capital cost of a distillation configuration.

4.2 NLP Formulation

Any optimization problem is described by the decision variables, the objective

function, and the constraints. In the GMAE formulation, all the decision variables

and constraints from the GMA framework described by Nallasivam et al. [34] are

retained. In particular, we use the Underwood’s method for minimum vapor duty

calculations in each column section [19]. This implies that the GMAE model is

constructed based on the same underlying assumptions as the GMA model, i.e. ideal

vapor-liquid equilibrium, constant relative volatility, as well as constant and equal

latent heats for all components throughout the distillation columns [34]. Despite
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having to make these assumptions to simplify the model, it is found that the GMA

approach still gives very accurate total reboiler duty estimates compared to the results

obtained by performing rigorous Aspen Plus simulations using real thermodynamic

models for zeotropic multicomponent separations [40].

Instead of using the total reboiler vapor duty requirement as in the GMA frame-

work, the objective function for the GMAE is to minimize the total exergy loss ∆Eloss
for all distillation columns in a configuration. To formulate the ∆Eloss expression

of any distillation configuration, consider an example configuration shown in Figure

4.4 involving four-component mixture separation. The configuration of Figure 4.4a

uses conventional heat exchangers at submixtures ABC and BCD, each producing

one single-phase stream which then enters the next distillation column. On the other

hand, the configuration of Figure 4.4 adopts the modified heat exchanger configura-

tions at ABC and BCD following Figure 4.3 to simultaneously produce two streams

with the same composition but different phases to enter the next column. In the

GMAE model, users have the flexibility to specify either submixture heat exchanger

scheme.

For illustration, let us examine the improved configuration of Figure 4.4b whose

control volume for exergy loss calculations is explicitly drawn in Figure 4.4c. To

calculate the total exergy loss of the distillation process alone for this configuration,

only the exergy losses associated with material streams entering and leaving the

distillation columns are considered. Exergy losses within the reboilers and condensers

are excluded from the calculations. This is reflected in Figure 4.4c in which the green

boxes around all heat exchangers are subtracted from the region enclosed by the

large green box around the configuration. Notice that the material streams entering

and leaving the reboilers and condensers are still included in the control volume. The

objective function is simply to minimize the difference between the exergies associated
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Figure 4.4. (a) An example configuration for four-component separa-
tion; (b) an improved configuration of (a) using modified reboiler at
BCD and modified condenser at ABC following Figure 4.3; (c) the
same configuration of (b) highlighting the control volume for exergy
loss calculations. The control volume is defined as the large green
box around the entire configuration followed by subtracting all the
small regions enclosed by green boxes around all reboilers and con-
densers to indicate that exergy losses associated with heat exchangers
are excluded from the control volume.

with all material inflows and the exergies associated with all material outflows of the

control volume:

min ∆Eloss = EABCD −
D∑
i=A

Ei +
∑

i∈REB

(Ei,in − Ei,out) +
∑

i∈COND

(Ei,in − Ei,out) (4.4)

in which the sets REB and COND respectively store the indices of streams associated

with reboilers and condensers, including the ones producing final pure products. In

this example, REB = {BCD,D} and COND = {ABC,A,B}.

Each exergy term in the objective function of Equation (4.4) is contributed by

the exergy associated with mixing (EM), thermal (ET ) and pressure (EP ) exergy

associated with temperature and pressure change from the reference state to the

saturated liquid state, as well as thermal exergy as a result of phase change (Eφ). In

other words, E = EM + EP + ET + Eφ. Note that EM = 0 for pure components and
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Eφ = 0 for any saturated liquid stream, including the final products which are taken

as saturated liquid streams as shown in Figure 4.4. When a material stream of one

phase undergoes phase change inside a reboiler or condenser, the only contributor to

the exergy difference is the thermal exergy associated with phase change. And this

exergy difference between a saturated liquid stream and a saturated vapor stream

with the same composition, temperature, and pressure is given by [114]:

For pure component stream i: Evapi − E liqi = Fi∆H
(

1− T0
Ti

)
For mixture stream i: Evapi − E liqi = Fi∆H

∫ 1

0

(
1− T0

Ti

)
dq

(4.5)

where ∆H is the molar latent heat of vaporization used to represent the multicompo-

nent system (recall the constant and equal latent heat assumption for all components),

Fi is the molar flow rate of material stream i, T0 is the reference temperature, q stands

for the thermal quality (liquid fraction) of the stream. Notice that the temperature Ti

for mixture stream i varies during phase change and is a function of the thermal qual-

ity q of the stream. On the other hand, for pure component streams, the temperature

remains constant during phase change.

Also, through extensive calculations for various mixtures, it is found numerically

that the thermal or pressure exergy associated with a multicomponent mixture stream

at its saturated liquid state is approximately equal to the sum of thermal or pres-

sure exergies of the individual components at their saturated liquid states [47, 109].

Combining this valid simplification with Equation (4.5) gives the exergy difference

between the main feed stream ABCD with thermal quality of qF and the sum of

exergies of final product streams, i.e. pure A, B, C, and D as shown in Figure 4.4c:

EABCD −
D∑
i=A

Ei = FABCD

[
RT0

D∑
i=A

zi,F ln zi,F + ∆H

∫ 1

qF

(
1− T0

TABCD

)
dq

]
(4.6)

in which FABCD =
∑D

i=A Fi is the total molar flow rate of feed ABCD, R is the

universal gas constant, and zi,F = Fi/FABCD is the net composition of component i
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in the main feed. The quantity −FABCDRT0
∑D

i=A zi,F ln zi,F exactly corresponds to

the minimum work of separation in Equation (4.2) per unit time, whose magnitude

is equal to the Gibbs free energy change of mixing for an ideal solution. Substituting

Equations (4.6) and (4.5) into (4.4) yields:

∆Eloss = FABCDRT0

D∑
i=A

zi,F ln zi,F + FABCD∆H

∫ 1

qF

(
1− T0

TABCD

)
dq

+
∑

i∈REB

Bi∆H

∫ 1

0

(
1− T0

Ti

)
dq −

∑
i∈COND

Di∆H

∫ 1

0

(
1− T0

Ti

)
dq

(4.7)

where Bi and Di stand for the material flow rates that enter the reboiler and condenser

associated with stream i, respectively.

Before simplifying Equation (4.7), we would like to introduce an alternative ap-

proach to derive the total exergy loss expression based on simple physical intuitions.

Based on the control volume drawn in Figure 4.4c and Equation (4.3), one can easily

realize that the quantity
∑

i∈REB(Ei,in − Ei,out) +
∑

i∈COND(Ei,in − Ei,out) in the ob-

jective function of Equation (4.4) is nothing but the total reversible heat pump work

needed to utilize all the heat duties removed by the condensers to supply all heat

duties required by the reboilers in the configuration. This analogy between exergy

loss and reversible heat pump work makes the derivation of Equation (4.9) easier and

more intuitive. First, we may bring all the condenser duties to the reference tem-

perature T0 using reversible heat pumps. Notice that without loss of generality, we

have assumed here that T0 is higher than the boiling point of the heaviest component,

TD; but this does not need to be the case. From Figure 4.2 and Equation (4.3), the

total reversible heat pump work input associated with condenser duties, denoted as

HPWCOND, is simply:

HPWCOND =
∑

i∈COND

Di∆H

∫ 1

0

(T0
Ti
− 1
)
dq
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Of course, HPWCOND is more than what is needed to supply the reboiler duties

at Ti i ∈ REB which are all lower than T0. Thus, in the next step, we need to

determine the excess reversible heat pump work that needs to be subtracted from

HPWCOND to obtain the true work requirement. And this excess work is simply the

work input required to pump all the reboiler duties to T0 reversibly:

HPWREB =
∑

i∈REB

Bi∆H

∫ 1

0

(T0
Ti
− 1
)
dq

As a result, the true reversible heat pump work requirement, i.e. the quantity∑
i∈REB(Ei,in − Ei,out) +

∑
i∈COND(Ei,in − Ei,out), is:

HPWCOND −HPWREB =
∑

i∈COND

Di∆H

∫ 1

0

(T0
Ti
− 1
)
dq

−
∑

i∈REB

Bi∆H

∫ 1

0

(T0
Ti
− 1
)
dq

which matches with the related terms in Equation (4.7) exactly.

Next, to simplify Equation (4.7), we follow the procedure of Agrawal and Her-

ron [115–117] to perform an overall enthalpy balance on the control volume, which

suggests that the sum of condenser duties must equal to the sum of reboiler duties as

well as the heat input required to vaporize a portion of the main feed to the specified

thermal quality:

∑
i∈COND

Di∆H =
∑

i∈REB

Bi∆H + (1− qF )FABCD∆H

which can also be expressed as:

∑
i∈COND

Di∆H

∫ 1

0

dq =
∑

i∈REB

Bi∆H

∫ 1

0

dq + FABCD∆H

∫ 1

qF

dq (4.8)
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Now, multiplying both sides of Equation (4.8) with a constant factor 1− T0
TD

and

substituting the resulting expression into Equation (4.7) gives:

∆Eloss = FABCDRT0

D∑
i=A

zi,F ln zi,F − FABCDT0∆H
∫ 1

qF

( 1

TABCD
− 1

TD

)
dq

− T0
∑

i∈REB

Bi∆H

∫ 1

0

( 1

Ti
− 1

TD

)
dq + T0

∑
i∈COND

Di∆H

∫ 1

0

( 1

Ti
− 1

TD

)
dq

(4.9)

Although the total exergy loss expression of Equation (4.9) does involve tem-

perature, in the context of the GMAE model assumptions, the Clausius-Clapeyron

relation actually implies that the need for temperature calculations can be completely

eliminated [115,120,121].

For pure component i: ∆H
( 1

Ti
− 1

TD

)
= R lnαi

For mixture stream i: ∆H
( 1

Ti
− 1

TD

)
= R ln

( D∑
j=A

αjxj,i

) (4.10)

in which αj is the relative volatility of component j with respect to the heaviest com-

ponent D, and xj,i is the liquid mole fraction of component j in stream i. This simple

but powerful result allows us to reformulate the objective function of Equation (4.9)

for every distillation configuration by using only the decision variables introduced in

the GMA framework. Substituting Equation (4.10) into Equation (4.9), the total

exergy loss of the entire configuration of Figure 4.4c can now be solely expressed in

terms of relative volatilities and material stream composition variables:

∆Eloss
RT0

= FABCD

D∑
i=A

zi,F ln zi,F − FABCD
∫ 1

qF

ln
( D∑
j=A

αjxj,ABCD

)
dq

−BBCD

∫ 1

0

ln
( D∑
j=A

αjxj,BCD

)
dq +DABC

∫ 1

0

ln
( D∑
j=A

αjxj,ABC

)
dq

+DA lnαA +DB lnαB

(4.11)
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which does not require explicit knowledge about any reboiler or condenser tempera-

ture [115–117]!

Again, we remind that xj,i in Equation (4.11), the liquid phase composition of

component j in submixture stream i with a net material composition of zj,i, is a

function of thermal quality q which is governed by the phase equilibrium as:

zj,i = qxj,i + (1− q) αjxj,i∑D
k=A αkxk,i

i ∈ {ABC,BCD} (4.12)

To evaluate the integrals in Equation (4.11) numerically, we find that the two-

point Gaussian quadrature method [122], which approximates a definite integral of

a function as a weighted sum of function values at two specific points, is sufficiently

accurate for all practical cases that we have encountnered. In other words, we replace

each integral term in Equation (4.11) with the weighted sum of integrand evaluated at

two representative thermal quality values by solving Equation (4.12). When Equation

(4.12) is written out and solved at the two thermal quality values for every component,

the resulting set of solutions of liquid compositions can be substituted to evaluate the

integrand to approximate the corresponding exergy loss term.

For higher accuracy, three-point or even higher Gaussian quadrature formula can

be used. Nevertheless, as the number of weights used increases, the number of de-

cision variables and nonconvexities also increase rapidly, unnecessarily making the

GMAE formulation harder to solve to global optimality. In this case, there definite

exists a trade-off between numerical accuracy and the complexity of the problem,

and users need to make the appropriate balance based on their needs. With this,

the GMAE model formulation is now finalized. The NLP problem for each and every

configuration synthesized by the SA method [7] is solved in GAMS using global solver

BARON [39]. In the next section, we will examine an example involving shale gas

separations in detail to illustrate the reliability and robustness of the GMAE frame-

work as well as to generate some useful insights into the design and retrofit of energy

efficient distillation configurations.
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4.3 Case Study – NGL Recovery and Fractionation

The recent shale gas boom has transformed the energy landscape of the world,

especially the United States. Apart from methane and nitrogen, shale resources con-

tain a substantial amount of natural gas liquids (NGLs), including ethane, propane,

n-butane, i -butane, and other heavier hydrocarbons [123]. After acid gas removal

and dehydration, the shale gas stream undergoes a series of separation steps using

distillation to recover natural gas (mostly methane and small amount of nitrogen)

for storage or transport, as well as individual components of NGLs for downstream

processing. In this study, we consider the NGLs recovery and fractionation process

for a typical shale gas stream produced from the Eagle Ford basin in Texas Shale

Plays at a flow rate of 5000 kmol/hr. Specifically, we consider the complete sepa-

ration of five major components in the shale gas, namely natural gas (methane and

nitrogen), ethane, propane, butane, and pentane (plus heavier hydrocarbons), which

are respectively denoted as components A, B, C, D, and E. These pure components

are finally produced as saturated liquid streams. After acid gas removal and dehydra-

tion, the shale gas is sent to the distillation trains as saturated vapor feed. The molar

composition of these five components in a typical shale gas stream in Eagle Ford can

be found in He and You [124], and the relative volatility information is obtained from

Aspen Plus using Peng-Robinson equation of state model. These feed specifications

are summarized in Table 4.3. The reference temperature T0 taken as the ambient

temperature of 298K.

Table 4.1.
Feed specifications for a typical shale gas stream in Eagle Ford basin
(Reference: He and You [124]).

Component Mole fraction (%) Relative volatility
Natural gas (A) 78.46 27.11

Ethane (B) 13.19 3.713
Propane (C) 5.27 1.579
Butane (D) 2.24 1.218
Pentane (E) 0.84 1
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We formulate the NLP problem automatically in MATLAB for each of the 6128

possible regular-column configurations in the search space generated by the SA method

[7]. After it is sent to GAMS via the GAMS/MATLAB interface [98], each NLP prob-

lem is solved in GAMS using the BARON solver [39]. BARON has well-defined convex

relaxations for standard bilinear and fractional nonlinear functions [125]. These con-

vex relaxations are used in the solver to arrive at the global optimal solution. All

6128 configurations are solved to global optimality (≤ 1% duality gap) within 4.54

hours of CPU time in a Dell OptiPlex 5040 desktop that simultaneously utilizes all

four of its Intel Quad-Core i7-6700 processors with the help of the Parallel Computing

Toolbox in MATLAB.

Current industrial practices for NGLs recovery and fractionation have been using

the classic basic direct-split configuration drawn in Figure 4.6a. The GMAE deter-

mines that the minimum total exergy loss for this configuration is 5775.46 MJ/hr

(1.604 MW), and the corresponding reboiler vapor duty is given by 4397.17 kmol/hr

(1221.4 mol/s). To compare the other 6127 configurations in the search space with

this “benchmark”, we normalize the minimum total exergy losses of these configura-

tions along with their corresponding total reboiler vapor duties respectively based on

the values of the basic direct-split configuration. These results are illustrated in Fig-

ure 4.5. A number of interesting and important observations can be drawn from this

plot. And we will present some of them by discussing a few selected configurations

highlighted in Figure 4.5, which are explicitly drawn in Figures 4.6 and 4.7.

First, the conventional basic direct-split configuration, which is represented by

the red dot located at the lower right corner in Figure 4.5, is ranked 30th out of all

6128 configurations in the search space in terms of minimum total exergy loss (top

0.49%). Despite requiring a relatively high total reboiler duty as it involves all sharp

split separations [9], this conventional scheme is among the most thermodynamically

efficient configurations. Meanwhile, another sharp-split configuration drawn in Figure

4.6e, which requires only about 0.4% more reboiler vapor duty than the conventional
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Figure 4.5. A plot showing the normalized minimum total exergy
losses and the corresponding normalized total reboiler vapor duty re-
quirements for all 6128 configurations. Each dot represents a config-
uration. The red, green, orange, pink, and black dots in the plot are
chosen as representatives and are drawn in Figure 4.6a thru e, respec-
tively. Potentially attractive configurations belonging to three major
configuration families are also boxed. The representative configura-
tions from each family are drawn in Figure 4.7.

scheme, has > 357.8% more minimum total exergy loss, making it the second worst

configurations in the entire search space in terms of energy efficiency!

To understand why these two configurations have drastically different minimum

total exergy losses, recall from Table 4.3 that the natural gas stream (component A)

is significantly more volatile compared to any other component in the system. Any

condenser that produces a submixture containing natural gas stream (i.e. associated

with submixture ABCD, ABC or AB) or produces the final natural gas product
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is operated at considerably cryogenic temperature level and thus requires expensive

cooling utility. Therefore, a small increase of cooling duty in any of these condensers

will result in a significant increase in total exergy loss (utility cost) of the overall

configuration. To improve the thermodynamic efficiency of the NGLs recovery and

fractionation process, it is critical to keep the condenser duties associated with streams

containing component A small.
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Figure 4.6. (a) Conventional basic direct-split configuration; (b) the
fully thermally coupled (FTC) configuration; (c) the configuration
with the lowest minimum total exergy loss among all configurations
that require the same reboiler vapor duty as the FTC configuration;
(e) a basic sharp-split configuration which consumes almost the same
reboiler vapor duty as (a) but has significantly more minimum total
exergy loss.

For the conventional configuration of Figure 4.6a, the natural gas stream is directly

produced from column 1, whose condenser duty is given by 5630.9 kmol/hr. On the

other hand, in the configuration of Figure 4.6e, the sum of cooling duties at condensers

ABCD (1508.3 kmol/hr) and A (7906.2 kmol/hr) increases to 9414.5 kmol/hr, which



114

leads to significant increase in total exergy loss. Clearly, a configuration with low

reboiler vapor duty does not always correspond to a low total exergy loss. Likewise,

a configuration that requires a high vapor duty may turn out to be quite efficient.

Also, it is worth noting that the condenser duty associated with the final natural

gas product A increases by 40.4% compared to that in the conventional configuration

mainly because of the presence of thermal couplings at submixtures ABC and AB.

Although introducing thermal couplings at these two submixtures might benefit the

first-law heat duty, it really “hurts” the thermodynamic efficiency of the configuration.

In this case, the basic configuration version for Figure 4.6e requires 7.3% more reboiler

duty than the original thermally coupled configuration but has 13.5% less minimum

total exergy loss. Thus, for applications in which the second-law temperature level

penalty is more influential to the operating cost of a distillation configuration than

the first-law heat duty benefit, thermal couplings of this sort should be avoided [41].

The same reasoning can be applied to analyze other representative configurations

drawn in Figure 4.6 as well. For instance, the fully thermally coupled (FTC) config-

uration of Figure 4.6b is known to always have the lowest total reboiler vapor duty

among all configurations in the search space [46]. Despite requiring 62.0% less vapor

duty, the FTC configuration has 86.8% more minimum total exergy loss than the

conventional configuration of Figure 4.6a, since all the vapor duty is generated at the

highest temperature reboiler of E and condensed at the lowest temperature condenser

at A. Fortunately, as we can see from Figure 4.5, there exists a total of 17 non-FTC

configurations which have the same total vapor duty requirement as the FTC con-

figuration but lower exergy loss. Among these 17 configurations, the one with the

lowest minimum total exergy loss is drawn in Figure 4.6c. This configuration has two

reboilers at DE and E as well as two condensers at ABC and A, thereby allowing

the heat duty to be generated and removed by heat exchangers operated at milder

temperature levels. Hence, for most industrial applications, we believe that building

the FTC configuration should not be considered as the first choice [47, 99]. This is

also consistent with the observations we made earlier in Chapter 2.
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One interesting observation that one can make from Figure 4.5 is that for a given

total reboiler vapor duty value, there seems to exist an upper bound on the mini-

mum total exergy loss that a configuration can ever obtain. More interestingly, this

upper bound seems to be linear with respect to the total reboiler vapor duty. Based

on previous discussions, it should not be a surprise that such a linear upper bound

exists. Among all configurations having the same reboiler vapor duty, the configura-

tion with the highest minimum total exergy loss always corresponds to a completely

thermally coupled (CTC) configuration in which all submixture heat exchangers are

replaced by thermal couplings. The FTC configuration is a special CTC configura-

tion. Eliminating submixture heat exchangers especially condensers forces the heat

duty to be respectively generated and rejected by reboilers and condensers associated

with final pure products, which in general incur greater exergy loss. In this case, it

turns out that the configurations lying on the upper bound curve as shown in Figure

4.5 correspond to the CTC configurations with only one condenser at A. Final pure

component products of intermediate relative volatilities (i.e. components B, C, and

D) are either produced by reboilers or withdrawn from the distillation system as side-

draw streams. It is easy to see why such CTC configurations always have the lowest

thermodynamic efficiencies among all configurations requiring the same heat duty, as

the only heat sink available in the entire configuration is at an absurdly cryogenic

temperature level compared to other streams. And as a result of this, we also expect

to see that the upper bound curve in Figure 4.5 to be a linear function of total vapor

duty generated at all reboilers based on the total exergy loss expression.

We have just discussed the FTC configuration which is located at the lower left

endpoint of the upper bound line. The configuration corresponding to the other

endpoint is shown in Figure 4.6d. As we can see, all but one split involved in this

configuration are sharp splits, suggesting a high vapor duty requirement for this

configuration. Thus, this CTC configuration is expected to lead to very high total

exergy loss. We believe that this result can be generalized for other multicomponent

distillation problems as well. It is also an useful heuristic from an optimization
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Figure 4.7. (a)-(c) The best performing configurations associated with
each of the three configuration families highlighted in the box shown
in Figure 4.5. The configurations of (a), (b), and (c) are respectively
ranked the 1st, 3rd, and 20th among all 6128 configurations in the
search space in terms of minimum total exergy loss.

perspective since it provides a valid upper bound on the objective function value which

tightens the feasible region and helps convergence to the global optimal solution.

Finally, we would like to examine the best performing configurations identified by

the GMAE with the highest thermodynamic efficiencies, which can be categorized into

three distinct groups of configurations shown in Figure 4.5. Configurations belonging

to the same group have the same splits and thus are topologically indifferent; the only

difference lies in their thermal coupling placements. In Figure 4.7, we draw the best

configuration in terms of minimum total exergy loss of each group. Compared with

the conventional basic direct-split scheme, configurations of Figure 4.7a thru c have

13.4%, 11.6%, and 2.0% less minimum total exergy loss while requiring 43.7%, 26.1%,

and 29.1% less total reboiler vapor duty, respectively. In fact, the configuration of

Figure 4.7a is also the best performing configuration among all 6128 configurations in

the entire search space. As we can see, the first two distillation columns in all three

configurations of Figure 4.7 perform the same splits: one non-sharp split, ABCDE →

AB/BCDE, as well as two sharp splits, AB → A/B and BCDE → B/CDE. The

vapor duty needed for these three splits in columns 1 and 2 either comes from the

saturated vapor feed stream or is generated by the reboiler CDE at 866.4 kmol/hr.
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For the conventional configuration of Figure 4.6a, the sum of vapor duties generated

by reboilers BCDE and CDE for the first two distillation columns is given by 2012.9

kmol/hr. By performing an enthalpy balance around columns 1 and 2, we can see

that the sum of condenser duties in these two columns in the configurations of Figure

4.7 is 16.3% less than that of the conventional scheme. Thus, the sum of exergy losses

associated with the first two distillation columns is reduced in these best performing

configurations.

We notice that the total reboiler duties of these top ranklisted configurations span

a wide range as shown in Figure 4.5. This offers design engineers more options in

choosing the appropriate configuration to build or retrofit based on the actual mass

and heat balances of the plant, since some of these configurations with higher heat

duties may turn out to be more attractive as they provide more heat integration op-

portunities with other process units. Also, configurations belonging to the group of

Figure 4.7b are especially amenable for retrofit purposes, as two out of the four distil-

lation columns in the conventional configuration, namely columns 3 and 4 of Figure

4.6a, are exactly the same as the ones in these attractive configurations and can thus

remain unchanged. Last but not least, innovative process intensification strategies

such as dividing wall columns (DWCs) [76,77] can be implemented to further reduce

the size and capital cost of these attractive configurations while maintaining the same

thermodynamic efficiencies [79]. Figure 4.8 shows one possible DWC implementation

for each of the representative configurations drawn in Figure 4.7 [76]. Note that three

possible versions of DWC associated with the main feed stream are drawn in Figure

4.8. These DWC versions are completely thermodynamically equivalent [58], however

the ones shown in Figure 4.8b and c are fully operable in the sense that each separate

zone divided by the vertical partition is associated with one reboiler or condenser

so that the desired L/V ratio inside each zone can be achieved and precisely regu-

lated [77]. Of course, more possible DWC versions that use 1 to 3 column shells can

be systematically synthesized for each of the regular-column configurations of Figure

4.7 [76].
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Figure 4.8. (a) One of the dividing wall column (DWC) versions of the
configuration of Figure 4.7a; (c) a DWC version of the configuration
of 4.7b; (c) a DWC version of the configuration of 4.7c.

4.4 Additional Improvement and Retrofit Strategies

In this section, we would like to explore options to further improve the heat duty

and thermodynamic efficiency of an existing distillation system such as the conven-

tional scheme of Figure 4.6a without having to change the topological structure of the

configuration. In previous discussions, we have introduced the concept of using mod-

ified heat exchangers at submixture locations. These modified designs for submixture

reboiler and condenser have been drawn in Figure 4.3b and d, respectively. These

modified submixture heat exchanger configurations help improve the thermodynamic

efficiency of a distillation configuration by granting it with more flexibility to allow

two-phase submixtures [118]. From an optimization perspective, the improved con-

figuration using the modified submixture heat exchangers is essentially a relaxation

of the original configuration using only conventional heat exchangers. Thus, solving

improved configuration for its minimum total exergy loss is equivalent to solving a

relaxed problem of the original configuration. Consequently, the optimal objective

function value of the new configuration must always improve, or at least stay the

same, compared to that of the conventional configuration.
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Figure 4.9. (a) Optimal retrofit design of the conventional scheme of
Figure 4.6a using modified heat exchangers at submixtures. Notice
that reboilers associated with submixtures BCDE, CDE and DE
now vaporizes all the bottoms liquid and produce vapor-only feed
streams that enter the subsequent columns; (b) optimal retrofit de-
sign of the configuration of Figure 4.6b using modified heat exchangers
at submixtures CDE and DE. This configuration also corresponds to
the best performing configuration when using conventional submix-
ture heat exchangers; (c) a new, attractive configuration design that
ranked 2nd among all 6128 configurations in the new ranklist.

Our proposed GMAE formulation is sufficiently generalized and flexible such that

users can easily specify the type of submixture heat exchangers they want by sim-

ply relaxing the appropriate bounds on the liquid or vapor flow rate variables in the

submixture streams. By enabling submixture heat exchangers to take such modified

structures in the GMAE framework, we are able to obtain the new ranklist of distil-

lation configurations in terms of their minimum total exergy losses. Compared to the

original ranklist of configurations based on conventional submixture heat exchanger

designs, the ranking associated with the conventional configuration scheme jumps

from the 30th to the 5th. Figure 4.9a shows the optimal reboiler configuration at

BCDE, CDE, and DE. This new reboiler arrangement reduces the minimum total

exergy loss of the conventional scheme by 13.2% to 5015.9 MJ/hr compared to origi-

nal arrangement of Figure 4.6a. Of course, to implement this new retrofit option in

reality, apart from modifying the related pipelines, valves, and fittings of the original
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configuration, the reboiler associated with submixture BCDE needs to be replaced

to accommodate the large increase in heat transfer area.

It turns out that, in the new ranklist obtained after implementing modified sub-

mixture heat exchangers, the configuration with the lowest minimum total exergy

loss, which is drawn in Figure 4.9b, is also the optimal configuration (See Figure

4.7a) in the original ranklist obtained using conventional submixture heat exchang-

ers. As reboilers of CDE and DE now vaporize all the bottoms liquid to produce

vapor-only submixture streams, the minimum total exergy loss of this new design is

3.3% lower (4834.6 MW/hr) compared to that of the conventional heat exchanger

arrangement of Figure 4.7a (4999.8 MW/hr).

It is also worth noting that the second best configuration in the new ranklist

with a minimum total exergy loss of 4873.0 MJ/hr turns out to be the one shown

in Figure 4.9c. In this configuration, the first two distillation columns perform the

same direct splits as in the conventional scheme of Figure 4.9a, while columns 3 and

4 resemble a Petlyuk-type arrangement [26] except that submixture DE is associated

with a reboiler instead of thermal coupling. As a result, columns 3 and 4 can be

consolidated into single dividing wall column which can lead to significant capital

cost savings. In addition, compared to the improved conventional scheme of Figure

4.9a, this new configuration of Figure 4.9c requires 17.3% less reboiler vapor duty,

again suggesting lower capital and operating costs. Also, needless to mention the

retrofit benefit associated with this new configuration when the first two columns

in the conventional scheme could be kept as they are. Overall, this configuration is

particularly attractive for retrofit purposes.

A natural extension of the idea of modifying the conventional submixture heat

exchangers to produce two-phase feed streams is to vaporize or condense a portion of

the main feed stream before it enters the distillation system to further improve the

thermodynamic efficiency of the overall process. This also opens up more opportuni-

ties for heat integration with other process units and utilities in the plant. This can
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be done in the GMAE formulation by allowing the thermal quality qF in the final

objective function of Equation (4.11) to be a decision variable.

Last but not least, in the current GMAE formulation, all pure component streams

are produced as saturated liquid products. However, depending on the actual prob-

lem, producing some or all of the final pure component products as saturated vapor

or even two-phase streams may further improve the thermodynamic efficiency of a

configuration significantly. Similar to the strategy of feed preheating or precooling,

this new retrofit strategy can also be easily incorporated in the GMAE framework.

In subsequent publications, we will discuss the synergistic use of these strategies in

the design of energy efficient multicomponent distillation systems in detail.

4.5 Conclusion and Future Work

The operating cost of a distillation configuration depends not only on the first-law

heat duty requirement but also on the temperature level at which heat duty is gen-

erated and rejected. The later aspect, which is closely related to the thermodynamic

efficiency of a distillation system, is often quantified by exergy analysis. For the first

time, we develop an enumeration based global optimization algorithm based on the

GMA framework developed by Nallasivam et al. [34] recently to minimize the total

exergy loss (GMAE) of any regular-column distillation configuration synthesized by

the SA method [7] distilling any ideal or near-ideal multicomponent mixture. Based

on the reasonable simplifying assumptions embedded in the GMAE framework, we

show that the final exergy loss expression does not explicitly involve the calculation

of temperature. Instead, the only information required for exergy loss calculation

is the composition and relative volatility of each component present in the material

streams. The GMAE formulation is particularly useful for analyzing the operating

cost of heat pump assisted distillation systems as well as separations that are mainly

work-driven rather than heat-driven. In this article, we consider an example of the

NGLs recovery and fractionation process to demonstrate the efficiency and useful-

ness of the GMAE framework. Through the discussion of this example, we construct
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several physical insights and observations regarding heat duty, thermodynamic effi-

ciency, and exergy loss. In particular, a configuration with low heat duty does not

mean that it is always thermodynamically efficient (e.g. the FTC configuration). At

the same time, a configuration that requires a high vapor duty may turn out to be

quite thermodynamically efficient. The submixtures and final pure product streams

present in a given configuration do not have equal importance in terms of exergy loss

contribution. A small change in the reboiler or condenser duty associated with cer-

tain critical streams may result in a significant change in the total exergy loss of the

entire configuration. Replacing submixture heat exchangers with thermal couplings

can lead to similar effect. Introducing thermal couplings at certain submixture loca-

tions may incur significant penalty in thermodynamic efficiency without adding any

first-law heat duty benefit. Meanwhile, it is also possible that some types of thermal

couplings can offer considerable heat duty savings without exhibiting any efficiency

penalty [41]. The GMAE thus provides industrial practitioners a quick and reliable

screening tool to identify the best thermal coupling arrangement.

Once an attractive, energy efficient distillation configuration is identified by the

GMAE, various process intensification strategies described in Chapter 2, such as

consolidating multiple distillation columns into a single column shell in the form of

dividing wall column, can be implemented by users to further enhance its operabil-

ity, increase its energy efficiency, and reduce its size and capital cost. On the other

hand, for an existing configuration, a simple retrofit option, namely using modified

heat exchangers at submixtures, can be applied to further improve its thermody-

namic efficiency and operational flexibility. It is shown that this simple approach has

the potential to significantly reduce the total exergy loss of a configuration without

increasing much capital expenditure.

Finally, we would like to point out that the GMAE framework can be further

extended to consider more complex problems as well as more advanced applications,

including multi-effect distillation, heat integrated distillation, etc. For instance, while

the total exergy loss characterizes the operating cost and energy efficiency of a distil-



123

lation system that is work-driven, in practice few multicomponent distillation systems

are solely operated by either heat or work. Instead, for most multicomponent sys-

tems, especially those in which the boiling points of components cover a wide range

(e.g. hydrocarbon separations from steam cracking), some distillation columns are

operated by heat, whereas others are operated by work. In this case, a new objec-

tive function regarding the true operating cost or energy efficiency of a distillation

configuration needs to be established. This new objective function must account for

the both the heat duty and work input requirement in a fair manner. To do this,

we need to extend the current GMAE framework so that it is capable of identifying

which form of energy is more suitable for driving a submixture or final product heat

exchanger in order to minimize the new objective function.

In the current GMAE framework, all distillation columns are assumed to be oper-

ated at similar pressures. However, in more advanced applications such as multi-effect

and heat integrated distillation systems, different columns can have different oper-

ating pressures such that heat integration can potentially take place between any

two streams present in the configuration. Thus, allowing pressure variations across

distillation columns generates a large number of new process intensification opportu-

nities for synthesizing highly compact, energy efficient, and cost-effective integrated

distillation systems [64]. To do this, one needs to relate the temperature of a multi-

component mixture with its pressure. This can be done by extending the simplified

version of the Clausius-Clapeyron relation of Equation (4.10) as [121]:

ln
(P1

∑n
i=1 αixi,2

P2

∑n
i=1 αixi,1

)
=

∆H

R

( 1

T2
− 1

T1

)
(4.13)

where P1 and P2 stand for the pressure of two mixtures 1 and 2 respectively at two

different temperatures T1 and T2. Again, we emphasize that the validity of Equation

(4.13) is built upon the simplifying assumptions of ideal vapor-liquid equilibrium,

constant relative volatility, and constant and equal latent heats for all components.

The simplicity of Equation (4.13) makes it particular useful to the formulation of the
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new GMAE framework that can handle more these advanced applications involving

pressure variations. We will devote the advancements and findings in these future

directions in subsequent works.
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5. AN ACCURATE MINIMUM REFLUX CALCULATION METHOD FOR

MULTI-FEED, MULTI-PRODUCT DISTILLATION COLUMNS DISTILLING

IDEAL MULTICOMPONENT MIXTURES: 1. MATHEMATICAL MODEL

Multi-feed, multi-product distillation columns are ubiquitous in multicomponent dis-

tillation systems. The minimum reflux ratio of a distillation column is directly related

to its energy consumption and capital cost. Thus, it is a key parameter for distillation

systems design, operation, and comparison. In this work, we solve this longstanding

challenge in chemical engineering by presenting a simple and easy-to-use shortcut

based algorithmic method to determine the minimum reflux condition for any general

multi-feed, multi-product distillation column separating any ideal multicomponent

mixture. Compared with other existing approaches, this method does not involve

any rigorous tray-by-tray calculation nor requires iterative guessing of key compo-

nents.

5.1 Introduction

Most configurations contain distillation columns with multiple feed streams and/or

one or more side-stream withdrawals. Compared to configurations that use only sim-

ple columns which all have exactly one feed stream and two product streams, con-

figurations having one or more multi-feed, multi-product (MFMP) columns can lead

to significant energy and capital cost savings [9]. These MFMP columns have been

widely used in industrial applications such as crude oil fractionation, air separation,

extractive distillation, multi-effect distillation.

The minimum energy requirement of a distillation column, often characterized

by its minimum reflux ratio at pinched condition, is an important parameter that

provides critical information on the column’s optimal design and operation. With the
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Figure 5.1. (a) A four-component configuration containing only sim-
ple columns; (b) the well-known fully thermally coupled configura-
tion [126] in which column 2 and 3 are both MFMP columns. Here,
letters A, B, C, and so on represent pure components with their
volatilities decreasing in alphabetical order. Also, we indicate reboil-
ers by open circles and condensers by filled circles.

knowledge of minimum reflux ratio, process engineers can estimate the actual reflux

ratio of the distillation column that corresponds to the optimal balance of capital

and operating costs [93, 127]. The minimum reflux ratio of a distillation system

also serves as a direct indicator for its capital investment, as it is closely related to

the number of stages, height and diameter of the column, as well as reboiler and

condenser sizes. Because of these reasons, the minimum energy requirement has been

extensively chosen as the objective function for comparing and ranklisting different

multicomponent distillation systems/configurations [32, 34, 128, 129]. As a result, an

accurate and quick calculation of the true minimum reflux condition for a general

MFMP column is crucial for designing and identifying attractive multicomponent

distillation systems, whereas failing to do so often leads to unnecessarily large and

inefficient plants being built and operated.

Over the past decades, a number of attempts have been made to determine the

true minimum reflux condition for MFMP columns that carry out ideal/near ideal,
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non-ideal, or even azeotropic mixture separations. These methods fall under the

categories of shortcut, geometric, or rigorous. Most rigorous methods involve detailed

tray-by-tray calculations achieved by simultaneously solving the MESH equations

that incorporate mass and energy balances as well as phase equilibrium relations

[130–133]. These methods are now standard in most process simulation tools such as

Aspen Plus. However, as the problem size increases, these tray-by-tray calculations

quickly become too computationally expansive to be put into an global optimization

framework under which one configuration containing multiple columns [34] or even

the entire search space of distillation configurations needs to be solved to global

optimality in reasonable amount of time.

In addition to rigorous methods, a number of geometric based approaches have

been proposed to address the minimum reflux problem in an iterative manner. A

literature survey of these geometric methods can be found in Lucia et al. [134]. For

example, Levy and Doherty [135] developed first-order finite difference approximation

for estimating the liquid composition profile within a column section under the as-

sumption of constant molar overflow (CMO) for multi-feed columns. In this method,

the minimum reflux condition can be determined using the boundary value method,

in which the composition profile for each column section is obtained by numerical in-

tegration. The minimum reflux condition is achieved when all composition profiles are

connected, meanwhile two of them that are associated with adjacent column sections

just touch each other. Later, Koehler et al. [136] introduced a minimum angle crite-

rion, whereby the angle between the top and bottom section pinch compositions and a

feed composition is minimized to identify a candidate minimum reflux ratio. However,

the minimum angle criterion does not have solid physical basis. Other methods (e.g.

zero-volume method, separation driving force method, rectification body method)

have also been proposed to determine the minimum reflux ratio of a simple column

but for non-ideal and/or azeotropic mixture separations [137–142]. Although some

of these geometric based algorithms can be extended to MFMP columns [143–145],

they still suffer from computational inefficiency and convergence issues due to model
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complexity and numerical instability. Moreover, while some of the methods work

well for ternary or quaternary mixture separations under which they can be visu-

alized, directly extending them to higher-component systems can be quite tricky or

even dangerous to do. To avoid these complications, there is definitely a need to

develop an accurate and robust shortcut based method that does not involve rigorous

tray-by-tray calculations or tedious iterations.

Most shortcut based methods to determine the minimum reflux condition for

MFMP columns in multicomponent distillation are derived by extending the well-

known Underwood’s method [19, 146] which was originally developed for describing

a simple column. The Underwood’s method liberates one from performing rigor-

ous tray-by-tray calculations by making three major underlying assumptions of ideal

liquid-vapor equilibrium (VLE), constant relative volatility (CRV), and constant mo-

lar overflow (CMO). Despite having to make these assumptions to simplify the math-

ematical model, it is found that the minimum reflux ratio can be estimated with

reasonable accuracy even for many nonideal systems without azeotropes that cover a

wide range of industrially important separations [147].

Barnes et al. [148] extended the Underwood’s method to estimate the minimum

reflux ratio for multi-feed columns. However, their solution procedure still requires

iterative calculations and hence cannot be easily implemented in a global optimiza-

tion framework. Wachter et al. [149] modified the Underwood’s method to estimate

minimum reflux ratio for MFMP columns, but their method depends on the ability

to identify key components of a split. In general, identifying the key components is

not a straightforward task for MFMP columns. Sugie and Lu [150] generalized the

Underwood’s method to one-feed, multi-product columns containing only saturated-

liquid sidedraws. They claimed that in such columns, the pinch zone must occur

at the feed location. Later, Glinos and Malone [151] presented approximated design

equations for multi-product columns with saturated liquid feed, in which they also

made the same claim about the pinch zone location. Nikolaides and Malone [152]

extended the work of Glinos and Malone [151] to MFMP columns. They assume
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that a MFMP column can be decomposed into a series of simple columns, each con-

taining exactly one feed/sidedraw stream and two column sections sandwiching it.

The classic Underwood’s method can then be applied to determine the minimum re-

flux ratio for each decomposed simple column. They argue that the true minimum

reflux ratio of the original MFMP column is given by the largest minimum reflux

ratio determined for all decomposed simple columns, since it “controls” the entire

separation. This assumption has been widely accepted and adopted by a number of

publications, including some of the recent ones such as Ruiz-Marn et al. [153], Adiche

and Vogelpohl [154], Gmez-Castro et al. [155], and Adiche and Aissa [156].

As we can see, to extend the applicability of Underwood’s method to MFMP

columns, existing approaches have to incorporate various additional constraints and

assumptions which make the resulting methods quite restricted and sometimes even

incorrect to use. Therefore, the ultimate goal of this work is to develop a simple

and easy-to-use shortcut method to determine the minimum reflux ratio of a general

MFMP column for multicomponent distillation without making any unnecessary con-

straints or assumptions. In particular, our method should not be constrained by the

number of feed and sidedraw streams, the physical properties (e.g. thermal quality)

for each feed and/or sidedraw, the number of components involved in the separa-

tion, etc. Furthermore, it should be simple enough to be incorporated in a global

optimization framework such as the one recently developed by Nallasivam et al. [34].

Furthermore, by developing this first-of-its-kind shortcut based approach, we hope

to address the following questions:

1. How to model a MFMP column accurately?

2. What is the minimum energy requirement of a general MFMP column?

3. What is the optimal arrangement of feed and/or sidedraw streams? Is it always

better to sequence these streams based on their temperature levels?
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4. Is it always true that a MFMP column can be decomposed into individual

simple columns, and its true minimum reflux ratio is determined by the largest

minimum reflux of all decomposed simple columns?

Although some of these questions may seem “silly” from the first glance, it is

always worth a second thought before any definite conclusion is drawn. We shall

see later that the answers to these questions can sometimes be quite surprising and

counterintuitive.

5.2 Solution Approach

We propose a bottom-up approach to solve this long-standing problem in chem-

ical engineering. Our approach starts with realizing the fact that the smallest unit

of a general MFMP column is a column section which can be modeled as a general

countercurrent mass exchange unit. Though the topmost and bottommost sections in

a MFMP column are respectively equivalent to the rectifying and stripping section in

a simple column (See Figure 5.2), the presence of intermediate column sections sets

MFMP column apart from a simple column. As we will see later, these intermediate

sections demand special mathematical treatment. Therefore, instead of decomposing

a MFMP column into a series of simple columns, we will build a shortcut model for

each general column section based on the assumptions of ideal VLE, CRV, and CMO.

Each general column section, now modeled as a countercurrent mass exchanger, ex-

hibits a set of physical and mathematical properties, some of which have can be

easily visualized in cases involving ternary or quaternary systems. We will explore

these properties and use them to derive important algebraic relations corresponding

to the minimum reflux condition. These relations turn out to be the necessary and

sufficient conditions for a MFMP column to be at minimum reflux. Finally, incorpo-

rating these constraints in a global optimization framework allows us to accurately

and efficiently solve any distillation configuration or system of configurations to global

optimality.
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Figure 5.2. A general MFMP column. The topmost and bottommost
column sections are universally present in both simple columns and
MFMP columns. However, the intermediate sections, highlighted by
red boxes, are unique to MFMP columns.

5.3 Modeling of General Column Section as Countercurrent Mass Exchange Unit

We consider a general column section shown in Figure 5.3. As a result of constant

molar overflow, the total vapor or liquid flow rate, respectively denoted as V and L,

does not change from stage to stage within this section. Thus, the total net material

upward flow D = V − L is constant as well. In terms of each individual component

i, its net material upward flow rate di, which is determined by di = v′i,n−1 − l′i,n =

vi,n− li,n−1 n = 1, 2, · · · , also remains unchanged within the section. In any general

column section within a MFMP column, the component vapor flow (v′i,n or vi,n) and

liquid flow (l′i,n or li,n) leaving any stage n for any component i always follow the

direction depicted in Figure 5.3. However, the sign of di does not necessarily have

to be the same for all the components. When di < 0 for some component i in a

section, it simply means that the direction of its net material flow is downward. As

a special case, di ≥ 0 (≤ 0) for all components in the rectifying (stripping) section

of a simple column or the topmost (bottommost) section in a MFMP column. Once

we understand this, we can start the formal analysis on the lower and upper part of

a general column section separately. And then, we will examine the pinch condition
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in the column section as the number of stages n in both the upper and lower part

approaches to infinity.
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Figure 5.3. Schematic diagram of a countercurrent mass exchange
unit. Notice the nomenclature: the vapor and liquid flow rate for
component i leaving stage n for the lower (upper) part of mass ex-
change unit is given by v′i,n (vi,n) and l′i,n (li,n), respectively.

5.3.1 Modeling of Lower Part of Column Section

We begin modeling the lower part of a column section by writing down the com-

ponent mass balance equation:

l′i,n+1 = v′i,n − di ∀i = 1, · · · , c; n = 0, 1, · · · (5.1)

where c denotes the total number of components in the system. The nonlinearity of

the problem comes from the ideal VLE on stage n which says that:

v′i,n = V
αil
′
i,n∑c

k=1 αkl
′
k,n

∀i = 1, · · · , c; n = 0, 1, · · ·

in which αi stands for the relative volatility of component i with respect to the

heaviest component of component 1. The relative volatility for each component thus
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follows the convention αc > αc−1 > · · · > α1 = 1. First, let us consider n = 1 and

substitute the VLE relation above into Equation (5.1):


l′1,2

...

l′c,2

 =
V∑c

i=1 αil
′
i,1


α1l
′
1,1

...

αcl
′
c,1

−

d1
...

dc



=
1∑c

i=1 αil
′
i,1

[
V α1

. . .

V αc



l′1,1

...

l′c,1

−
c∑
i=1

αil
′
i,1


d1
...

dc


]

=
1∑c

i=1 αil
′
i,1


α1(V − d1) · · · −αcd1

...
. . .

...

−α1dc · · · αc(V − dc)



l′1,1

...

l′c,1


Therefore, one can define a c× c matrix A as:

A =


α1(V − d1) −α2d1 · · · −αcd1
−α1d2 α2(V − d2) · · · −αcd2

...
...

. . .
...

−α1dc −α2dc · · · αc(V − dc)

 (5.2)

observe that all elements in A are independent of the stage number.

As a result, the mass balance equation can also be represented as:

l′i,2

c∑
j=1

αjl
′
j,1 =

c∑
j=1

Aijl
′
j,1 ∀i = 1, · · · , c

in which the ijth element of A is denoted as Aij = αi(V δij − dj). The Kronecker

delta δij = 1 when i = j and equals 0 otherwise.

In fact, one can easily show by induction that in general:

l′i,n+1

n∏
j=1

c∑
k=1

αkl
′
k,j =

c∑
m=1

Aiml
′
m,n

n−1∏
j=1

c∑
k=1

αkl
′
k,j ∀i = 1, · · · , c; n = 1, 2, · · ·
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Thus, the nonlinearity associated with the VLE relation can be encapsulated by

defining a new variable L′i,m for the lower part of the column section as:

L′i,n = l′i,n

n−1∏
j=1

c∑
i=1

αil
′
i,j ∀i = 1, · · · , c; n = 1, 2, · · · (5.3)

from which we obtain a linear system in terms of the new variable L′:

L′n+1 =


L′1,n+1

...

L′c,n+1

 = AL′n n = 1, 2, · · · (5.4)

The boundary case, L′1, is given by (l′1,1, · · · , l′c,1)T . Another way to obtain

the linear system of Equation (5.4) is to write down the mass balance equation of

Equation (5.1) for each stage in the lower part of the column section:

l′i,n+1 =
V αi∑c

i=1 αil
′
i,n

l′i,n − di

l′i,n =
V αi∑c

i=1 αil
′
i,n−1

l′i,n−1 − di

...

l′i,2 =
V αi∑c
i=1 αil

′
i,1

l′i,1 − di

(5.5)

A standard technique to obtain the general expression for l′i,n+1 is to multiply

both sides of the second equality in Equation (5.5) by V αi∑c
i=1 αil

′
i,n

, multiply both sides

of the third equation by
V 2α2

i(∑c
i=1 αil

′
i,n

)(∑c
i=1 αil

′
i,n−1

) , and so on. Therefore, if we add

these n equalities together, most terms will cancel out, leaving just the following

equation:

l′i,n+1 =
αni V

n∏n
j=1

∑c
i=1 αil

′
i,j

l′i,1 − di
(

1 +
αiV∑c

i=1 αil
′
i,n

+
α2
iV

2∑c
i=1 αil

′
i,n

∑c
i=1 αil

′
i,n−1

+ · · ·+ αn−1i V n−1∏n
j=2

∑c
i=1 αil

′
i,j

)
(5.6)
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We can further write Equation (5.6) as the following:

l′i,n+1

n∏
j=1

c∑
i=1

αil
′
i,j = αni V

n

n∏
j=1

l′i,1 − di
( n∏
j=1

c∑
i=1

αil
′
i,j

+ αiV

n−1∏
j=1

c∑
i=1

αil
′
i,j + · · ·+ αn−1i V n−1

n∏
j=2

c∑
i=1

αil
′
i,1

)
(5.7)

Thus, by defining the new variable L′ as in Equation (5.3), we can easily express

Equation (5.7) as:

L′i,n+1 = αni V
n

n∏
j=1

l′i,1 − di
( c∑
i=1

αiL′i,n

+ αiV
c∑
i=1

αiL′i,n−1 + · · ·+ αn−1i V n−1
n∏
j=2

c∑
i=1

αiL′i,1
)

(5.8)

by noting that
∏m

j=1

∑c
i=1 αil

′
i,j =

∑c
i=1 αiL′i,m by simply expanding

∏m
j=1

∑c
i=1 αil

′
i,j

as
∑c

k=1

(
αkl
′
k,m

∏m−1
j=1

∑c
i=1 αil

′
i,j

)
.

Similarly, we can express L′i,n as:

L′i,n = αn−1i V n−1
n−1∏
j=1

l′i,1 − di
( c∑
i=1

αiL′i,n−1

+ αiV
c∑
i=1

αiL′i,n−2 + · · ·+ αn−2i V n−2
n−1∏
j=2

c∑
i=1

αiL′i,1
)

(5.9)

If we multiply both sides of Equation (5.9) with αiV followed by subtracting

it from Equation (5.8), we will finally linearize Equation (5.1) in terms of the new

variable L′i,j:

L′i,n+1 = VnαiL′i,n − di
c∑
j=1

αjL′j,n (5.10)
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which, in matrix form, is exactly equivalent to Equation (5.4). One can easily show

that the characteristic polynomial of A is given by:

det(λI−A) =
(

1−
c∑
i=1

αidi
V αi − λ

) c∏
i=1

(
V αi − λ

)
= 0 (5.11)

As a result, the eigenvalues of A are:

λi = V αi ∀i such that di = 0

λi = V γi ∀i such that di 6= 0
(5.12)

where γi represents the ith root of the following equation:

c∑
j=1

αjdj
αj − γi

= V i = 1, · · · , c (5.13)

and by convention, γc > · · · > γ1.

Equation (5.13) looks familiar. It is known as the Underwood’s distillate equation

the column section stands for the rectifying section of a simple column [146]. In

this special case, we readily see that the Underwood roots γi are nothing but the

eigenvalues of A divided by the total vapor flow V . Each Underwood root is uniquely

bounded by: γi ∈ (αi−1, αi) for i = 1, · · · , c (and α0 = 0). In the case of a general

column section, suppose there exists k ∈ {1, · · · , c} such that dc, · · · , dk+1 > 0 and

dk, · · · , d1 < 0, the root behavior of Equation (5.13) is instead illustrated in Figure

5.4.

The eigenvector zi corresponding to the eigenvalue γi can be determined:

zi =
( γid1
α1 − γi

, · · · , γidc
αc − γi

)T
(5.14)

The eigenvector is closely related to the pinch composition. A pinch zone is a

region in a general column section in which the liquid/vapor composition remains

unchanged from stage to stage as the number of stages approaches infinity. At pinch,
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Figure 5.4. The root behavior of Equation (5.13) as the component
net material upward flow dc, · · · , dk+1 > 0 and dk, · · · , d1 < 0 within
the column section.

the equilibrium curve and operating line coincide with each other, resulting in zero

dividing force for mass transfer from one stage to another. This phenomenon has been

thoroughly discussed by Underwood [19, 146], and Franklin and Forsyth [157] under

the scenario of simple column at minimum reflux. They found that each Underwood

root is associated with an unique pinch composition. Although some of these pinches

may not be physically feasible in an actual distillation column, they play equally

important role in constructing the composition profile inside the column section and

also the minimum reflux condition of the column. Similarly, for a general column

section, each eigenvalue of Equation (5.12) is uniquely associated with a pinch zone

as the number of stages becomes infinite. What is more, the eigenvector zi actually

corresponds to the component liquid flow rate at the pinch zone associated with

eigenvalue λi. To show this, simply modify Equation (5.1) so that the the liquid
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leaving two adjacent stages in the pinch zone have the same composition, denoted as

(l′1,pinch, · · · , l′c,pinch)/L:

l′k,pinch =
V αkl

′
k,pinch∑c

j=1 αjl
′
j,pinch

− dk ∀k = 1, · · · , c

One can then perform the following linear transformation on l′k,pinch on both sides

of the equation above followed by substituting Equation (5.13):

c∑
k=1

αkl
′
k,pinch

αk − γi
=

V γi∑c
j=1 αjl

′
j,pinch

c∑
k=1

αkl
′
k,pinch

αk − γi
∀i = 1, · · · , c

which suggests that V γi = λi =
∑c

j=1 αjl
′
j,pinch. Therefore, the VLE relation at pinch

zone associated with λi becomes:

v′k,pinch = V
αkl
′
k,pinch

V γi
=
αkl
′
k,pinch

γi
∀k = 1, · · · , c

Substituting this result into Equation (5.1) yields:

l′k,pinch =
γidk

αk − γi
∀k = 1, · · · , c for pinch associated with λi (5.15)

which is exactly the kth element of zi of Equation (5.14). And the vapor pinch

composition associated with λi is given by:

v′k,pinch =
αkdk
αk − γi

∀k = 1, · · · , c for pinch associated with λi (5.16)

For a c-component system, there are in general c possible liquid pinches, which

are essentially all c eigenvectors z1, · · · , zc. As we can see from Equations (5.15) and

(5.16), all possible pinch conditions are completely specified once the net material

upward flows for all components and the total vapor or liquid flow in a general column

section have been fixed. These pinches are intrinsic characteristics of the considered
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general column section and are independent from which part of the column section

we are referring to.

One can show that these c pinches are affinely independent. Geometrically, the

convex hull of points z1/L, · · · , zc/L forms a (c − 1)-simplex from which one can

describe the composition profile in the general column section of a MFMP column.

To understand this, let us consider any two adjacent stages n and (n−1) in a column

section. Recall that for the lower part of column section, stage n is located one stage

above stage (n− 1). Using a linear transformation on Equation (5.1) that is similar

to the one used for pinch calculations, we get:

c∑
k=1

αkl
′
k,n

αk − x
=

V∑c
j=1 αjl

′
j,n−1

c∑
k=1

α2
kl
′
k,n−1

αk − x
−

c∑
k=1

αkdk
αk − x

Now, let x = γi obtained from Equation (5.13) gives:

c∑
k=1

αkl
′
k,n

αk − γi
=

V γi∑c
j=1 αjl

′
j,n−1

c∑
k=1

αkl
′
k,n−1

αk − γi

Substituting a different eigenvalue x = γj 6= γi gives us a similar equation. Divid-

ing one equation over the other yields the following relationship:

z′i,n
z′j,n

=
(γi
γj

)z′i,n−1
z′j,n−1

where z′i,n is for now defined as
∑c

k=1
αkl
′
k,n

αk−γi
and so forth.

As we can see, this is a recursive relationship from which one can relate the liquid

composition on any two stages in the lower part of column section in a MFMP column,

namely n and m, operated at partial reflux:

z′i,n
z′j,n

=
(γi
γj

)n−m z′i,m
z′j,m

(5.17)
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Equation (5.17) is analogous to the Fenske equation [85] which is itself a recursive

relationship relating the liquid composition on any two stages in a simple column at

total reflux.

𝑋1𝑋2

𝑋3

𝑍1

𝑍3

𝑍2

𝒙𝒏
𝒙𝒏−𝟏

𝑋1𝑋2

𝑋3

𝑍2
𝑍1

𝑍3

𝑥3 = 0

(a) (b)

Figure 5.5. (a) For ternary separation, the standard X-simplex
X3X2X1 gives the feasible region for liquid composition, whereas the
Z-simplex Z3Z2Z1 will give all possible patterns of liquid composition
profile in a general column section of a MFMP column; (b) possible
liquid composition profile patterns in a general column section. The
arrows represent directions of liquid composition profile as we move
downward in the column section. The stage numbers associated with
the example liquid compositions follow the labeling convention for the
lower part of column section.

One can easily visualize the recursive relation of Equation (5.17) geometrically

in Figure 5.5 when c = 3. Here, the standard 2-simplex X3X2X1 is bounded by

the halfspaces xi ≥ 0 for i = 1, 2, 3 satisfying
∑3

i=1 xi = 1. It encloses the feasible

region of liquid compositions inside a distillation column. Therefore, the X-simplex

X3X2X1 essentially constructs a coordinate system (x3, x2, x1) for plotting possible

liquid compositions for ternary systems. The vertices of X3X2X1, namely X3, X2,
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and X1, denote the liquid composition of pure component 3, 2, and 1, respectively.

Moreover, these vertices also represent pinch compositions at total reflux as the num-

ber of plates in the column approaches infinity [85]. For example, vertex X3, which

stands for the lightest pure component, is the pinch composition reached by upward

calculations using the Fenske equation starting from a stage whose liquid compo-

sition lies either in the interior of X3X2X1 (i.e. contains all three components in

non-negligible amount), or along the hyperplane x1 = 0 (i.e. free of component 1),

or along x2 = 0 (i.e. free of component 2). On the other hand, vertex X1, which

stands for the heaviest pure component, is the liquid pinch composition reached by

downward calculations starting from any point lying either in the interior of X3X2X1,

or along the hyperplane x2 = 0 or x3 = 0. X2 corresponds to a different type of pinch

composition. It can only be reached by either upward calculations from any point

along x3 = 0 except X1 or downward calculations from any point along x1 = 0 except

X3 [157]. As a result, from the perspective of upward calculation using the Fenske

equation, X3, X1, and X2 represents a stable node, an unstable node, and a saddle

pinch, respectively.

By the same token, a 2-simplex Z3Z2Z1 can be constructed to characterize the

liquid composition profile in a general column section of a MFMP column operated

at partial reflux. And the boundaries, or more precisely, the facets of this Z-simplex

are hyperplanes defined for now as zi =
∑3

j=1
αjxj
αj−γi = 0 for i = 1, 2, 3 as in Equation

(5.17). Any vertex Zi in Z3Z2Z1 satisfies zj = 0 ∀j 6= i. Equation (5.17) suggests

that these vertices represent three possible liquid pinches. To see this, we number the

starting plate as stage m. Thus, stage n is reached by successive upward (downward)

calculations using Equation (5.17) from stage m if n−m > 0 (n−m < 0). Consider

the case when n −m → +∞ and let j = c = 3. Thus, as long as z′3,n and z′3,m are

both non-zero quantities, we must have z′1,n → 0 and z′2,n → 0 simultaneously since

γ1, γ2 < γ3 in Equation (5.13). In this case, Z3 is the liquid pinch composition reached

by upward calculations starting from stage n. Next, consider the case of downward

calculation and let j = 1. If z′1,n and z′1,m are both non-zero quantities, then z′2,n → 0
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and z′3,n → 0 simultaneously as n −m → −∞. In this case, the liquid composition

eventually converges to Z1 as pinch by downward calculations from stage m. Finally,

Z2 can only be reached as liquid pinch by either upward calculations if the liquid

composition on the starting plate satisfies z′3,m = 0 (except at Z1) or by downward

calculations if the liquid composition on the starting plate satisfies z′1,m = 0 (except

at Z3). As shown in Figure 5.5(b), from the standpoint of upward calculation at

partial reflux, Z3, Z2, and Z1 of Z3Z2Z1 represents a stable node, an unstable node,

and a saddle pinch, respectively.

The discussions above can be easily generalized to any c-component system, in

which by solving Equation (5.13) a (c − 1)-simplex Zc · · ·Z1 called the “Z-simplex”

can be constructed under the coordinate system set up by the standard (c−1)-simplex

Xc · · ·X1 called the “X-simplex”. The vertices of Zc · · ·Z1 should represent possible

liquid pinch compositions. Specifically, Zc and Z1 represent the stable node pinch and

unstable node pinch based on upward calculation, respectively. And all other vertices,

namely Zc−1 to Z2, are saddle pinches, meaning that they can only be reached when

the liquid composition on the starting stage satisfies certain conditions. In general, the

saddle pinch Zi when i ∈ {c− 1, · · · , 2} can be reached by either upward calculations

if the liquid composition on the starting plate satisfies z′k,m = 0 ∀k ≥ i + 1 or

by downward calculations if the liquid composition on the starting plate satisfies

z′k,m = 0 ∀k ≤ i− 1.

Essentially, our goal is to construct the Z-simplex which accurately captures all

possible liquid composition profiles and pinch conditions under the same coordinate

system (xc, · · · , x1) which is set up by the standard X-simplex. As a direct conse-

quence of goal and Equation (5.17), each liquid pinch composition determined from

Equation (5.15) must match exactly with its corresponding vertex in the Z-simplex.

In other words,
∑c

j=1
αjxj,pinch
αj−γi =

∑c
j=1

γiαjdj
L(αj−γi)2 = 1 ∀i = 1, · · · , c. However, this

condition will not be satisfied under the original transformation of zi,n and hyper-

planes zi = 0 defined earlier. This is because Equation (5.13) can be written as∑c
j=1

αj(dj/V )

αj−γi = 1 ∀i = 1, · · · , c, which suggests that (x1, · · · , xc) = (d1/V, · · · , dc/V ),
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rather than (l′1,pinch, · · · , l′c,pinch)/L, is the solution to the following linear system of

order c:
∑c

j=1
αjxj
αj−γi = 1. Therefore,

∑c
j=1

αjxj,pinch
αj−γi 6= 1 ∀i = 1, · · · , c in general.

To fix this issue, we just need to modify the linear transformation z′i,n by simply

including a scaling factor ki:

z′i,n = ki

c∑
j=1

αjl
′
j,n

αj − γi
∀i = 1, · · · , c; n = 1, 2, · · · (5.18)

and in turn the hyperplanes forming the facets of Z-simplex Zc · · ·Z1 are modified as:

zi = ki

c∑
j=1

αjxj
αj − γi

∀i = 1, · · · , c (5.19)

where ki can be explicitly solved by substituting the liquid pinch composition of

Equation (5.15) with respect to γi into Equation (5.19):

ki

c∑
j=1

αjl
′
j,pinch/L

αj − γi
=
kiγi
L

c∑
j=1

αjdj
(αj − γi)2

= 1 ∀i = 1, · · · , c (5.20)

Suppose in the general column section of concern, dc, · · · , dk+1 ≥ 0 whereas

dk, · · · , d1 ≤ 0. For this system, one can show that:

sgn(ki) = +1 ∀i ∈ {k + 1, · · · , c}

sgn(ki) = −1 ∀i ∈ {1, · · · , k}
(5.21)

in other words, sgn(ki) = sgn(di). In fact, ki are also intrinsic to the column section

and are independent from which part of the column section we are referring to.

Before moving on to deriving the analytical expression for the liquid or vapor

composition profile in the column section, we would like to introduce a useful relation

by writing Equation (5.13) for two distinct eigenvalues, λi 6= λj and then subtracting

one expression from the other:

c∑
k=1

αkdk
αk − γi

−
c∑

k=1

αkdk
αk − γj

= (γi − γj)
c∑

k=1

αkdk
(αk − γi)(αk − γj)

= 0 (5.22)
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which implies that the quantity
∑c

k=1
αkdk

(αk−γi)(αk−γj)
will always be 0 unless in the case

of λi = λj when it becomes L/kiγi as shown earlier. As we will see later, Equation

(5.22) is helpful in deriving several important relations and properties of the model.

Now, let us solve for the liquid or vapor composition on any stage in a general

column section. Writing Equation (5.4) recursively followed by rewriting it as a linear

combination of all eigenvectors with coefficients of ai shown in Equation (5.14) will

give:

L′n = An−1L′1 =
c∑
i=1

aiλ
n−1
i zi = V n−1

c∑
i=1

aiγ
n−1
i

( γid1
α1 − γi

, · · · , γidc
αc − γi

)T
Here, we introduce two independent strategies to determine ai. In the first strat-

egy, recall that matrix A is associated with two eigenproblems, one of which is

Azi = λizi, while the other is given by:

ATyi = ηiyi = λiyi ∀i = 1, · · · , c

since AT and A have the same eigenvalues. Furthermore, both {zi} and {yi} are

linearly independent sets, and yTi zj = 0 as long as i 6= j. With the aid of Equation

(5.22), one can easily verify that the eigenvector yi associated with eigenvalue ηi = λi

for the eigenproblem of AT is:

yi =
( α1

α1 − γi
, · · · , αc

αc − γi

)T
∀i = 1, · · · , c (5.23)

Left multiplying L′1 by yTi yields:

yTi L′1 =
c∑
j=1

ajy
T
i zj = aiy

T
i zi = aiγi

c∑
j=1

αjdj
(αj − γi)2

∀i = 1, · · · , c
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Therefore, the coefficient ai is determined as:

ai =

∑c
j=1

αj l
′
j,1

αj−γi

γi
∑c

j=1
αjdj

(αj−γi)2
=
ki
∑c

j=1

αj l
′
j,1

αj−γi

L
∀i = 1, · · · , c (5.24)

in which we use
∑c

j=1
αjdj

(αj−γi)2 = L
γiki

as we have derived before. Also, we can show

that
∑c

i=1 ai = 1 since:

c∑
j=1

L′j,1 = L =
c∑
j=1

c∑
i=1

ai
γidj

αj − γi
=

c∑
i=1

ai

c∑
j=1

γidj
αj − γi

= L

c∑
i=1

ai

From Equation (5.24), we can see that if the liquid stream leaving the general

column section from the bottom satisfies satisfies
∑c

j=1

αj l
′
j,1

αj−γi = 0 for any γi, then ai =

0. This is consistent with the earlier discussion about the geometric interpretation of

Equation (5.17).

To find v′k,n or l′k,n, first one can verify by direct substitution that the VLE rela-

tion can also be expressed using L′i,n variables defined in Equation (5.3):

v′k,n = V
αkL′k,n∑c
j=1 αjL′j,n

∀k = 1, · · · , c

Thus, to derive the final expression for v′k,n, we would like to first determine∑c
k=1 αkL′k,n. We know that the kth element of L′n is:

L′k,n = V n−1dk

c∑
i=1

aiγ
n
i

αk − γi
∀k = 1, · · · , c; n = 1, 2, · · ·

Thus,
∑c

k=1 αkL′k,n can be determined as:

c∑
k=1

αkL′k,n = V n−1
c∑

k=1

αkdk

c∑
i=1

aiγ
n
i

αk − γi
= V n

c∑
i=1

aiγ
n
i n = 1, 2, · · ·
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which utilizes Equation (5.13). From here, v′k,n+1 can be derived as:

v′k,n = αkdk

∑c
i=1

aiγ
n
i

αk−γi∑c
i=1 aiγ

n
i

∀k = 1, · · · , c; n = 1, 2, · · · (5.25)

and l′k,n+1 can simply be calculated using Equation (5.1). Overall, the liquid and

vapor composition leaving any stage in the lower part of a general column section

belonging to a MFMP column can be precisely determined by solving Equations

(5.13),(5.20),(5.24),and (5.25) simultaneously.

Now, we introduce another strategy to solve for ai in Equation (5.24). Recall that

the ijth element of A is αj(V δij − di). We can easily see that multiplying it with

αi/di gives V αiαjδij/di−αiαj, which is a symmetric product. This allows us to define

a functional as:

f(x, y) =
c∑
i=1

αi
di
xiyi (5.26)

The definition of Equation (5.26) satisfies all the requirements of a bilinear func-

tional. Also, f(x, y) has the following nice property:

f(L′n+1, zi) = f(AL′n, zi) = f(L′n,Azi) = λif(L′n, zi) = · · · = λni f(L′1, zi)

As we have discussed, L′1 can be expressed as
∑c

j=1 ajzj. This gives:

f(L′n+1, zi) = λni f(
c∑
j=1

ajzj, zi) = λni aif(zi, zi)

which uses the fact that f(zj, zi) = 0 ∀j 6= i due to Equation (5.22). Since ai is

independent of stage number n, we can directly solve for ai by letting n = 0 in the

expression above:

ai =
f(L′1, zi)
f(zi, zi)

=
γi
∑c

j=1

αj l
′
j,1

αj−γi

Lγi/ki
=
ki
∑c

j=1

αj l
′
j,1

αj−γi

L
∀i = 1, · · · , c
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since f(zi, zi) = γ2i
∑c

k=1
αkdk

(αk−γi)2
= Lγi

ki
. Clearly, both strategies lead to the same

answer to ai. The remaining steps to solve for v′k,n+1 and l′k,n+1 are identical.

5.3.2 Modeling of Upper Part of Column Section

Once we have successfully built the mathematical model for the lower part of a

general column section in a MFMP column at partial reflux, the procedure for con-

structing the model for the upper part of the column section becomes straightforward.

Here, we just list the key results. First, the component mass balance equation can

be written based on Figure 5.3 as:

li,n = vi,n+1 − di ∀i = 1, · · · , c; n = 0, 1, · · · (5.27)

To linearize this system, we define a new variable Li,m as:

Li,m = li,m

n∏
j=m+1

c∑
i=1

αili,j ∀i = 1, · · · , c; m = 0, 1, · · · , n− 1 (5.28)

from which a linear system in terms of L for the upper part of section can be written

as:

L0 =


L1,0

...

Lc,0

 =


l1,0
...

lc,0

 = AL1 (5.29)

Here, matrix A here is identical to the one defined in Equation (5.2). However,

in this case, we are interested in computing A−1 in Equation (5.29) so as to express

Ln in terms of L0. To find out A−1, first notice that its eigenvalues are simply the

reciprocals of the eigenvalues of A:

λi =
1

V αi
∀i such that di = 0

λi =
1

V γi
∀i such that di 6= 0

(5.30)
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in which γi are again the solutions to Equation (5.13).

The inverse of A, A−1, can be found using eigendecomposition. Recall that the

eigenvector zi associated with eigenvalue λi of A is expressed in Equation (5.14).

Thus, matrix S which contains all eigenvectors is simply:

S =
(
z1 · · · zc

)
=


γ1d1
α1−γ1 · · ·

γcd1
α1−γc

...
. . .

...

γ1dc
αc−γ1 · · ·

γcdc
αc−γc


One can verify that the inverse of S is given by:

S−1 =
1

L


α1k1
α1−γ1 · · ·

αck1
αc−γ1

...
. . .

...

α1kc
α1−γc · · ·

αckc
αc−γc


in which ki have already been defined in Equation (5.20). Thus, A−n can be expressed

as (SΛS−1)−n = SΛ−nS−1. And Λ−n a diagonal matrix in which the ith diagonal

element is given by λni of Equation (5.30).

Similar to the lower part of the column section, we can express L0 as a linear

combination of all eigenvectors with coefficients bi defined as:

bi =
ki
L

c∑
j=1

αjlj,0
αj − γi

∀i = 1, · · · , c (5.31)

from which one can easily show that
∑c

i=1 bi = 1. With this, the vapor flow for

component i leaving stage n can finally be derived as:

vk,n = αkdk

∑c
i=1

bi/γ
n−1
i

αk−γi∑c
i=1 bi/γ

n−1
i

(5.32)

In all, the liquid and vapor composition leaving any stage in the upper part

of a general column section can be calculated by simultaneously solving Equations

(5.13),(5.20),(5.31),and (5.32).
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So far, we have developed the mathematical model based on the concept of coun-

tercurrent mass exchange unit that describes the liquid and vapor composition profiles

in a general column section within a MFMP column operated at partial reflux. Before

exploring some of the useful mathematical properties of the model, we would like to

derive two additional interesting relations based on the characteristic polynomial of

A shown in Equation (5.11), which can be expanded as:

det(λI−A) = V c

c∏
i=1

(αi − λ/V )− V c−1
c∑
i=1

αidi

c∏
j=1
j 6=i

(αj − λ/V )

This can be viewed as a polynomial of degree c with roots λj ∀j = 1, · · · , c defined

in Equation (5.12). Thus, we have the following equality:

V
c∏
i=1

(αi − x)−
c∑
i=1

[
αidi

c∏
j=1
j 6=i

(αj − x)
]

= V
c∏
i=1

(x− γi) ∀x ∈ R

Letting x = 0 gives us the following useful relation of the L/V ratio which has

been derived by Underwood [19], Franklin [158], and Wachter et al. [149]:

L

V
=

c∏
i=1

γi

/
c∏
i=1

αi (5.33)

Now, if we let x = αk, then
∏c

i=1(αi−αk) = 0 and αidi
∏c

j 6=i(αj−αk) = 0 ∀i 6= k.

Therefore, we get another relation for the net material upward flow of component k

in a general column section:

dk = V

c∏
i=1

(αk − γi)

/
αk

c∏
i=1
i 6=k

(αk − αi) ∀k = 1, · · · , c



150

5.4 Some Properties of the Model

So far, we have taken for granted that in any general column section within a

MFMP column, as the number of stages becomes infinite, a pinch zone will form in

which there is no change in vapor or liquid composition from tray to tray. Here, we

rigorously show that such a pinch zone exists in a general column section of a MFMP

column and can be obtained from the model developed earlier. To do this, we need

to show that v′i,n for the lower part or vi,n for the upper part of the column section

is a convergence sequence with respect to n. We also need to make sure that both

quantities converge to the same limit as the number of plates comes to infinity. To

do this, we construct two functions, f ′n(x) for the lower part of column section and

fn(x) for the upper part, that will be very useful in proving convergence as well as

other important properties:

f ′n(x) =
c∑
i=1

v′i,n
αi − x

fn(x) =
c∑
i=1

vi,n
αi − x

(5.34)

where n stands for the stage number following the convention illustrated in Fig-

ure 5.3. Since the direction of component vapor flow leaving any stage is always

pointing upward, there must exist, for any given n, one single real root denoted

as x′k(n) or xk(n) ∈ (αk, αk+1) ∀k = 1, · · · , c − 1, such that f ′n(x′k(n)) = 0 or

fn(xk(n)) = 0, respectively. Thus, we have the following proposition for the lower

part of the column section:

Proposition 5.4.1 Within any given (αk, αk+1) where k = 1, · · · , c− 1, the roots to

f ′n(x) = 0 for n = 0, 1, · · · form a monotonic sequence {x′k(n)} with respect to n.

Proof Since v′i,n ≥ 0 ∀i = 1, · · · , c; n = 0, 1, · · · , at any given n, f ′n(x) is a mono-

tonically increasing function with respect to x ∈ (αk, αk+1) for k = 1, · · · , c − 1.

Now, since v′i,n − l′i,n+1 = v′i,n−1 − l′i,n for n = 1, 2, · · · in Equation (5.1), perform-
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ing the transformation of Equation (5.34) followed by subtracting both sides by V

gives
∑c

i=1
αiv
′
i,n

αi−x − V −
∑c

i=1
αil
′
i,n+1

αi−x =
∑c

i=1
αiv
′
i,n−1

αi−x − V −
∑c

i=1
αil
′
i,n

αi−x . Substituting∑c
i=1

αiv
′
i,n

αi−x − V = x
∑c

i=1
v′i,n
αi−x = xf ′n(x) and the VLE relation l′i,n =

Lv′i,n/αi∑c
j=1 v

′
j,n/αj

gives xf ′n(x)− L∑c
j=1 v

′
j,n+1/αj

f ′n+1(x) = xf ′n−1(x)− L∑c
j=1 v

′
j,n/αj

f ′n(x).

Let x = x′k(n), then f ′n+1(x
′
k(n)) = −x′k(n)

∑c
j=1 v

′
j,n+1/αj

L
f ′n−1(x

′
k(n)). Clearly,

this implies that f ′n+1(x
′
k(n))f ′n−1(x

′
k(n)) < 0 since x′k(n) > 0. Because f ′n(x) is

monotonic within (αk, αk+1), Bolzano’s theorem suggests that the bound for x′k(n)

must be given by (min{x′k(n − 1), x′k(n + 1)},max{x′k(n − 1), x′k(n + 1)}). Thus,

if x′k(n + 1) > x′k(n − 1), then {x′k(n)} is a monotonically increasing sequence.

Otherwise, it is a monotonically decreasing sequence. In either case, {x′k(n)} is

monotonic.

Since the sequence {x′k(n)} is bounded by (αk, αk+1) and is monotonic, it must

be convergent based on the monotone convergence theorem. To determine the limit

of {x′k(n)} as the number of stages approaches to infinity, we substitute Equation

(5.25) into Equation (5.34) and get:

f ′n(x) =
c∑
i=1

αidi
∑c

j=1

ajγ
n
j

αi−γj

(αi − x)
∑c

j=1 ajγ
n
j

=

∑c
j=1 ajγ

n
j

(∑c
i=1

αidi
(αi−γj)(αi−x)

)∑c
j=1 ajγ

n
j

By letting x to be the root of Equation (5.13) that lies in (αk, αk+1), which we

label as γK , we can show that:

f ′n(γK) =
aKγ

n
K

∑c
j=1

αjdj
(αj−γK)2∑c

j=1 ajγ
n
j

=
LaKγ

n−1
K

kK
∑c

j=1 ajγ
n
j

from Equation (5.22). As a result, limn→∞ f
′
n(γK) = 0, implying that {x′k(n)}

converges to γK as the number of stages becomes infinite. In other words, if we define

f ′(x) as limn→∞ f
′
n(x), we can write:

f ′(γK) = lim
n→∞

c∑
i=1

v′i,n
αi − γK

=
c∑
i=1

v′i
αi − γK

= 0 γK ∈ (αk, αk+1), k = 1, · · · , c− 1
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where we denote v′i = limn→∞ v
′
i,n. Notice that only c−1 out of the c roots to Equation

(5.13) are used. These c − 1 linearly independent equations of v′i, when combining

with
∑c

i=1 v
′
i,n = V , gives a fully specified linear system for which an unique solution

of (v′1, · · · , v′c)T exists. This shows the existence of pinch based on the model for the

lower part of column section when the number of stages becomes infinite.

Likewise, one can demonstrate the existence of pinch for the upper part of column

section as the number of stages becomes infinite by proving a similar proposition as

Proposition 5.4.1 that within a given interval (αk, αk+1) where k = 1, · · · , c − 1, the

roots to fn(x) = 0 for n = 0, 1, · · · form a monotonic sequence {xk(n)} with respect to

n. Also it can be readily seen that these two pinches, namely v′i and vi = limn→∞ vi,n,

actually correspond to the same pinch because corresponding two linear systems are

identical. For simplicity, for the remaining discussions, we will use f(x) to denote

both limn→∞ f
′
n(x) for the lower part of column section and limn→∞ fn(x) for the

upper part at pinch. Also, we will use vi and li to respectively indicate the pinch

vapor and liquid flow for component i.

Now that we have demonstrated the existence and uniqueness of pinch zone in a

general column section as the number of stages approaches infinity, we would like to

examine the pinch composition in more detail. To do this, we consider a new function

g(x):

g(x) =
c∑
i=1

αidi
αi − x

− V (5.35)

whose zeros are essentially γ1, · · · , γc. Replacing di with pinch zone component vapor

and liquid flows vi − li gives:

g(x) =
c∑
i=1

(αi(vi − li)
αi − x

− vi
)

=
(
x− L∑c

j=1 vj/αj

)
f(x)

in which we again utilize the VLE relation li/L = vi/αi∑c
j=1 vj/αj

.

Since f(x) = 0 has c−1 distinct real roots whereas g(x) = 0 has c roots, L∑c
j=1 vj/αj

must correspond to one of the roots to g(x) = 0. For simplicity, we refer this root
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as γI , from which g(x) then becomes (x − γI)f(x). It turns out that this root γI

is closely related to the pinch zone composition from three major aspects. First, by

substituting the definition of γI and the VLE relationship into the pinch zone mass

balance equation vi − li = di, we can show that the actual pinch zone component

vapor and liquid flows are simply given by:

vi =
αidi

αi − γI
li =

γIdi
αi − γI

∀i = 1, · · · , c (5.36)

Second, if g(x) = 0 or Equation (5.13) ever has complex root, then there must

be at least two of them forming complex conjugate pair. However, since all (c − 1)

roots to f(x) = 0 are distinct and real, all c roots to g(x) = 0 must be real and only

one of them can have a multiplicity of 2. And if so, γI must be one of them. This

result clears a potential misconception in the literature which argues that complex

roots to g(x) = 0 are also possible in a general column section or any countercurrent

equilibrium-staged separation unit operations [158].

Third, as we have already discussed, the physical meaning of di of Equation (5.13)

or (5.35) in a general column section stands for the net material upward flow for

component i. As a result, one of the three following cases are possible:

1. All di ≥ 0 ∀i = 1, · · · , c. This usually happens to the topmost section in a

general MFMP column or the rectifying section in a simple column. In this case,

γI must simultaneously satisfy the following conditions according to Equation

(5.36): α1−γI > 0, · · · , αc−γI > 0. Thus, we have: γI < min{α1, · · · , αc} = α1,

or γI ∈ (0, 1).

2. All di ≤ 0 ∀i = 1, · · · , c. This usually happens to the bottommost section in

a MFMP column or the stripping section in a simple column. In this case, γI

must satisfy γI ∈ (αc,∞).

3. There is a sign change of di between component k and component k + 1, i.e.

d1, · · · , dk < 0, dk+1, · · · , dc > 0. This case might happen to an intermediate
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column section in a MFMP column. In this case, we have max{d1, · · · , dk} <

γI < min{αk+1, · · · , αc}, or γI ∈ (αk, αk+1).

Case 3 suggests us that γI must lie in the same interval in which the sign change

in di occurs. In addition, due to the uniqueness of pinch zone in a general column

section, it follows that at most one sign change in di is allowed.

To ensure that the pinch zone component vapor flow is indeed given by Equation

(5.36), we further explore the conditions that v′i,n in Equation (5.25) and vi,n in

Equation (5.32) need to satisfy. Since γc > · · · > γ1, if ac 6= 0, then the numerator

and denominator of Equation (5.25) will approach αidi
acγnc
αi−γc and acγ

n
c respectively as

the number of stages tends to infinity. Thus, v′i = limn→∞ v
′
i,n = αidi

αi−γc instead of

αidi
αi−γI

. Repeating this process allows us to conclude that aI+1 = · · · = ac = 0. Note

that aI+1 is associated with γI+1 which is the smallest root to g(x) = 0 of Equation

(5.35) that is greater than γI . Similarly, for the upper part of the column section, we

must have: b1 = · · · = bI−1 = 0. And bI−1 is associated with γI−1 which is the largest

root to g(x) = 0 of Equation (5.35) that is less than γI .

Now, let us consider two functions F1(x) and F2(x) defined as follows:

F1(x) =
c∑
i=1

αili,0
αi − x

(5.37)

F2(x) =
c∑
i=1

αiv
′
i,0

αi − x
− V (5.38)

We will denote the roots to F1(x) = 0 as φ1, · · · , φc−1 with φ1 < · · · < φc−1

and the roots to F2(x) = 0 as ϕ1, · · · , ϕc−1 with ϕ1 < · · · < ϕc−1. And φk, ϕk ∈

(αk, αk+1) ∀k = 1, · · · , c− 1. Therefore, we have the following result:
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Proposition 5.4.2 The roots to g(x)=0, i.e. γ1, · · · , γc, coincide with the roots of

F1(x) = 0 and F2(x) = 0 as follows:

γi = φi ∀i such that γi < γI

γi = ϕi−1 ∀i such that γi > γI

Proof First, we prove the second part of the proposition. Substituting Equation

(5.25) into Equation (5.34) with the fact that aI+1, · · · , ac = 0, we have: f ′n(x) =∑I
j=1 ajγ

n
j

(∑c
i=1

αidi
(αi−γj)(αi−x)

)
∑I
j=1 ajγ

n
j

= 0. Thus, from Equation (5.22), f ′n(γI+1) = · · · =

f ′n(γc) = 0 for any n = 0, 1, · · · . Now, F2(x) can be written as F2(x) =
∑c

i=1

αiv
′
i,0

αi−x −

V = xf ′0(x), it must be true that γI+1, · · · , γc are also roots to F2(x) = 0. Since

γk ∈ (αk−1, αk) for any k such that γk > γI based on Figure 5.5, we have γi =

ϕi−1 ∀i = I + 1, · · · , c.

Similarly, for the first part of the proposition, substituting Equation (5.32) into

Equation (5.34) followed by using the fact that bI−1, · · · , b1 = 0 gives fn(γ1) = · · · =

fn(γI−1) = 0 for any n = 0, 1, · · · . One shall keep in mind that component vapor

flow vi,0 in f0(x) is not physically present in the column section as seen from Figure

5.3. Instead, it represents the hypothetical vapor composition that’s in equilibrium

with li,0 that enters the column section from the top. Since F1(x) =
∑c

i=1
αi(vi,1−di)

αi−x =∑c
i=1

αivi,1
αi−x − g(x) − V = xf1(x) − g(x), γI−1, · · · , γ1 are also roots to F1(x) = 0. In

other words, γi = φi ∀i = 1, · · · , I − 1.

To understand Proposition 5.4.2, recall that when n = 0 for the lower part of

column section, all the roots to f ′0(x) = 0 coincide with the roots ϕ to F2(x) = 0. As

n increases, the roots to f ′n(x) = 0 that are less than γI begin to move monotonically

towards the roots φ of F1(x) = 0, whereas the roots greater than γI will remain where

they are. Finally, when n → ∞, the roots of f ′(x) = 0 that are less than γI , which

are essentially γ1, · · · , γI−1, will coincide with the roots of φ to F1(x) = 0. Similarly,

when n = 0 for the upper part of section, all roots to f0(x) = 0 coincide with roots

of φ to F1(x) = 0. As n increases, the roots to fn(x) = 0 which are greater than γI
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begin to move monotonically towards ϕ to F2(x) = 0, whereas the roots less than

γI will stay where they are. Finally, when n → ∞, the roots of f(x) = 0 that are

greater than γI , i.e. γI+1, · · · , γc, will coincide with the corresponding roots of ϕ to

F2(x) = 0. As a result, once v′i,0 and li,0 are known, we would have determined all

roots to Equation (5.35) except γI . To understand the root behavior of γI , suppose

again that the net material upward flow satisfies dc, · · · , dk+1 ≥ 0 and dk, · · · , d1 ≤ 0

for some k ∈ {1, · · · , c − 1}. In this case, the interval (αk, αk+1) has two roots to

Equation (5.35), one of which is γI . Therefore, we have the following proposition:

Proposition 5.4.3 Suppose γI ∈ (αk, αk+1). If γI is the larger root to g(x) = 0 in

(αk, αk+1), then γI > max{φk, ϕk}. If γI is the smaller root, then γI < min{φk, ϕk}.

Proof In the first case, the other root to g(x) = 0, denoted as γI−1, is less than γI .

From Proposition 5.4.2, φk = γI−1 < γI . We will show that γI > ϕk as well. The

statement is obvious when φk > ϕk. When φk < ϕk, it is clear that {x′k(n)} for Equa-

tion (5.34) forms a monotonically decreasing sequence due to Proposition 5.4.1 since

φk = limn→∞ x
′
k(n) < ϕk = x′k(0). Therefore, f ′1(ϕk) > f ′1(x

′
k(1)) = 0. Next, since

F2(x) =
∑c

j=1

αj l
′
j,1

αj−x + g(x) = L∑c
j=1 v

′
j,1/αj

f ′1(x) + g(x), g(ϕk) = − L∑c
j=1 v

′
j,1/αj

f ′1(x) <

g(γI) = 0. This suggests that ϕk < γI .

In the second case, the other root to g(x) = 0 within (αk, αk+1, denoted as γI+1, is

greater than γI . From Proposition 5.4.2, γI+1 = ϕk > γI . We will show that γI < φk

as well. The statement is obvious when φk > ϕk. When φk < ϕk, then {xk(n)} for

fn(x) = 0 forms a monotonically increasing sequence as a result of Proposition 5.4.1.

Thus, f1(xk(1)) = 0 > f1(xk(0)) = f1(φk). Since F1(φk) = 0 = φkf1(φk) − g(φk),

g(φk) < 0. As a result, γI < φk.

The results from Proposition 5.4.3 can be summarized in Figure 5.6. As we prove

Proposition 5.4.2 and 5.4.3, we have captured the behavior of all roots to Equation

(5.35). Up to this point, we have been focusing on understanding the pinch condition

associated with a single general column section, which is the smallest unit of a MFMP

column. As the next step, we would like to stack one column section on top of another
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Figure 5.6. Relative location of γI with respect to the roots to F1(x) =
0 and F2(x) = 0 in the interval (αk, αk+1) where dk ≤ 0 and dk+1 ≥ 0
for some k ∈ {1, · · · , c−1}. (a) Evolution of f ′n(x) for the lower part
of column section when γI is the larger root; (b) Evolution of fn(x)
for the upper part of column section when γI is the smaller root.

section and connect them via appropriate liquid and vapor balances. Recall that two

distinct column sections are separated by a feed or a sidedraw stream, as shown in

Figure 5.7. And notice that the labeling of column sections is relative to the specific

feed or sidedraw stream that is concerned. For example, the same general column

section may be regarded as the bottom section associated with an upper feed stream

while at the same time regarded as the top section associated with a lower feed stream.

Now, let us first consider the case of Figure 5.7a, in which the component net

material upward flow for the top and bottom section is given by di,TOPF and di,BOTF ,

respectively. The lower part of column section TOPF and the upper part of section
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𝑣𝑖,0
′ 𝑙𝑖,1

′

𝑣𝑖,1 𝑙𝑖,0

𝑣𝑖,𝐹

𝑙𝑖,𝐹
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′ 𝑙𝑖,1

′

𝑣𝑖,1 𝑙𝑖,0

𝑣𝑖,𝑊

𝑙𝑖,𝑊

(a) (b)

TOPF

BOTF

TOPW

BOTW

Figure 5.7. Two general column sections stacked and connected by (a)
a feed stream; (b) a sidedraw product stream. The column sections
are labeled by the location based on their relative locations to the
feed or sidedraw stream.

BOTF are connected by the feed. Similar to Equation (5.37) and (5.38), we define

another function F3(x) for the feed stream as:

F3(x) =
c∑
i=1

αivi,F
αi − x

− VF (5.39)

For sidedraw stream, the term vi,F and VF in Equation (5.39) are simply re-

placed by vi,W and VW , respectively. Note that by convention, the signs of vi,W and

VW are both negative which indicates liquid and/or vapor outflow. Since F3(x) =

x
∑c

i=1
vi,F
αi−x = xf ′0(x)TOPF − xf1(x)BOTF , we immediately see that the c − 1 non-

trivial solutions to F3(x) = 0, denoted as θi ∈ (αi, αi+1) for i = 1, · · · , c − 1, gives

f ′0(θi)TOPS − f1(θi)BOTS =
∑c

j=1
vj,F
αj−θi = 0 for any i = 1, · · · , c− 1.

In fact, we have the following proposition that relates the θi roots to F3(x) = 0

with the γi roots to g(x) = 0 in Equation (5.35) for general column sections TOPF

and BOTF as the number of stages in both sections approaches infinity. Suppose in
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TOPF , di,TOPF ≥ 0 ∀i ≥ k′+1, whereas in BOTF , di,BOTF ≥ 0 ∀i ≥ k+1. Due to the

presence of feed stream F , we must have k ≥ k′. As a result, the roots to Equation

(5.35) for TOPF and BOTF , given respectively by γi,TOPF and γi,BOTF , are located

at:

γi,TOPF , γi,BOTF ∈ (αi−1, αi) ∀i = k + 1, · · · , c

γi+1,TOPF , γi,BOTF ∈ (αi, αi+1) ∀i = k′, · · · , k

γi,TOPF , γi,BOTF ∈ (αi, αi+1) ∀i = 1, · · · , k′

Theorem 5.4.1 The roots to g(x)=0 for sections TOPF and BOTF will satisfy

γi+1,TOPF = γi,BOTF = θi ∈ (αi, αi+1) ∀i = k′, · · · , k if and only if both TOPF and

BOTF require infinite number of stages.

Proof We will prove sufficiency here. The necessity of this proposition can be

verified by applying Propositions 5.4.1 and 5.4.2. Suppose both TOPF and BOTF

require infinite number of stages. According to Proposition 5.4.2, it is clear that

F2(γi,TOPF ) = 0 ∀i = k′ + 1, · · · , c for section TOPF . Meanwhile, F1(γi,BOTF ) =

0 ∀i = 1, · · · , k for section BOTF . Note that F2(x)TOPF =
∑c

i=1
αi(l
′
i,1+di)

αi−x − VTOPF =∑c
i=1

αil
′
i,1

αi−x +g(x)TOPF . Thus,
∑c

i=1

αil
′
i,1

αi−γi,TOPF
= 0 ∀i = k′+1, · · · , c. Overall, to deter-

mine (l′1,1, · · · , l′c,1)T , we have the following system of equations:
∑c

j=1
αj l
′
j,1

αj−γi,TOPF
=

0 ∀i = k′ + 1, · · · , c; F1(γi,BOTF ) =
∑c

j=1
αj l
′
j,1

αj−γi,BOTF
+
∑c

j=1
αj lj,F

αj−γi,BOTF
= 0 ∀i =

1, · · · , k. Together with
∑c

j=1 l
′
j,1 = LTOPF , we have k+ (c− k′) + 1 linear equations

for c unknowns, meaning that a total of k−k′+1 ≥ 1 equations are not independent.

This will lead to the conclusion that γi+1,TOPF = γi,BOTF ∀i = k′, · · · , k.

Now, we show that these common roots are identical to the roots to F3(x) = 0.

It can be shown that F3(x) = F2(x)TOPF − [F1(x) + g(x)]BOTF . Thus, F2(θi)TOPF =

[F1(θi) + g(θi)]BOTF , i.e.
∑c

j=1
αj lj,0
αj−θi =

∑c
j=1

αj l
′
j,1

αj−θi = 0, implying that γi+1,TOPF =

γi,BOTF = θi ∀i = k′, · · · , k.

It is worth pointing out the wording of Theorem 5.4.1 emphasizes that both sec-

tions TOPF and BOTF require (not “have”) infinite stages, which is closely related
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to the minimum reflux condition of distillation columns. When a distillation column

is operated above minimum reflux, the desired separation can be achieved with finite

number of stages, even though one can always feel free to use as many stages in the

column as they want. On the other hand, when a distillation column is operated

at minimum reflux, the desired separation will no longer be achievable unless cer-

tain neighboring column sections have infinite number of stages [159]. These sections

thus “control” the separation in the column. Theorem 5.4.1 sheds light on the possi-

ble connection between minimum reflux condition of the distillation column and the

root behavior of Equation (5.35) for certain adjacent column sections, which We will

analyze this connection in detail in the next section.

Theorem 5.4.1 also results in the following relationship:

c∑
j=1

αjlj,F
αj − θi

= 0 ∀i = k′, · · · , k (5.40)

which, when combining with Equation (5.39), naturally yields:

c∑
j=1

αjfj,F
αj − θi

=
c∑
j=1

αj(vj,F + lj,F )

αj − θi
= F3(θi) + VF +

c∑
j=1

αjlj,F
αj − θi

= VF = (1− qF )F ∀i = k′, · · · , k

(5.41)

where qF is the thermal quality of the feed stream. Equation (5.41) reduces to the

well-known Underwood’s feed equation [146] when Theorem 5.4.1 is applied to sim-

ple columns. Undoubtedly, the classic Underwood’s method [19] used to characterize

simple distillation columns is nothing but a special case of Equation (5.41). Although

a similar equation as Equation (5.41) has been unintentionally used under various oc-

casions as discussed earlier to determine the minimum reflux conditions for MFMP

columns without careful examination, we believe that the derivations and proofs pre-

sented above contribute the first rigorous demonstration on the validity of Equation

(5.41) for MFMP columns. Also, note that Equation (5.41) does not require li,F and

vi,F to be in thermodynamic equilibrium. Furthermore, it will become clear that
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this simple equation, which only involves information about the feed stream that is

usually known to practitioners in priori, offers valuable insights about the minimum

reflux condition of a MFMP column.

Next, we consider the case of Figure 5.7b in which a product stream is withdrawn

between column sections TOPW and BOTW as sidedraw. Once again, suppose in

TOPW , di,TOPW ≥ 0 ∀i ≥ k′ + 1, whereas in BOTW , di,BOTW ≥ 0 ∀i ≥ k + 1. Since

di,TOPW − di,BOTW ≤ 0 ∀i, we must have k′ ≥ k. As a result, the roots to Equation

(5.35) for TOPW and BOTW , given respectively by γi,TOPW and γi,BOTW , are located

at:

γi,TOPW , γi,BOTW ∈ (αi−1, αi) ∀i = k′ + 1, · · · , c

γi+1,BOTW , γi,BOTW ∈ (αi, αi+1) ∀i = k, · · · , k′

γi,TOPW , γi,BOTW ∈ (αi, αi+1) ∀i = 1, · · · , k

Similar to Theorem 5.4.1, we have the following proposition for sidedraw product

streams:

Theorem 5.4.2 The roots to g(x)=0 for sections TOPW and BOTW will satisfy

γi+1,BOTW = γi,TOPW = θi ∈ (αi, αi+1) ∀i = k, · · · , k′ if and only if both TOPW and

BOTW require infinite number of stages.

The proof is a straightforward modification of the proof to Theorem 5.4.1. Note

that in Theorem 5.4.2, θi are the solutions to F3(x) =
∑c

j=1
αjvj,W
αj−x − VW = 0 for the

sidedraw stream. Theorem 5.4.2 also yield the following equality:

c∑
j=1

αjlj,W
αj − θi

= 0 ∀i = k, · · · , k′ (5.42)

which eventually leads to a similar expression as Equation (5.41) for the sidedraw

stream:
c∑
j=1

αjfj,W
αj − θi

= VW ∀i = k, · · · , k′ (5.43)
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keep in mind that since the sidedraw product is withdrawn from the column, quan-

tities such as fj,W , vj,W , lj,W , VW < 0 in Equation (5.43) as depicted in Figure 5.7.

To our knowledge, such a defining equation for sidedraw streams has not been previ-

ously explored in the literature. For the first time, we have come up with the right

mathematical tool to characterize the case in which the minimum reflux condition is

associated with infinite column sections connected by a sidedraw stream.

5.5 Minimum Reflux Condition for MFMP Columns

To determine the minimum reflux of a MFMP column, all column sections are

stacked back and connected via appropriate liquid and vapor balances. As we have

mentioned, when the MFMP column is operated above or at the minimum reflux, the

desired separation can be achieve using finite or infinite number of separation stages,

respectively. When we say that a given separation is feasible, what we mean is that

the liquid or vapor composition profile of the entire distillation column is continuous

and desired product specifications (flow rate, composition, and thermal quality) are

met for all product streams. However, if the reflux ratio is further reduced, even by

an infinitesimal amount, the desired separation can never be achieved, even with an

infinite tall column, because the liquid or vapor composition profile in the column no

longer forms a continuous path.

Recall that the liquid composition profile in a general column section, which is

described using Equation (5.17), can be characterized by constructing the Z-simplex

using Equation (5.19), as shown in Figure 5.5 for ternary systems. Such a geometric

linkage between the composition profile inside a column section and its corresponding

Z-simplex has been found and discussed in the context of simple column by Franklin

and Forsyth [157] as well as countercurrent separation cascade by Franklin [158,160,

161]. However, as far as we know, no attempt has ever made to exploit the similar

linkage for MFMP columns. We believe that this is primarily due to the lack of

rigorous mathematical model to determine the composition profile inside a MFMP

column, which hinders people from observing the existence of such linkage. Now that
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we have successfully constructed the model and derived its mathematical and physical

properties, we clearly see the connection for the first time.

To understand how to use this connection to derive the minimum reflux condi-

tion of a MFMP column, let us first consider the case of a simple column. As we

can see from an illustrative example in Figure 5.8, a continuous liquid composition

profile which connects the distillate composition (red dot) and bottoms composition

(black dot) is required for a feasible separation. This implies that, with the top and

bottom product composition respectively being in the interior of the Z-simplex asso-

ciated with the rectifying and stripping section, the rectifying section Z-simplex must

intersect with the stripping section Z-simplex according to Figure 5.5. Of course,

for each Z-simplex, only the portion falling inside the standard X-simplex is physi-

cally meaningful. As the reflux ratio decreases, both Z-simplices start to shift and

eventually barely “touch” each other by sharing a common “edge”. This indicates

that the minimum reflux is achieved, as shown in Figure 5.8b. If the reflux ratio is

further reduced, as illustrated in Figure 5.8c, the two Z-simplices no longer intersect.

Hence, there exists no continuous distillation path connecting the top and bottom

products when the column is operated at such reflux ratio. As we can conclude from

this case, the feasibility of separation at a given reflux ratio is directly related to the

connectivity of the Z-simplices associated with adjacent column sections.

Generalizing this finding to multicomponent systems, we establish the minimum

reflux condition for MFMP columns as follows. To achieve feasible separation, the

intersection of the two Z-simplices for any pair of neighboring column sections in a

MFMP column must be non-empty. Recall that the facets of the Z-simplex associated

with a general column section is given by zi(x1, · · · , xc) = ki
∑c

j=1
αjxj
αj−γi = 0 ∀i =

1, · · · , c of Equation (5.19), in which the sign of ki defined in Equation (5.20) is

consistent with the sign of net material upward flow of component i in the column

section considered. Let us first consider the case when two adjacent column sections

TOPF and BOTF are connected by a feed stream F . Then, checking connectivity of
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(a) Above minimum reflux
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(b) At minimum reflux
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(c) Below minimum reflux

Figure 5.8. Illustrative example of the Z-simplex diagram for a simple
column operated (a) above minimum reflux; (b) at minimum reflux;
(c) below minimum reflux. The red and blue Z-simplex describes the
rectifying and stripping section, respectively. And the red, green, and
black dot represents the liquid composition of distillate, feed, and
bottoms product, respectively. Note that the feed is not saturated
liquid, otherwise the feed composition is colinear with top and bottom
product compositions.
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the Z-simplices associated with these two column sections is equivalent to checking

feasibility of (x1, · · · , xc) for the following set of linear inequalities:

c∑
j=1

αjxj
αj − γi,TOPF

≥ 0 i = k′ + 1, · · · , c;
c∑
j=1

αjxj
αj − γi,TOPF

≤ 0 i = 1, · · · , k′

c∑
j=1

αjxj
αj − γi,BOTF

≥ 0 i = k + 1, · · · , c;
c∑
j=1

αjxj
αj − γi,BOTF

≤ 0 i = 1, · · · , k

in which again we have assumed that di,TOPF ≥ 0 ∀i = k′ + 1, · · · , c and di,BOTF ≥

0 ∀i = k + 1, · · · , c. Notice that when constructing the Z-simplices, (x1, · · · , xc) is a

set of free variables with xi ∈ R ∀i = 1, · · · , c. However, to ensure that the liquid

composition on any stage within a general column section is physically meaningful,

we ensure that xi ≥ 0 ∀i = 1, · · · , c, i.e. we consider the portion of the Z-simplices

that fall in the interior of the standard X-simplex. After imposing this condition, it

can be easily shown that the linear inequalities above can be directly converted to

the following set of inequalities with respect to the roots to Equation (5.35):

γi,TOPF , γi,BOTF ∈ (αi−1, αj) ∀i = k + 1, · · · , c

γi+1,TOPF ≥ γi,BOTF ∈ (αi, αi+1) ∀i = k′, · · · , k

γi,TOPF , γi,BOTF ∈ (αi, αi+1) ∀i = 1, · · · , k′

(5.44)

One can quickly verify that for a simple column, the constraints in Equation

(5.44) automatically reduces to the Underwood root relations for the rectifying as

well as the stripping sections [88,146,157]. In the example of Figure 5.8, the heaviest

component is removed in the distillate product in the simple column, whereas all

three components are present in non-negligible amount in the stripping section. At

minimum reflux, one must therefore have γ3,TOPF = γ2,BOTF = θ2 ∈ (α2, α3) based

on the Underwood’s method [146]. This is consistent with Equation (5.44) and the

observation of Figure 5.8b in which hyperplanes z3 = 0 of the rectifying section Z-

simplex and z2 = 0 of the stripping section Z-simplex coincide with each other at
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minimum reflux, i.e. we recover the exact Underwood root relation that we just

listed.

Similarly, we now consider the case where two adjacent column sections TOPW

and BOTW are connected by a sidedraw product stream W . In TOPW , di ≥ 0

when i ≥ k′ + 1, whereas in BOTW , di ≥ 0 when i ≥ k + 1, which means k ≤ k′.

Following the same procedure in deriving Equation (5.44), we obtain the following

set of inequalities with respect to the roots to Equation (5.35) for both sections:

γi,TOPW , γi,BOTW ∈ (αi−1, αj) ∀i = k′ + 1, · · · , c

γi+1,BOTW ≥ γi,TOPW ∈ (αi, αi+1) ∀i = k, · · · , k′

γi,TOPW , γi,BOTW ∈ (αi, αi+1) ∀i = 1, · · · , k

(5.45)

However, this is not the end of the story for sidedraw streams. One distinct

feature about sidedraw stream is that its liquid composition, denoted as xW =

(l1,W , · · · , lc,W )/LW , always lies on the liquid composition profile of the column, i.e.

xW ∈ (Z1 · · ·Zc)TOPW ∩ (Z1 · · ·Zc)BOTW . When the sidedraw product is taken as

a vapor-only stream, xW stands for the hypothetical liquid composition which is in

equilibrium with the vapor sidedraw. We would like to emphasize that this condition

is not required for feed streams whose compositions are unrestricted and are generally

different from their feed tray compositions. Thus, for the sidedraw product stream

W , in addition to Equation (5.45), we must include:

c∑
j=1

αjxj,W
αj − γi,TOPW

≥ 0 ∀i = k′ + 1, · · · , c;
c∑
j=1

αjxj,W
αj − γi,TOPW

≤ 0 ∀i = 1, · · · , k′

c∑
j=1

αjxj,W
αj − γi,BOTW

≥ 0 ∀i = k + 1, · · · , c;
c∑
j=1

αjxj,W
αj − γi,BOTW

≤ 0 ∀i = 1, · · · , k
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which, together with Equation (5.42), we get:

γi,TOPW ≥ θi−1,W ∈ (αi−1, αi) ∀i = k′ + 1, · · · , c

γi,TOPW ≤ θi,W ∈ (αi, αi+1) ∀i = 1, · · · , k′

γi,BOTW ≥ θi−1,W ∈ (αi−1, αi) ∀i = k + 1, · · · , c

γi,BOTW ≤ θi,W ∈ (αi, αi+1) ∀i = 1, · · · , k

(5.46)

where θi are the roots to Equation (5.43).

Suppose the MFMP column of interest has a total of NSEC general column sections

(including the topmost and bottommost sections), we need to consider NSEC − 1

neighboring column section pairs, each of which is associated with a set of inequality

constraints of either Equation (5.44) if it is related with a feed stream or Equations

(5.45) and (5.46) if it is related with a sidedraw product. Once completed, these

constraints can be easily incorporated into an optimization algorithm that contains

mass balance equations and Equation (5.35) written for each general column section.

We will discuss the detailed formulation of this global optimization framework as well

as a number of case studies in Chapter 6.

5.6 Conclusion

Multi-feed, multi-product distillation columns are very common in many industrial

applications. The minimum reflux ratio of a distillation column is related to its energy

consumption and capital cost, and thus is a key parameter in distillation design.

To solve this lingering problem of determining the minimum reflux condition of a

general MFMP column in an accurate and efficient manner, we derive a first-of-its-

kind mathematical model for characterizing a general MFMP column based on the

assumptions of constant relative volatility, constant molar overflow, and ideal vapor-

liquid equilibrium. We then derive the mathematical properties associated with this

model which lead to the geometric interpretation of the minimum reflux condition,

after which they are translated into a set of algebraic constraints that can be easily
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incorporated into an optimization algorithm which guarantees global optimality by

using state-of-the-art global solvers such as BARON in GAMS [39]. Compared with

existing approaches, our method is simple and efficient to use and does not require

guessing of pinch location or controlling split, which may lead to incorrect solutions.

As expected, when we consider the extreme case of a simple column, the mathematical

model and constraints automatically reduce to the classic Underwood’s method [146].

As we have mentioned, this method uses the same underlying assumptions as the

Underwood’s method. In particular, the constant molar overflow assumption implies

that all components have similar latent heat of vaporization. However, it turns out

that this assumption can be relaxed to account for variable molar overflow situations.

With only slight modification of the Underwood’s model, the extended model, which

can handle mixtures whose components have very different latent heats, has been

independently developed by Nandakumar and Andres [162] and Rev [163] for the

case of simple column. The final expression, despite its great similarity compared to

the Underwood’s equation [146], directly calculates the reboiler heat duty requirement

rather than its vapor duty in a simple column, which has significantly more practical

relevance. For example, the Underwood distillate equation of Equation (5.41) can be

transformed into:

c∑
j=1

αjfj,F
αj − θi

= VF =⇒
c∑
j=1

αj∆Hjfj,F
αj − τi

= QF ∀i = 1, · · · , c− 1

where ∆Hj is the latent heat of vaporization of component j and QF stands for

the difference between the enthalpy of the feed and enthalpy of a saturated liquid

feed (which is commonly referred to as the reference point). We find out that the

model developed in this chapter can also be extended to determine the total heat

duty requirement of a MFMP column by allowing for unequal component latent

heats. Using a simple transformation of variables as introduced by [162, 163], all the

mathematical treatments used and properties discovered in this chapter still apply to

the extended model. We will devote this extension in a separate article in the future.
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So far, we have successfully answered the first question proposed at the beginning

of the chapter about constructing an accurate model for MFMP columns. In Chap-

ter 6, we will discuss how to incorporate this mathematical model into the global

optimization framework. We will then present a number of illustrative case studies

which have both intellectual and practical significance. Thorough these case studies,

we will provide readers with answers to all the questions raised at the beginning of

the chapter.
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6. AN ACCURATE MINIMUM REFLUX CALCULATION METHOD FOR

MULTI-FEED, MULTI-PRODUCT DISTILLATION COLUMNS DISTILLING

IDEAL MULTICOMPONENT MIXTURES: 2. OPTIMIZATION MODEL AND

CASE STUDIES

Continuing from the mathematical model developed in Chapter 5, we present the first-

of-its-kind global optimization formulation whose objective is to minimize the reboiler

vapor duty requirement for a general multi-feed, multi-product (MFMP) distillation

column separating ideal multicomponent mixtures. We verify the accuracy of this

algorithm through a few case studies using rigorous Aspen Plus simulations. The

results obtained from these case studies also provide valuable insights on optimal

design of multicomponent distillation systems as well as the minimum reflux behavior

for MFMP columns. Many of these insight turn out to be counterintuitive and are

against the heuristics that the chemical engineering community has taken for granted.

We find out, for example, that placing a colder feed stream above a hotter feed stream

may in fact lead to higher energy requirement; decomposing a general MFMP column

into individual simple columns to estimate the minimum reflux ratio for the MFMP

column may lead to incorrect results, etc. Overall, the shortcut based algorithmic

method presented here can be very useful to industrial practitioners in designing

attractive, energy efficient, and cost effective multicomponent distillation systems.

6.1 Introduction

The determination of minimum reflux condition for distillation columns with mul-

tiple feed and/or one or more sidedraw streams is of great theoretical and practical

importance to the distillation community and has remained unsolved for the past 80

years. In Chapter 5, we develop the first shortcut mathematical model to character-
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ize a general MFMP column merely based on the assumptions of ideal vapor-liquid

equilibrium, constant relative volatility as well as constant molar overflow for every

component. No additional restriction concerning the structure of the MFMP column

or the type of separation it performs is needed. The physical and mathematical prop-

erties associated with the model have also been explored, from which we have derived

the necessary and sufficient conditions for any general MFMP column operated at

minimum reflux.

In this chapter, we introduce a solution approach which incorporates the model

developed in Chapter 5 to determine the minimum reboiler vapor duty requirement

for a general MFMP column separating a multicomponent mixture. This algorith-

mic approach can either be used by itself to find the minimum reflux condition for

a standalone MFMP column, or can be embedded into a global optimization frame-

work such as the one recently developed by Nallasivam et al. [34] to simultaneously

optimize an entire multicomponent distillation configuration. Later, we present a few

illustrative case studies to illustrate the accuracy and effectiveness of our algorithm.

Apart of this, these case studies also serve the purpose of answering the conceptual

questions raised in Chapter 5 regarding the validity of some of the well-accepted

heuristics and rules researchers and industrial practitioners use when designing and

operating a MFMP column. As we will see, the answers to these questions are not as

obvious as we would expect. The shortcut approach presented in this chapter thus

gives practitioners a different perspective on these heuristics and offers them a new,

more accurate way to solve for the minimum reflux condition for MFMP columns.

6.2 Formulation of the Global Optimization Algorithm

In this section, we will describe the formulation of the global optimization algo-

rithm. In particular, we will discuss the formulation of constraints to ensure feasibility

of separation. To begin, recall that any optimization problem is described by: the de-

cision variables, the objective function, and the constraints. Following the convention

used in Chapter 5, we number the components either as 1, 2, · · · , c in the decreasing
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order of their relative volatilities (αc > · · · > α1), or as capital letters A, B, C, and

so on to represent pure components with their volatilities decreasing in alphabetical

order. The notations in this chapter, unless explicitly mentioned, follow the same

definitions as in Chapter 5.

For a c-component system, the domain of roots γj to Equation (5.13) can be split

into c+ 1 distinct intervals using the relative volatilities of the c components. These

intervals are (0, α1), (α1, α2), · · · , (αc−1, αc), and finally (αc, αc + δ) where δ is a

sufficiently large positive number. Among these c + 1 distinct intervals, there must

exists at least one distinct root to Equation (5.13) in each of the c − 1 intervals,

namely (α1, α2), · · · , (αc−1, αc). And there is only one more root left. We denote it

as γ∗ whose location depends on where the sign change in di occurs. To account for

this, we define a set of binary variables µi ∈ {0, 1} ∀i = 0, · · · , c to dictate if γ∗ lies in

the interval (αi, αi+1). As a special case, µ0 = 1 means that γ∗ ∈ (0, 1), which occurs

only when all di ≤ 0. On the other hand, µc = 1 means that γ∗ ∈ (αc, αc + δ), which

occurs only when all di ≥ 0. As a result, the binary variable set {µ0, · · · , µc} and the

location of γ∗ is related by the following constraint:

c∑
i=0

αiµi ≤ γ∗ ≤
c∑
i=0

αi+1µi (6.1)

where again α0 = 0 and αc+1 = αc + δ > αc. And obviously,
∑c

i=0 µi = 1.

When two adjacent general column sections labeled as TOPFk (upper section) and

BOTFk (lower section) are connected by a feed stream Fk, di,TOPFk ≥ di,BOTFk ∀i =

1, · · · , c. Similarly, when two adjacent column sections labeled as TOPWk
and BOTWk

are connected by a sidedraw product stream Wk, then di,TOPWk ≤ di,BOTWk ∀i =

1, · · · , c. This leads to:

Feed stream Fk :
c∑
i=0

iµi,BOTFk ≥
c∑
i=0

iµi,TOPFk ∀k = 1, · · · , NF

Sidedraw stream Wk :
c∑
i=0

iµi,BOTW ≤
c∑
i=0

iµi,TOPW ∀k = 1, · · · , NW

(6.2)
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where NF and NW stands for the total number of feed streams and sidedraw product

streams in the MFMP column, respectively. Note that the quantity
∑c

i=0 iµi essen-

tially gives the index of the lightest component with non-positive net upward flow.

If d1, · · · , dc ≥ 0, then
∑c

i=0 iµi = 0. If d1, · · · , dc ≤ 0, then
∑c

i=0 iµi = c. Next, we

define a set of binary variables Ki ∈ {0, 1} ∀i = −1, 0, · · · , c as:

K−1 = 0;

Ki = Ki−1 + µi ∀i = 0, ..., c
(6.3)

As we can see, Ki = 0 if and only if µ0, ..., µi−1 = 0. In the case of feed stream Fk,

we see that Ki,TOPFk
−Ki−1,BOTFk can take either 0 or 1, since Ki,TOPFk

≥ Ki−1,BOTFk .

It turns out that the set {i|Ki,TOPFk
− Ki−1,BOTFk = 1, i = 0, · · · , c} is equivalent

to {
∑c

i=0 iµi,TOPFk ,
∑c

i=0 iµi,TOPFk + 1, · · · ,
∑c

i=0 iµi,BOTFk}. Similarly, for a sidedraw

product stream Wk, the set {i|Ki,BOTWk
−Ki−1,TOPWk = 1, i = 0, · · · , c} is equivalent

to {
∑c

i=0 iµi,BOTWk ,
∑c

i=0 iµi,BOTWk + 1, · · · ,
∑c

i=0 iµi,TOPWk}. Using this relation, we

can easily rewrite the necessary and sufficient conditions for a feasible separation

discussed in Chapter 5 in terms of the connectivity of adjacent Z-simplicies as follows:

Feed Fk : (Ki,TOPFk
−Ki−1,BOTFk )(γi+1,TOPFk

− γi,BOTFk ) ≥ 0

Sidedraw Wk : (Ki,BOTWk
−Ki−1,TOPWk )(γi+1,BOTWk

− γi,TOPWk ) ≥ 0
(6.4)

where i = 1, · · · , c − 1. Thus, we have completely transformed the connectivity

constraints of adjacent Z-simplicies into a set of mixed-integer constraints.

Recall that for each sidedraw product stream Wk when k = 1, · · · , NW , in addition

to Equation (6.4), we also need ensure that its liquid product composition (or the

hypothetical liquid composition that is in equilibrium with the vapor product) always
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lies on the liquid composition profile. Correspondingly, we have an additional set of

mixed-integer constraints based on Chapter 5:

Ki,TOPWk
(γi+1,TOPWk

− θi,Wk
) ≥ 0

Ki,BOTWk
(γi+1,BOTWk

− θi,Wk
) ≥ 0

(1−Ki−1,TOPWk )(γi,TOPWk − θi,Wk
) ≤ 0

(1−Ki−1,BOTWk )(γi,BOTWk − θi,Wk
) ≤ 0

(6.5)

where i = 1, · · · , c− 1 and k = 1, · · · , NW . The root θi,Wk
∈ (αi, αi+1) is the solution

to the following defining equation for sidedraw stream WK as discussed in Chapter 5:

c∑
j=1

αjfj,Wk

αj − θi,Wk

= VWk
∀i = 1, · · · , c− 1 (6.6)

In the limiting case when d1, · · · , dc ≥ 0 in a general column section, K1, · · · , Kc =

1. Equation (6.5) essentially yields γi+1 ≥ θi,Wk
for all i = 1, · · · , c− 1. On the other

hand, when all d1, · · · , dc ≤ 0 in a column section, 1−K0, · · · , 1−Kc−1 = 1, suggesting

that γi ≤ θi,Wk
for all i = 1, · · · , c− 1.

To illustrate how these constraints can be implemented, we consider a MFMP

column of Figure 6.1a for quaternary mixture separation. This MFMP column

contains four column sections, an upper feed stream F1 containing stream ABC,

a lower feed stream F2 that contains BCD, as well as a sidedraw product stream

W1 that contains BC. It undergoes two different separations, ABC → AB/BC and

BCD → BC/CD. The most volatile component A must be completely recovered in

the distillate, whereas the least volatile component D must be completely recovered

in the bottoms product. The distribution of intermediate components B and C, on

the other hand, are subject to be determined by the optimization program. In column

section 2, the net material upward flow for component B could be either positive or

negative. Similar behavior applies to the net material upward flow for component C

in column section 3. Therefore, the γ∗ root for column section 2, which corresponds
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to γ3,2, lies in the interval (α2, α4). And the γ∗ root for column section 3, which

corresponds to γ2,3, belongs to the interval (α1, α3). This requires us to introduce

two binary variables µ2,2, µ3,2 to determine the location of γ3,2 as well as two other

binary variables µ1,3, µ2,3 for γ2,3. In Appendix A, we provide all the equations and

constraints needed to determine the minimum reboiler vapor duty requirement for

this MFMP column. The resulting formulation, which is a mixed-integer nonlinear

program (MINLP), can be solved to global optimality using standard global solvers

such as BARON [39]. As we can clearly see from Appendix A, the simplicity of the

formulation shows that our model can be easily incorporated in a global optimization

framework.
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(b)
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4

3

2

1

BC

BC

Figure 6.1. (a) A MFMP column for quaternary separation; (b) the
decomposed version of (a).

However, in many practical situations, the product specifications of the MFMP

column have already been fully specified. Under these circumstances, the search for

minimum reflux ratio of the MFMP column reduces to a much simpler problem. Since

the net material upward flow for all components in all column sections can be directly

calculated by mass balances, Equations (6.4) and (6.5) can be easily modified so that

the binary variables are no longer needed. As a result, formulating an optimization
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problem and solving it using global solvers is not required anymore. Instead, we

can use a simple verification algorithm as shown in Algorithm 1 to achieve the same

goal. In Chapter 5, we show that the MFMP column operated at minimum reflux

always has a controlling split, which can be associated with either a feed stream or a

sidedraw product stream. We assume that each and every feed or sidedraw stream is a

candidate that controls the separation at minimum reflux. Correspondingly, the vapor

flows in each column section i = 1, · · · , NF +NW +1 and thus its respective γj,i where

j = 1, · · · , c can be determined using Equation (5.13). Next, by simply performing

a satisfiability check for all γj,i for all i = 1, · · · , NF + NW + 1 and j = 1, · · · , c on

the simplified root relations of Equations (6.4) and (6.5), we immediately know if this

separation, based on the assumption that this feed or sidedraw stream of interest is

associated with the controlling split, is feasible. If the separation is feasible, then the

topmost column section vapor flow V1 is stored, and the entire process is repeated

by assuming that a different feed or sidedraw stream controls. Eventually, the actual

minimum top column section vapor flow (i.e. the minimum reflux ratio) is given by

the smallest value corresponding to a feasible separation obtained from this process.

So far, we have introduced two approaches, depending on the problem specifica-

tions, to implement the mathematical model described in Chapter 5 to determine

the minimum vapor duty requirement of a MFMP column. In the next section, we

consider a few examples to illustrate the accuracy and effectiveness of these meth-

ods, while at the same time provide industrial practitioners an accurate and clear

understanding of the minimum reflux behavior of a MFMP column for the first time.

6.3 Case Studies

Example 1: Two-Feed Distillation Column

In the first example, we examine a two-feed distillation column shown in Figure

6.2a undergoing ternary mixture separations. Two-feed columns are commonly used

in extractive distillation for separations that are hard to perform using a simple
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input : c, NF , NW , VFi , VWk
, fj,i, wj,k, dj,1 ∀i = 1, · · · , NF ; k =

1, · · · , NW ; j = 1, · · · , c
output: Rmin

begin
Calculate the net material upflow for component j in each section i :
dj,i ∀j = 1, · · · , c; i = 1, · · · , NF +NW + 1 ;

Determine Kj,i in Equations (6.4) and (6.5) for all j = −1, 0, · · · , c and
i = 1, · · · , NF +NW + 1 ;

Solve Equation (6.6) for θs,Wi
∈ (αs, αs+1) ∀s = 1, · · · , c− 1, i = 1, · · · , NW ;

for i← 1 to NW do
for s← 1 to c− 1 do

Calculate the top column section vapor flow VTOP,s associated with
θs,Wi

from vapor balances;
for j ← 1 to NF +NW + 1 do

Calculate Vj for j = 1, · · · , NF +NW + 1 ;
Solve Equation (5.13) for all γk,j where k = 1, · · · , c ;

end
if the simplified constraints of Equations (6.4) and (6.5) are
satisfied for all adjacent column section pairs then store VTOP,s;

else VTOP,s = a large value; Continue;

end

end
for i← 1 to NF do

Solve
∑c

j=1
αjfj,i

αj−θs,Fi
= VFi for θs,Fi ∀s = 1, · · · , c− 1;

for s← 1 to c− 1 do
Calculate VTOP,s associated with θs,Fi ;
for j ← 1 to NF +NW + 1 do

Calculate Vj for j = 1, · · · , NF +NW + 1 ;
Solve Equation (5.13) for all γk,j where k = 1, · · · , c ;

end
if the simplified constraints of Equations (6.4) and (6.5) are
satisfied for all adjacent column section pairs then store VTOP,s;

else VTOP,s = a large value; Continue;

end

end
Rmin = mini{VTOP,i}/

∑c
j=1 dj,1 − 1

end
Algorithm 1: Finding the minimum reflux ratio Rmin of a MFMP column
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column. Another powerful feature recently discovered by Madenoor Ramapriya [164]

for two-feed columns is the opportunity for large energy savings when the two feed

streams having the same components but different compositions are kept separate

and introduced at two different locations instead of pre-mixing them to form a single

feed before introducing it to the next column. For illustration, we consider a ternary

hydrocarbon mixture involving hexane (component 3), heptane (component 2), and

octane (component 1).

𝑩
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𝑭𝟐

3

2

1

𝑩

𝑫

𝑭𝟏

3

2

1
𝑾𝟏

𝑾𝟐
4

(a) (b)

Figure 6.2. (a) A two-feed distillation column with no sidedraw
product; (b) a one-feed, two-(side)product distillation column. Both
columns have four general column sections.

First, the users need to provide the relative volatility information for all com-

ponents. We use Aspen Plus to fetch the relative volatility information at 1 atm

pressure. To ensure constant relative volatility and constant molar overflow assump-

tions for establishing a common basis for comparison, we appropriately modify the

property parameters in Aspen Plus listed under PLXANT and DHVLDP. The IDEAL

thermodynamic package is used. The relative volatilities of these components are de-

termined to be (α3, α2, α1) = (5.291, 2.300, 1). In the first case, the upper feed F1

in the MFMP column is a saturated liquid stream containing 30 mol/s of hexane,

60 mol/s of heptane, and 10 mol/s of octane. The lower feed F2 is also a saturated

liquid stream with 20 mol/s of hexane, 10 mol/s of heptane, and 70 mol/s of octane.
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The distillate product has a flow rate of 52.63 mol/s and its composition is given

by (x3,D, x2,D, x1,D) = (0.95, 0.05, trace). Octane is completely removed in the top

product. The bottoms product flow rate and composition can be directly determine

to be 147.37 mol/s and (x3,B, x2,B, x1,B) = (0.001, 0.457, 0.542), respectively.

Using Algorithm 1, we identify that Rmin = 2.116 which occurs when the control-

ling split is associated with F1. We construct the corresponding Z-simplex diagram

shown in Figure 6.3 to visualize the minimum reflux condition. As we can see, the

Z-simplices associated with column sections 1 and 2 of Figure 6.2a share a common

edge, i.e. γ3,TOPF1 = γ2,BOTF1 = θ2,F1 ∈ (α2, α3) at minimum reflux. If the reflux ratio

is further reduced, these two Z-simplices will no longer intersect, indicating that the

minimum reflux has been achieved and the controlling split is given by F1.

We verify the minimum reflux condition for this MFMP column using rigorous

tray-by-tray calculations on Aspen Plus. Each column section is given 50 stages,

much greater than needed for the separation, to ensure that the true minimum reflux is

achieved. Aspen Plus gives its minimum reflux ratio prediction of 2.145, which is only

1.4% different compared to our shortcut calculation result. The liquid composition

profile determined by Aspen Plus at minimum reflux is plotted along with the Z-

simplex diagram in Figure 6.3 and is explicitly shown in Figure 6.4. From these

figures, we can quickly identify the pinch locations in each column section. Since

x1,D = 0, it can be shown that the distillate composition (x3,D, x2,D, x1,D) lies on

the hyperplane z1 = 0 of section 1 Z-simplex. This hyperplane also coincides with

x1 = 0 of the X-simplex [157]. Based on the analysis in Chapter 5, it is clear that

tray-by-tray downward calculations will finally bring the liquid composition to the

saddle pinch (x3, x2, x1)pinch = (0.325, 0.675, 0) in the middle of column section 1.

The pinch composition can also be verified in Figure 6.4. Below this pinch, the liquid

composition profile continues following along the hyperplane z3 = 0 of section 1 Z-

simplex until it reaches the feed stage of F1 at which its liquid composition actually

corresponds to the unstable node (in terms of downward calculations) of section 2

Z-simplex. This implies that the pinch in column section 2 is located at the top of
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Figure 6.3. The Z-simplex diagram at the minimum reflux of Rmin =
2.116 calculated using Algorithm 1 and the tray-by-tray liquid com-
position profile at the minimum reflux of Rmin = 2.145 determined
by Aspen Plus. The red, blue, green, and purple dot respectively
corresponds to the liquid composition of distillate, upper feed stream,
lower feed stream, and the bottoms product. The red, blue, and pur-
ple Z-simplex is associated with column sections 1, 2, and 3 of Figure
6.2a, respectively.

the section. Beyond this unstable node pinch, the liquid composition profile diverges

and reaches another pinch associated with column section 3 Z-simplex. This pinch

is located at the lower feed stage, from which the liquid composition profile follows

the trajectory inside section 3 Z-simplex and heads towards the stable node until it

reaches the bottoms product composition (x3,B, x2,B, x1,B). Keep in mind that even

though x3,B is small, it is more than trace amount. Thus, the liquid composition

profile inside section 3 may appear to be approaching close to the saddle point pinch

but in fact will never actually reach the saddle pinch, as we can see from Figure 6.3

and 6.4.
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Figure 6.4. The liquid composition profile retrieved from Aspen Plus
at its predicted minimum reflux ratio of Rmin = 2.145.
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Before moving on to the next case, we would like to use this example to examine

the validity of the assumption [152] that a MFMP column can be decomposed into

a series of simple columns, and that the actual minimum reflux ratio of the original

MFMP column is given by the largest minimum reflux ratio determined for all de-

composed simple columns using the classic Underwood’s method [146]. In this case,

the two-feed column of Figure 6.2a is decomposed into two simple columns. One

contains F1 as the feed stream and column sections 1 and 2, while the other contains

F2 as the feed stream and sections 2 and 3 as the rectifying and stripping section,

respectively. It turns out that, under the same product specifications, the largest

minimum reflux ratio for the two simple columns is 2.590 associated with F2 being

the “controlling split”. Clearly, such a decomposition method overestimates the true

minimum reflux ratio in this case. Apparently, the minimum reflux condition for a

general MFMP column is not as simple as what we may think. And using these

simplifying assumptions without verification can lead to incorrect results.

From Figure 6.3, we observe that the feed stream liquid composition does not

necessarily have to lie on the liquid composition profile or within the Z-simplices

associated with adjacent column sections. This is because the feed stream liquid

composition is generally different from the feed stage liquid composition, which must

always lie on the liquid composition profile. However, we need to emphasize that when

the feed or sidedraw stream is associated with the controlling split at minimum reflux,

its liquid composition must lie on the common facets of the Z-simplices associated

with adjacent column sections. This is a direct consequence of Proposition 4 and 5

demonstrated in Chapter 5. In this particular case, since F1 is associated with the

controlling split, the blue dot in Figure 6.3, which is the liquid composition of F1, lies

on z3 = 0 of section 1 Z-simplex as well as z2 = 0 of section 2 Z-simplex.

Next, we consider a different scenario of the same MFMP column of Figure 6.2a

by simply switching location of the two feed stream locations as in the first case.

In other words, the upper feed F1 now contains 20 mol/s of hexane, 10 mol/s of

heptane, and 70 mol/s of octane, while the lower feed F2 now has 30 mol/s of hexane,
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60 mol/s of heptane, and 10 mol/s of octane. Using Algorithm 1, we calculate that

the minimum reflux ratio for this arrangement is Rmin = 1.634 which corresponds

to the circumstance when the lower split controls, as we can see from the Z-simplex

diagram of Figure 6.5.

Hexane

Heptane
Octane

0.1

0.9

0.
1

0.2

0.8

0.
2

0.3

0.7

0.
3

0.4

0.6

0.
4

0.5

0.5

0.
5

0.6

0.4

0.
6

0.7

0.3
0.
7

0.8

0.2

0.
8

0.9

0.1

0.
9

●

●

●

●

●

●

●

●
●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●

●

●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●
●
●
●
●
●
●
●●●●●●● ● ●

Figure 6.5. The Z-simplex diagram at the minimum reflux of Rmin =
1.634 calculated using Algorithm 1 and the tray-by-tray liquid com-
position profile at the minimum reflux of Rmin = 1.738 determined by
Aspen Plus. Again, the red, blue, green, and purple dot respectively
corresponds to the liquid composition of distillate, upper feed stream,
lower feed stream, and the bottoms product. The red, blue, and pur-
ple Z-simplex is associated with column sections 1, 2, and 3 of Figure
6.2a, respectively.

Rigorous Aspen Plus simulation shows that the minimum reflux ratio is 1.738.

Thus, the result obtained using Algorithm 1 gives a 6.0% relative difference compared

to Aspen Plus prediction. To our surprise, if we simply use the decomposition method

suggested by Nikolaides and Malone [152], we would end up with a “minimum reflux

ratio” that is as high as 19.336, which is almost 12 times larger than the true minimum



184

reflux! Obviously, designing or operating a distillation column based on this mistaken

assumption may lead to huge waste in capital and operating costs.

An equally striking observation we get from these two cases is that the optimal

feed arrangement in a MFMP column is not as intuitive as one would normally think.

One would naturally expect that the higher temperature feed should be introduced

at a lower location of the column than the lower temperature feed to lower the energy

consumption. The first case follows this heuristic, in which the the feed stream

enriched with octane is introduced right above stage 100 and has a temperature that

is 15 ◦C hotter than the upper feed stream introduced above stage 50. Surprisingly,

despite having the same product specifications, the minimum reflux ratio in this case

(Rmin = 2.116) is much higher than the second case (Rmin = 1.634) in which the feed

stream locations are reversed! This finding is consistent with the observation from

Levy and Doherty [135]. Thus, we have given a counterexample which contradicts the

rule of introducing a higher boiling feed to a lower location of the column. Industrial

practitioners should not simply rely on this heuristic and believe that it would always

guarantee minimum energy requirement. Our shortcut method thus offers an instant

and reliable screening tool to identify the best feed arrangement for a multi-feed

distillation column.

Example 2: A One-Feed, Two-(Side)Product Column

In this example, we consider a distillation column with one feed stream and two

sidedraw product streams, as shown in Figure 6.2b. When both sidedraw products

are withdrawn as saturated liquids, Sugie and Lu [150] and many others such as

Glinos and Malone [151] made the assumption that the controlling split can only be

associated with the feed stream. This assumption comes directly from the observation

of McCabe-Thiele diagram for binary separations. To verify if it is still true for

multicomponent systems, we present this example in which the saturated liquid feed

stream F1 contains 30 mol/s of hexane, 40 mol/s of heptane, and 30 mol/s of octane.

The distillate has 24 mol/s of hexane, 6 mol/s of heptane and no octane, whereas the
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bottoms product is 20 mol/s of pure octane. The upper sidedraw W1, which is located

above the feed stream, is a saturated liquid stream containing 6 mol/s of hexane and

24 mol/s of heptane. The lower saturated liquid sidedraw W2 is located below the

feed stream and contains 10 mol/s of heptane and 10 mol/s of octane.
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Figure 6.6. The Z-simplex diagram at the minimum reflux of Rmin =
2.634 calculated using our algorithm and the tray-by-tray liquid com-
position profile at the minimum reflux of Rmin = 2.668 determined by
Aspen Plus. The red, blue, black, purple, and green dot in the figure
respectively corresponds to the liquid composition of distillate, upper
sidedraw, liquid feed stream, lower sidedraw, and the bottoms prod-
uct. The red, blue, purple, and green Z-simplex is associated with
column sections 1, 2, 3, and 4 of Figure 6.2b, respectively.

Using Algorithm 1, we find out that the minimum reflux ratio is given by Rmin =

2.634, 1.3% different compared to rigorous Aspen Plus simulation result of 2.668.

From the minimum reflux Z-simplex diagram of Figure 6.6, it is clear that the con-

trolling split is actually associated with W1 as shown in Figure 6.2b. From the

Z-simplices associated with column sections 1 and 2 as shown in 6.6, we see that the



186

composition of W1 corresponds to saddle point pinch. Starting from the distillate

composition (red dot in Figure 6.6) which has negligible amount of octane, the liquid

composition profile follows along the hyperplane associated with section 1 Z-simplex

z1 = 0 which coincide with x1 = 0 where the composition of W1 also lies. As the

liquid composition profile reaches xW1 , it enters hyperplane z3 = 0 of the section 2

Z-simplex and continues traveling along the hyperplane until it intersects with the

hyperplane z1 = 0 of section 3 Z-simplex. This intersection point corresponds to the

liquid composition on the feed stage which can be easily determined. Clearly, it is

different from the feed stream liquid composition (black dot in Figure 6.6). After

that, the liquid composition profile evolves along the hyperplane z1 = 0 of section 3

Z-simplex until it arrives at the saddle point pinch located at an intermediate loca-

tion of section 3, after which it follows along the hyperplane z3 = 0 and reaches the

lower sidedraw composition xW2 . Finally, the liquid composition profile arrives at the

bottoms composition denoted as the green dot which is pure octane shown in Figure

6.6.

If the reflux ratio is further lowered, the desired composition for W1, represented

by the blue dot in Figure 6.6, cannot be achieved anymore since it no longer lies

within the Z-simplices associated with section 1 or 2. This violates the constraint of

Equation (6.5). Suppose that the controlling split occurs at the feed plate location.

This would result in a “minimum reflux” ratio of 2.472, which is lower than the true

minimum reflux. Therefore, we conclude that when determining the minimum reflux

condition for a general MFMP column, it is not correct to simply ignore the presence

of sidedraw streams or the role sidedraw streams play, which unfortunately, has been

the case in the literature. As far as we know, our work is the first of its kind to point

out the unique feature of sidedraw streams explicitly which is essential in deriving the

first accurate shortcut based approach to determine the minimum reflux condition for

a distillation column with sidedraws. The method proposed in this chapter can fully

capture the possible circumstances when the controlling split of a MFMP column is

associated with the one of the sidedraw streams.
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Example 3: A Two-Feed, One-(Side)Product Column

As the final example, we consider the MFMP column shown in Figure 6.2a in

which a sidedraw stream producing BC is located between two feed streams. Such a

column scheme is very common in a multicomponent distillation configuration [7]. As

we can see in Figure 6.2b, this MFMP column can be synthesized by consolidating two

simple columns, one performing ABC → AB/BC split while the other performing

BCD → BC/CD split. The stream containing BC, which is commonly produced

as product from both simple columns, is now withdrawn from the MFMP column as

sidedraw after column consolidation. However, if we only consider the decomposed

case of Figure 6.2b rather than the entire MFMP column as a whole, we lose the

possibility that the sidedraw stream BC is associated with the controlling split. We

verify that this scenario is indeed possible by considering the following quaternary

mixture system: hexane (component 4 or A), heptane (component 3 or B), octane

(component 2 or C), and nonane (component 1 or D). The relative volatility of

hexane, heptane, and octane with respect to nonane is determined from Aspen Plus to

be 12.332, 5.361, and 2.300, respectively. The feed and product stream specifications

are listed in Table 6.1.

Table 6.1.
Stream and product specifications of a two-feed, one-(side)product
column of Figure 6.2a. For the upper feed stream ABC which is
saturated vapor, we need to use the vapor-liquid equilibrium relation
to obtain the liquid composition that is in equilibrium with the vapor
composition listed in the table for minimum reflux calculation.

Streams Flow rate Net composition Thermal
(mol/s) (z4, z3, z2, z1) quality

AB 70 (3/7, 4/7, trace, trace) 1
ABC 100 (0.3, 0.3, 0.4, 0) 0
BC 70 (trace, 3/7, 4/7, trace) 1
BCD 100 (0, 0.4, 0.3, 0.3) 1
CD 60 (trace, trace, 0.5, 0.5) 1



188

It turns out that, in this case, the minimum reflux condition is achieved when

sections 2 and 3 are pinched. Thus, the controlling split occurs at the sidedraw

stream. The minimum reflux ratio calculated using Algorithm 1 is Rmin = 2.002,

which is only 0.1% different from the minimum reflux ratio of 2.000 predicted by Aspen

Plus simulation. On the other hand, the decomposition method which considers the

case of Figure 6.2b gives a “minimum reflux ratio” of 1.806, which is significantly

lower than the true minimum reflux ratio. This suggests that if we were to consider

only the feed streams for minimum reflux calculations, we may end up with designing

a distillation column that cannot achieve the desired product specification that we

want.

Of course, we can further extend this case study by solving the MINLP problem

formulated in Appendix A whose objective is to obtain the lowest possible minimum

reboiler vapor duty that is needed by varying the distribution of intermediate compo-

nents heptane and octane in the product streams in order to recover all hexane from

the distillate and all nonane from the bottoms. We use the same feed specifications

as in Table 6.1. The sidedraw is again in saturated liquid state. For a simple column,

it is known that the optimal objective function value can always be calculated an-

alytically from the preferred split solution using the Underwood’s method [88]. For

MFMP columns, however, we have to rely on global optimization. But before solving

the optimization problem as it is in Appendix A, we need to modify the equations

for section vapor flow calculation for V2 and V3 using Equation (5.13) to account for

possible singularity issue. As we have mentioned, γ2,3 can either be in (α3, α4) or

(α2, α3), whereas γ3,2 can either be in (α1, α2) or (α2, α3). As a result, singularity

issue might arise in V2 or V3 expression using Equation (5.13) when γ3,2 crosses over

α3 or as γ2,3 crosses over α2. To avoid such an issue, we reformulate Equation (5.13)

by multiplying both sides with the bound factor (αk − γj), where αk is the relative
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volatility over which γj might cross. For example, for V2, we multiply both sides of

Equation (5.13) with (α3 − γ2,3) followed by partial fraction decomposition and get:

V2(α3 − γ3,2) = (α3 − γ3,2)
α2d2,2
α2 − γ3,2

+ α3d3,2

= α2d2,2 − (α2 − α3)
α2d2,2
α2 − γ3,2

+ α3d3,2

Similarly, we can reformulate Equation (5.13) for V3. Multiplying these equations

with the appropriate bound factors followed by partial fraction decomposition allows

us to get rid of the singularity issue that can arise when γ3,2 = α3 in V2 or when

γ2,3 = α2 in V3. Now, the MINLP can be solved using solvers such as BARON

in GAMS [39]. The lowest possible minimum reboiler vapor duty is determined to

be 171.9 mol/s with the corresponding optimal product distribution summarized in

Table 6.2.

Table 6.2.
Optimal product corresponding to the lowest possible minimum re-
boiler vapor duty requirement of 171.9 mol/s.

Streams Component flow rate
(mol/s)

AB (30, 13.4, 0, 0)
BC (0, 56.6, 48.9, 0)
CD (0, 0, 21.1, 30)

We verify this result by performing exhaustive sensitivity analysis using Aspen

Plus. The lowest possible minimum vapor duty requirement subject to the product

specifications is 177.9 mol/s, which is within 5% relative difference compared to the

MINLP results. The corresponding product distribution for intermediate components

heptane and octane also match very well with Table 6.2. Therefore, it is easy to

imagine how much time and effort industrial practitioners can save by simply using

our shortcut based approach to obtain a relative accurate solution in a matter of
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seconds, instead of spending hours or even days to perform tedious sensitivity analysis

or local optimization using Aspen Plus.

Furthermore, we would like point out that global optimization algorithm proposed

in this chapter can do much more than finding the minimum energy requirement of

a MFMP column and its corresponding product distribution. For example, there has

been a debate of whether all heptane can be recovered from the distillate product in

this MFMP column. We can easily answer questions like this one by modifying the

relevant variable bounds or by adding/removing relevant constraints in the MINLP

formulation. In this case, when fixing the heptane distillate flowrate d3,1 to be the

same as f3,1 + f3,2, the corresponding MINLP problem turns out to be infeasible.

Consequently, it is impossible to recover all heptane from the distillate. Detailed

Aspen Plus simulation later confirms that some heptane is always present in the

sidedraw product stream regardless of how much vapor is generated at the reboiler.

Our algorithm thus allows practicing engineers to get a quick, reliable first-hand

answer to these type of “feasibility” questions when they design or operate a MFMP

column.

6.4 Additional Applications

In the light of process intensification opportunities discussed in Chapter 2, a series

of new distillation configurations have been synthesized. These novel configuration

schemes include heat and mass integrated configurations, thermally coupled con-

figurations, thermodynamically equivalent configurations synthesized by converting

thermal couplings into liquid-only transfer streams, distillation columns having in-

termediate reboilers and intermediate condensers, and so on. Despite their unique

characteristics, these new configurations all belong to the category of MFMP columns.

As a result, our proposed method and algorithm are found useful to derive the min-

imum reflux condition of these new configurations. In this section, we will consider

the determination of the minimum reflux ratio for some of these configurations and
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establish some solid theoretical understandings regarding these configurations under

minimum reflux operations.

6.4.1 Heat and Mass Integrated Configuration – Using the Brugma Configuration
as An Example

Here, we would like to consider one of the earliest and most well-known exam-

ples of heat and mass integrated configurations [8]; that is, the well-known Brugma

configuration [71]. The Brugma configuration, as shown in Figure 6.7a, is a classic

example of PI applied in multicomponent distillation. It is derived from the regular-

column basic configuration of Figure 6.7b by simultaneous heat and mass integration

of distillation columns that produce final pure component products B and C. As

discussed in Chapter 2, such heat and mass integration is possible because the bot-

toms product of column 2 of Figure 6.7b (i.e. component B) is more volatile than

the distillate product of column 3 (i.e. component C). Given sufficient separation

stages in the HMA-section, the original composition profile in columns 2 and 3 of

Figure 6.7b remains undisturbed even after heat and mass integration takes place.

The task of the additional HMA-section is to simply perform mass exchange between

the ascending C-rich vapor from the bottom section of column 2-3 and the descending

B-rich liquid from the top section of the column [8].

It is believed [8] that through heat and mass integration of this sort, the sum of

vapor duty requirements of the unconsolidated columns, i.e. columns 2 and 3 of Figure

6.7b, will be replaced by the greater of the two duties in the consolidated column 2-3

of Figure 6.7a. In this example, we would like use Algorithm 1 to verify if this claim

is true, and if so, how we can generalize this fact to other HMP configurations [102].

Compared to Aspen Plus’s predicted minimum reflux ratio of 3.6889, our method

predicts that the minimum reflux occurs when the lower feed is controlling, at which

the reflux ratio is determined to be 3.5385. Since the sidedraws only produce pure

components, Equation (5.43) is not applicable for these streams. In fact, we only

need to consider the reflux ratios obtained by solving Equation (5.41) for the two



192

AB

CD

A

B

D

AB

A

B

D

C

(a) (b)

C

ABCD

CD

ABCD
1

2

3

1

2

3

Figure 6.7. (a) The Brugma configuration; (b) Regular-column basic
configuration before heat and mass integration.

Table 6.3.
Feed and product specifications to column 2-3 of the Brugma config-
uration of Figure 6.7a

Streams Normalized Net composition Thermal
flow rate (zA zB zC zD) quality

A 0.5 (1 trace trace trace) 1
AB 1 (0.5 0.5 0 0) 0
B 0.5 (trace 1 trace trace) 1
C 0.5 (trace trace 1 trace) 1
CD 1 (0 0 0.5 0.5) 1
D 0.5 (trace trace trace 1) 1

feed streams. This is because the HMA-section highlighted in Figure 6.7a has zero

net mass flow. Therefore, given sufficient stages, column 2-3 actually retains the

ability of the basic regular-column configuration from which it is derived, in the

sense that components B and C can be obtained with arbitrarily high purity [8]. In

other words, column 2-3 can be decomposed as two separate simple columns. As a

result, the surrogate model can be used in this case to determine the true minimum

reflux ratio of the consolidated column, which is given by the largest minimum reflux
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obtained for all splits. We believe that the surrogate model works only when the

HMA-section has zero net mass flow and acts only as a place for mass exchange.

The overall solution strategy is as follows. Given any general MFMP column,

we first compute the net material flow for each column section. If a column section

has zero net material flow, we shall separate the MFMP column apart based on this

zero-flow section and decompose the column into two standalone columns. Then, for

each separated column, we apply Algorithm 1 to determine the minimum reflux ratio.

Finally, the true minimum reflux ratio of the original complex column is given by the

largest minimum reflux ratio value of all decomposed columns:

Rmin = max
i∈C
{Rmin,i} C = {all decomposed columns} (6.7)

6.4.2 Thermodynamic Equivalence between Thermal Couplings and Liquid-Only
Transfer Streams

In Chapter 2, we discuss a process intensification strategy of eliminating the op-

erational hurdle of thermally coupled configurations by converting thermal couplings

into LOT streams. This conversion is thermodynamically equivalent, i.e. both con-

figurations would have the same heat duty requirement. Madenoor Ramapriya et

al. [58] mathematically showed that the L/V ratios of all column sections involved in

such conversion remain unchanged before and after this conversion occurs. Here, we

would like to use the method developed in this chapter to verify the thermodynamical

equivalence of converting thermal couplings to liquid-only transfers.

We consider the three-component fully thermally coupled Petlyuk configuration

shown in Figure 6.8a. A thermodynamically equivalent version, which is drawn by

converting the thermal couplings at AB and BC into liquid-only transfers, is drawn

in Figure 6.8b. The saturated vapor feed contains 20 mol% of hexane, 30 mol% of

heptane, and 50 mol% of octane. We can use the Underwood’s method to calculate

the product distribution at preferred split [165]. We briefly outline the calculation

steps in the following paragraph.
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Figure 6.8. (a) The Petlyuk column [26]; (b) A thermodynamic equiv-
alent version by converting thermal couplings of AB and BC into
LOT streams. The colored sections have the same number of trays
and L/V ratio.

Solving Equation (5.41) gives the common Underwood roots for the main feed as

θ1 = 1.78378, θ2 = 4.55914. Therefore, at preferred split, the prefractionator column

satisfies VTOP = α3f3
α3−θ1 + α2d2

α2−θ1 and also VTOP = α3f3
α3−θ2 + α2d2

α2−θ2 . Solving this linear

system gives VTOP = 1.23305, d2 = 0.20910.

In the next step, we can determine the common Underwood root for submixture

AB by solving VTOP = α3f3
α3−θAB

+ α2d2
α2−θAB

. This gives θAB = 4.55914, which is identical

to θ2 determined from the main feed. This is consistent with the “flow of Underwood

root” behavior first explained by Glinos and Malone [166]. The bottom vapor flow

for AB → A/B split is given by − α2d2
α2−θAB

= 0.21292. Similarly, for submixture BC,

the common Underwood root is given by θBC = 1.78378 = θ1. And the corresponding

top vapor flow for BC → B/C split is given by α2(f2−d2)
α2−θBC

= 0.40489. As a result,

for the second column, BC → B/C is the controlling split. Thus, the reboiler vapor

duty of the FTC configuration is Vreb = − f1
1−θ1 = 0.63794. The condenser vapor

duty is related to Vreb by the overall vapor balance around the configuration: Vcond =

Vreb + (1− qF )F = 1.63794.
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Now, we would like to check if, we could get the same minimum reboiler duty

requirement using Algorithm 1. Alternatively, we are checking if the separation is

feasible under the same product distribution and vapor duty requirement. In Figure

6.8b, both AB and BC streams are now withdrawn as saturated liquid. We have

calculated before that, for the first column, the preferred split top vapor duty is

VTOP = 1.23305. Thus, the corresponding bottom vapor duty is VBOT = 0.23305. To

make sure that the additional sections in the first column of Figure 6.8b which are

highlighted in color are equivalent to the corresponding sections in the second column

with the same color, the number of trays as well as the L/V ratios must be the same

for both sections [58]. This argument fixes the net material flow of the additional

sections in the first column as:

d3 =
VTOP
Vcond

f3 = 0.15056

b1 =
VBOT
Vreb

f1 = 0.18266

where d3 and b1 stands for the distillate flow rate of hexane and the bottoms flow rate

of octane from the first column condenser, respectively. In face, we can generalize

this result to a thermal coupling in any configuration. When the thermal coupling

is replaced by liquid-only transfer, the distribution of net material produced by the

reboiler or condenser is determined by the distribution of vapor flow:

di,bef
di,aft

=
Vtop,bef
Vtop,aft

,
bi,bef
bi,aft

=
Vbot,bef
Vbot,aft

(6.8)

Based on the analysis above, we construct a one-feed, two-sidedraw column that’s

identical to the first column of Figure 6.8b. The specifications of this complex column

is stated in Table 6.4.

Using Algorithm 1, we quickly identify that the minimum reboiler vapor duty

requirement for this complex column is Vmin = 0.23304800, which is exactly the same

as VBOT determined by the Underwood’s method. For the second column of Figure

6.8b, the minimum vapor duty requirement is given by Equation (6.7) as 0.40488782,
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Table 6.4.
Calculation results for column 1 of Figure 6.8b.

Streams
Normalized

flow rate
Net composition

(zA, zB, zC)
Thermal
quality

A 0.15056 (1 trace trace) 1
AB 0.25854 (0.19123 0.80877 trace) 1
ABC 1 (0.2 0.3 0.5) 0
BC 0.40824 (trace 0.22267 0.77733) 1
C 0.18266 (trace trace 1) 1
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Figure 6.9. Z-simplex diagram for the first column of Figure 6.8b
at minimum reflux. The column is clearly pinched at the feed stage
(green dot) and preferred split is achieved.
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which is exactly the difference between the total vapor duty requirement Vreb of the

original FTC configuration and Vmin calculated before. In other words, the overall

minimum reboiler vapor duty requirement of the new configuration is exactly the same

as the original FTC configuration. This shows that converting thermal couplings into

liquid-only transfers indeed preserve thermodynamic equivalence. We believe that

this statement is true not only for this particular FTC configuration, but for any

thermally coupled configuration. The reason is because, through conversion, the

newly added column section has the same L/V ratio as the original column section

from which the new section is derived. Based on Equation (5.33), we see that the

Underwood roots of these newly added sections due to conversion will be identical

to their “parent” sections. That is, the Z-simplices for these new sections completely

superimpose with those of the “parent” sections. Consequently, the minimum reflux

condition remains unchanged before and after conversion, regardless of whether where

the controlling split of the configuration is located at.

6.4.3 “Flow of Underwood Roots” for Thermally Coupled Columns

A distinct feature of thermally coupled configuration is that the section Under-

wood roots corresponding to column sections connected by thermal coupling can

be “carried over” at minimum reflux. This reduces the number of variables needed

for modeling thermally coupled configurations. The “flow of Underwood roots” phe-

nomenon for thermally coupled columns is first discovered by Glinos and Malone [166]

and then observed by Carlberg and Westerberg [32, 167]. Later, Halvorsen and Sko-

gestad [46] developed mathematical reasoning for such behavior. Without loss of

generality, assume that two columns are connected by a thermal coupling at the con-

denser node (See Figure 6.10a). The product leaving the top of column section 2 of

Figure 6.10a is either withdrawn by a reboiler or by another thermal coupling, i.e.

not as sidedraw. We recognize that the Underwood’s distillate equation of Equation
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(5.13) of section 1 of Figure 6.10a is at the same time the Underwood’s feed equation

of Equation (5.41) for the next column. This gives:

θi = γ1,i+1 ∈ (αi, αi+1) ∀i = 1, ..., c− 1 (6.9)

(a) (b)

1

2

3

1 2

3

Figure 6.10. (a) A theraml coupling that replaces a condenser; (b) a
thermal coupling that replaces a reboiler

Equation (6.9) serves as the bridge connecting the Underwood roots between one

column and the other, and can be used to arrive at the “flow of Underwood roots”

relation. To derive this relation, note that the liquid transfer of the thermal coupling

must be a real composition and thus satisfies k2,i
∑c

j=1
αjxj,TC
αj−γ2,i ≥ 0 ∀i = 1, ..., c

(notice that here we shall use xj,TC instead of lj,TC due to the direction of lj,TC).

Therefore,
∑c

j=1
αjxj,TC
αj−γ2,i ≥ 0. Substituting this result into Equation (5.46) relates the

Underwood roots for section 2 with the feed Underwood roots as:

γ2,i+1 ≥ θi ∈ (αi, αi+1) ∀i = 1, ..., c− 1

and, along with Equation (6.9), we arrive at the “flow of Underwood roots” relations:

γ2,i+1 ≥ θi = γ1,i+1 ≥ θ′i ∀i = 1, ..., c− 1 (6.10)

where θi and θ′i represent the feed Underwood root for the second and first column

in Figure 6.10a, respectively. Similarly, when a reboiler is replaced by a thermal
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coupling (See Figure 6.10b), the Underwood roots column sections 1 and the feed

Underwood roots are related by:

γ1,i = θi ∈ (αi, αi+1) ∀i = 1, ..., c− 1

Relating the common Underwood root θ with the Underwood roots for section

3 is a little bit trickier for a thermal coupling associated with a bottom submixture

stream. For the thermal coupling of Figure 6.10b, the liquid transfer composition

does not necessarily lie within the Z-simplex. However, the liquid composition that’s

in equilibrium with that of the vapor transfer must lie on the actual composition

profile. This means that ki
∑c

j=1
yj,TC
αj−γ3,i ≥ 0 in order for yi,TC (and of course, the

liquid composition that is in equilibrium with it) to reside within the Z-simplex of

column section 3 of Figure 6.10b. Again, due to Equation (5.43) and the fact that all

ki are non-positive whereas all yi,TC are nonnegative, we have:

γ3,i ≤ θi ∈ (αi, αi+1)

from which we finally have:

γ3,i ≤ θi = γ1,i ≤ θ′i ∀i = 1, ..., c− 1 (6.11)

where θ′i stands for the common Underwood root for the first column of Figure 6.10b.

The discussion above shows that the “flow of Underwood roots” behavior is not only

applicable to two simple columns connected by thermal coupling, but is also the case

for a general thermally coupled MFMP configuration.

6.5 Conclusion

We present the mathematical formulation that incorporates the model developed

in Chapter 5 in a global optimization framework to determine the minimum reflux

condition of a general MFMP column. When the full product specifications are not
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known to users a priori, a set of binary variables is to be introduced to convert the

necessary and sufficient conditions for a feasible separation into a set of inequality

constraints. The resulting optimization problem is a MINLP in general. By solving

this MINLP, users will be able to not only obtain the minimum vapor duty require-

ment of the MFMP column of interest, but also determine the product specifications

to achieve this minimum vapor duty. The applicability of this proposed algorithm is

not limited to single MFMP column, but can also be easily implemented in a large

optimization framework such as the one recently developed by Nallasivam et al. [34] to

determine the minimum energy requirement of an entire multicomponent distillation

configuration or a family of configurations. If the objective is simply to determine

the minimum reflux ratio of a MFMP column while the full product specifications are

already known, a simple verification algorithm that does not involve any optimiza-

tion, i.e. Algorithm 1, is proposed. Using Algorithm 1, we examine several examples

of different MFMP columns, in which the minimum reflux condition calculated using

our approach matches very well with rigorous Aspen Plus simulation results.

The second outcome achieved by considering these case studies, besides validat-

ing the accuracy and effectiveness of our approach, is to challenge some of the well-

accepted heuristics people have used regarding how a MFMP column should be de-

signed and operated. In Example 1, we show a counterexample where placing a

cooler feed stream above a hotter feed stream in a distillation column actually leads

to a higher minimum vapor duty requirement than if the feed stream locations are re-

versed. Thus, one needs to analyze all possible permutations of relative feed locations

to determine the optimal feed stream arrangement. Our shortcut based approach is

particularly suitable for this kind of analyses compared to rigorous simulations which

can be quite time consuming to perform, especially as the number of feed streams

and/or sidedraw streams increases.

Another crucial finding that we would like to highlight is that decomposing a

MFMP column into individual simple columns and analyzing each column individu-

ally using the classic Underwood’s method is not the correct approach to determine
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the minimum reflux of the MFMP column. In fact, this approach can lead to results

that are significantly off from the true minimum reflux ratio. In order to determine the

minimum reflux condition accurately, such a decomposition should not be performed.

Our shortcut based approach, which is based on an accurate shortcut model for each

general column section, is thus the correct method to handle MFMP columns.

Finally, when a MFMP column has one or more sidedraw streams, it is possible

that one of the sidedraw streams controls the separation at minimum reflux, even

when they are all withdrawn as saturated liquid streams. Sidedraw streams have

often been neglected in the past due to lack of understanding of their role played on

minimum reflux condition of a MFMP column. We believe that the mathematical

model developed in Chapter 5 fills this gap, which allows us to fully capture the

sidedraw contribution in a MFMP column for the first time. In all, we hope that

researchers as well as industrial practitioners can find these results and discussions

helpful when designing and operating an efficient and cost-effective MFMP column.
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7. UNDERSTANDING REVERSIBLE DISTILLATION

The initial motivation to investigate the concept of reversible distillation is originated

from the encounter of a peculiar three-feed distillation column case when testing

our algorithm developed in Chapters 5 and 6. Although our algorithm correctly

predicted the true minimum reflux ratio, the liquid composition profile within one of

the intermediate column sections did not match well with Aspen Plus results. Within

a period of six months from early-February, 2017 to mid-October, 2017, we were

essentially stuck in this single case without moving anywhere further. After delving

in the literature for months, we finally found the actual cause of the composition

mismatch based on the theory of reversible separation, from which one can further

reach various interesting observations and results.

7.1 Problem Statement and Thermodynamic Analysis

The peculiar case that caught my attention is a three-feed distillation column

separating hexane (component A or 3), heptane (component B or 2), and octane

(component C or 1). From Table 7.1 which lists the feed and product specifications

for this three-feed column, it can be seen that all components are presents in non-

negligible amount in the bottom product. Therefore, there will be one and only one

pinch in the bottom section; and this pinch must correspond to Z3 which is located

at the lower feed stage [19].

As shown in Figure 7.1, the orange simplex Z1Z2Z3 stands for the Z-simplex for

the bottom column section, whereas the black simplex Z ′1Z
′
2Z
′
3 is the Z-simplex for

the intermediate column section lying in between the middle and lower feed streams.

Since Z3 is the only pinch within the bottom section and it lies right below the lower

feed, the composition profile within the bottom section must start from Z3. On
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Table 7.1.
Feed and product specifications of the peculiar case.

Streams Flow rate Net composition Thermal
(mol/s) (zA zB zC) quality

Distillate 0.8 (0.99 0.01 trace) 1
Upper feed 1 (0.1 0.8 0.1) 1
Middle feed 1 (0.3 0.4 0.3) 0
Lower feed 1 (0.4 0.4 0.2) 0.5
Bottoms 2.2 (0.003̇6̇ 0.723̇6̇ 0.2̇7̇) 1
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Figure 7.1. The Z-simplex diagram of the three-feed column at mini-
mum reflux of R = 4.582917.

the other hand, when R = 4.582917, starting from the distillate product, tray-by-

tray downward calculations that strictly follow the constant molar overflow (CMO)

assumption will reach Z ′2. This imposes two requirements for the composition profile

in the intermediate column section:

1. It must form a continuous path from Z ′2 to Z3.
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2. It must end at Z3. Otherwise, there must exist a segment of composition profile

in the bottom section that leads to pinch Z3, which is not possible.

However, Figure 7.1 suggests that under CMO assumption, as the composition

profile reaches Z ′2, the composition profile generated by further downward calculations

must reside on the hyperplane Z ′2Z
′
1. In this case, it is impossible to satisfy the two

criteria listed above. This implies that the CMO assumption has to be relaxed for

the intermediate section.

This argument, though too bold to be true from the first glance, can be supported

by performing rigorous thermodynamic analysis on the intermediate section. In other

words, we want to show that under strict CMO assumption, it is against thermody-

namics to have a higher temperature pinch on top of a lower temperature pinch point

within a column section. Therefore, the CMO assumption is not valid under this case.

Recall that the steady-state entropy balance for a separation process is a summa-

tion of the physical contribution due to energy exchange and the chemical contribution

related to material inflows and outflows. The entropy balance for a simple distillation

column at steady state is then given by [26,168]:

c∑
j=1

Qj

Tj
+ ∆Sirr + (SF − SD − SB) = 0 (7.1)

where ∆Sirr ≥ 0. The first term describes the entropy change of the system to the

surroundings, ∆Sirr stands for overall entropy production due to irreversibilities, and

SF−SD−SB is basically the entropy difference between entering and leaving material

streams.

For the intermediate section, assuming that two pinches Z ′2 and Z ′3 exist in the

intermediate column section and Z ′2 lies above Z ′3 in the section, we can draw a control

volume denoted as p between the pinches. Equation 7.1 then becomes:

∆Sirr = Sp,top + Sp,bot −
c∑
j=1

Qj

Tj
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where Sp,top and Sp,bot represent the entropy of the net material stream of top pinch

Z ′2 and bottom pinch Z ′3, respectively. Sp,top+Sp,bot stands for the entropy generation

due to material in- and out-flows, which is given by:

Sp,top + Sp,bot = −(Sp,in − Sp,out) = V (Svapp,top − S
vap
p,bot)− L(Sliqp,top − S

liq
p,bot)

The net work consumption within the control volume p can be determined follow-

ing the Clausius-Clapeyron relationship. By assuming an adiabatic column section

with negligible pressure, and suppose that the multicomponent mixture strictly sat-

isfies CRV and CMO assumptions, we have [121]:

−
∑
j

Qj

Tj
= ∆Ssur = ∆HV

( 1

Tp,top
− 1

Tp,bot

)
= RV ln

( ∑
i αixi,p,top∑c
i=1 αixi,p,bot

)

Note that we must have
∑

i αixi,p,top >
∑

i αixi,p,bot, which implies that Tp,top >

Tp,bot. This result is consistent with Zhang and Linninger [169]. Next, using Equations

(5.15) and (5.16), the liquid and vapor compositions at both pinches Z ′2 and Z ′3 can

be easily calculated. And by appropriately defining these streams in Aspen Plus,

we can also obtain the molar entropy value for each stream using Aspen’s IDEAL

thermodynamic model at 1 atm, as shown in Table 7.2.

Table 7.2.
Liquid and vapor compositions at pinches Z ′2 and Z ′3.

Streams Stream composition Molar entropy S
(zA zB zC) (cal/mol K)

Z ′2,vap (0.35918 0.59686 0.04396) -139.5
Z ′2,liq (0.18281 0.69882 0.11837) -165.6
Z ′3,vap (0.54700 0.41690 0.03609) -135.8
Z ′3,liq (0.32233 0.56514 0.11253) -162.8

Now at R = 4.582917 obtained by directly applying Algorithm 1, the liquid and

vapor flows in control volume p are respectively given by Lp = 4.66633 mol/s and

Vp = 3.46633 mol/s. Thus, Sp,top + Sp,bot = 0.2403 cal/Ks > 0. On the other hand,
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since Tp,top > Tp,bot, we have
∑

i αixi,p,top <
∑

i αixi,p,bot. And ∆Ssur = −
∑

j
Qj
Tj

=

1.98720 cal/molK× 3.466333 mol/s× ln 2.6929
3.1178

= −1.0092 cal/Ks. Clearly, ∆Sirr < 0,

which is against the 2nd law of thermodynamics.

In fact, we have the following fact:

Fact 7.1.1 Within an infinite, adiabatic column section that satisfies the CMO as-

sumption, it is thermodynamically infeasible to have a higher temperature pinch above

a lower temperature pinch.

Now the remaining questions are: How do we interpret the composition profile

predicted by Aspen Plus so that neither Fact 7.1.1 nor the two requirements for the

intermediate section would be violated? Also, can such interpretation be successfully

characterized by our method? To answer these questions, we would like to first

introduce the methodology of Koehler et al. [170], which discusses how to calculate

the minimum vapor duty of a simple column when the CRV and/or CMO assumption

are relaxed. The key is to describe the composition profile inside this particular

column section using the concept of reversible distillation.

7.2 Reversible Distillation Model

Consider a simple adiabatic column with infinite stages. The composition profile

within the rectifying and stripping sections can be easily determined by performing

tray-by-tray calculations using the Underwood’s method [19]. The profile will always

terminate at a pinch point, at which liquid and vapor streams reach equilibrium.

For a series of L/V ratios, a series of composition profiles can be obtained. For

example, Figure 7.2 below, which is extracted from Koehler et al. [170], depicts liquid

composition profiles in the stripping section of an adiabatic column for ternary alcohol

separations under five different reboil ratios. The pinch points are numbered in the

order of increasing reboil ratio.

The variation of adiabatic composition profile with respect to reboil ratio can

be easily captured using the Underwood’s method [19]. If we vary the reboil ra-
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Figure 7.2. Illustration of adiabatic and reversible liquid composition
profile for the stripping section in a simple distillation column. This
figure is extracted from Koehler et al. [170].

tio infinitesimally and connect the pinch points associated with these reboil ratios,

we will obtain a smooth path which corresponds to reversible stripping composition

profile. The reversible path, generated by adding infinitesimal heat onto each stage

continuously, consists of all pinch points in scenario of adiabatic distillation. And the

following fact holds:

Fact 7.2.1 The composition profile in a reversible column section under continuously

energy addition or withdrawal exactly corresponds to the pinch point profile obtained

in an adiabatic section, where the same amount of energy is introduced or withdrawn

only at the bottom end.

Clearly, the difference between the reversible column model and the adiabatic col-

umn model lies only in their exergy losses (i.e. distribution of heat addition/removal).
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Therefore, Fact 7.2.1 gives the correct analysis tool to understand the peculiarity as-

sociated with the composition profile in the intermediate column section.

Franklin [161] discusses the use of the Underwood’s method [19] for reversible mul-

ticomponent separation processes. Suppose that heat can be progressively added to

or removed from stages within the separation cascade in such a way that the effective

operating lines continuously follow the equilibrium curve and are only infinitesimally

below it. By doing this, the “no mixing” condition is met on all the plates where

heat addition or removal occurs. Thus, instead of having only one local pinch in the

cascade, each and every stage where heat addition or removal occurs is pinched. For

reversible operation of a simple column, given the feed and distillate specifications,

we start from one of the pinches so that “no mixing” condition becomes valid across

the section of interest.

Let us imagine a scenario under which the distillate product xD contains all com-

ponents present in non-negligible amount. This implies that there exists one and

only one pinch, denoted as (Z1)Rmin
, in the adiabatic rectifying section with infinite

number of stages. If we are interested in the reversible operation of the rectifying sec-

tion, we shall start from (Z1)Rmin
and gradually lower the local V , i.e. lower the local

reflux ratio while fixing di. Each new reflux ratio R corresponds to a new local pinch

(Z1)R. The reversible composition profile in the rectifying section can be obtained by

repeating the process above at continuously decreasing values of local R, followed by

connecting the local pinch points: (Z1)Rmin
→ (Z1)R → ...

Going back to the intermediate section of interest between middle and lower feed

streams. At R = 4.582917, the Z-simplex for the column section following the Under-

wood’s CMO assumption is shown as Z ′1Z
′
2Z
′
3 in Figure 7.1. As discussed above, the

only part of the section which is not thermodynamically infeasible is the one between

Z ′2 and Z ′3. One may then naturally raise the following question: “Is it possible to

construct a continuous composition profile if Z ′2 and Z ′3 actually correspond to the

same pinch point?”
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It turns out that, as we relax the CMO assumption and use the reversible distilla-

tion model for the section, we will eventually be able to form a continuous composition

profile in which Z ′2 and Z ′3 coincide to form only one pinch point within the section.

Also, based on Fact 7.2.1, the minimum vapor duty requirement is unchanged.

To do this, we simply solve Equation (5.13) for the intermediate section. The

component net upward flows are fixed: (d3, d2, d1) = (0.392,−1.192,−0.4). The re-

sulting roots to Equation (5.13), as shown in Figure 7.3, are given by (γ3, γ2, γ1) =

(4.19714, 3.62514, 1.0767). Now, as we relax the CMO assumption, intermediate re-

boilers (IRs) will be placed and heat will be continuously added to section starting

from the original Z ′2. As we further traverse downward along the section, the local

boilup ratio gradually decreases because the cumulative vapor duty generated at the

IRs increases. In terms of Figure 7.3, the reduction of local boilup ratio implies that

the horizontal line decreases. Thus, γ1 and γ2 increases, whereas γ3 decreases. Cor-

respondingly, hyperplanes z2 = 0 and z3 = 0 of the Z-simplex for the intermediate

section will start approaching each other. It will continue as local boilup ratio keeps

decreasing until γ2 = γ3, which means z2 = 0 and z3 = 0 coincide with each other.

Beyond this point, no further reduction in local reboil ratio is possible, so the non-

adiabatic operation section terminates. The bottom reboiler will produce the rest of

the vapor duty required to carry out the separation at R = 4.582917.

In Figure 7.4, we illustrate how the Z-simplex corresponding to the intermediate

section changes as the local boilup ratio gradually decreases. The reversible operation

within the section is achieved using a series of IRs. As we can see, pinch Z ′2 gradually

moves towards X3. And its trajectory follows almost like along the straight line of

z1 = 0 since γ1 changes only a small amount as local V decreases. Therefore, the

composition profile also moves along with the pinch point Z ′2 until it reaches the

horizontal line which is the limiting case when z2 = 0 and z3 = 0 collapse into a

single hyperplane. This marks the end of the non-adiabatic zone. In the adiabatic

zones, namely Zone 1 and Zone 2 shown in Figure 7.5, the CMO assumption strictly

holds.
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γ2γ1 γ3

Figure 7.3. The plot of γ root behavior of Equation (5.13) associated
with the intermediate column section at R = 4.582917.

Figure 7.6 shows the complete composition profile of the entire column at min-

imum reflux. The blue dots are Aspen Plus simulation results, whereas the brown

dots are the results by performing tray-by-tray upward calculation starting from Z3

of the bottom section using the Underwood’s method, i.e. adiabatic Zone 2 shown

in Figure 7.5. It can be readily seen that in Zone 2, Aspen Plus results match with

tray-by-tray calculations results precisely. The termination point of Zone 2 lies on

the degenerate hyperplane z2 = 0 or z3 = 0 when γ2 and γ3 coincide. Beyond this

point, the CMO assumption has to be relaxed in order to carry out the separation.

Finally, it should be emphasized that Rmin value remains unchanged even if we

relax the CMO assumption when needed for some part(s) of the distillation column.

Therefore, Algorithm 1 still remains as a valid approach to determine the minimum

reflux condition for a multi-feed column. Only under the scenario when we need the

precise composition profile should we be worried about potentially relaxing the CMO

assumption for certain column sections.



211

(a) Local vapor duty V = 3.4663̇ (b) Local vapor duty V = 3.465

(c) Local vapor duty V = 3.463 (d) Local vapor duty V = 3.40

(e) Local vapor duty V = 3.35 (f) Local vapor duty V = 3.343

Figure 7.4. The variations of Z-simplex for the intermediate section.
Notice how pinch points Z ′2 and Z ′3 move as local vapor flow decreases.
The green line stands for z2 = z3 = 0 when the section vapor flow
V = 3.342125.
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V

Zone 1

Zone 2

Reversible Zone

Figure 7.5. A schematic diagram for the third column section. No-
tice that the non-adiabatic section is only part of the entire column
section.

7.3 Another Example – A Two-Feed, Two-(Side)Product Column

To conluce the discussion, we would like to consider another example involving

a two-feed, two-(side)product distillation column in which the reversible distillation

model is used to predict its composition profile under minimum reflux operation.

Once again, the feed stream into the distillation column contains hexane, heptane,

and octane, as listed in Table 7.3.

Our method predicts the correct minimum reflux ratio of 2.32464, as compared

to Rmin = 2.39291438 obtained from Aspen Plus (2.85% relative difference). For

any R < Rmin, the liquid composition of the upper sidedraw stream will no longer

satisfy k3,1
∑c

j=1

αjxj,W1

αj−γ3,1 and k3,2
∑c

j=1

αjxj,W1

αj−γ3,2 > 0, indicating that this is the indeed

the minimum reflux ratio. However, if we examine the Z-simplex diagram shown in

Figure 7.8, we realize that the liquid composition profile fail to match well with the

Z-simplex for the intermediate section in between the upper and lower feed streams.
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Figure 7.6. A schematic diagram for the third column section. No-
tice that the non-adiabatic section is only part of the entire column
section.

Table 7.3.
Feed and product specifications for the two-feed, two-(side)product
column example.

Streams Flow rate Net composition Thermal
(mol/s) (zA zB zC) quality

Distillate 70 (0.8499956 0.1500044 trace) 1
Upper sidedraw 40 (0.1922978 0.5248507 0.2828515) 1

Upper feed 100 (0.2 0.3 0.5) 0
Lower feed 100 (0.5 0.4 0.1) 1

Lower sidedraw 50 (0.0561548 0.7701282 0.173717) 0
Bottoms 40 (trace trace 1) 1

To understand this discrepancy, we need to study the composition and temperature

profile of the column, which are shown in Figure 7.7 below.

It can be seen from the temperature profile that there is a temperature inversion in

the section between the upper and lower feed streams. In fact, from the composition

profile as well as the Z-simplex diagram, we can clearly see that this column section
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Liquid composition profile of a two-feed, two-(side)product column
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(a) Liquid composition profile at minimum reflux

Temperature profile of a two-feed, two-(side)product column
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(b) Temperature profile at minimum reflux

Figure 7.7. Composition and temperature profile of the 2-feed, 2-
(side)product column of interest under minimum reflux operation.

is sandwiched in between two pinch zones, with the top one corresponding to Z1

of the second column section and the bottom one corresponding to Z3 of the fourth

section. Thus, according to Fact 7.1.1, it is thermodynamically infeasible to construct

a continuous composition profile that connects these two pinches by strictly following

the CMO assumption. Similar to the discussion above, we relax the CMO assumption

using reversible distillation model by successively reducing the local reflux ratio.
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Figure 7.8. Z-simplex diagram of a two-feed, two-(side)product ex-
ample for reversible distillation analysis. The red, blue, green, purple,
orange, and black dots represent the liquid composition (or equilib-
rium liquid composition if the stream is in vapor state) of distillate,
upper sidedraw, upper feed, lower feed, lower sidedraw, and bottoms
streams, respectively.

Specifically, as the liquid composition reaches Z1 of the second column section

(and we know from earlier discussions that Z1 must lie at the bottom of the section),

the local reflux ratio starts to reduce at infinitesimal rate. This process is illustrated

in Figure 7.9. As the local reflux ratio gets reduced, the Z-simplex for the third

column section “shrinks”, whereas that for the second column section remains more

or less the same. This evolution continues till the point when γ2,2 = γ3,1, at which

the local vapor flow is reduced by 0.05517426. At this point, Figure 5.5 suggests that

normal downward calculation will carry the liquid composition from the bottom of

the second column section to Z2 of the third column section, followed by continuing

from Z2 to pinch Z3 of the fourth column section, which is located at its top.
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(a) Local vapor duty V = 2.32725
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(b) Local vapor duty reduced by 0.03
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(c) Local vapor duty reduced by 0.05
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(d) Local vapor duty reduced by 0.05517426

Figure 7.9. The evolution of Z-simplex as local vapor duty is reduced
starting from Z1 of the second column section (blue triangle). The
local vapor duty is reduced at most by 0.05517426, at which γ2,2 =
γ3,1 = 1.78378.

7.4 Conclusion

In this chapter, we discuss a peculiar three-feed distillation column case in which,

at minimum reflux operation, the liquid composition profile within an intermediate

column section obtained from Aspen Plus simulation does not exactly follow the tra-

jectory predicted by the Z-simplices using the method discussed in Chapters 5 and 6.

We realize that this discrepancy is originated from the CMO assumption that is made
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when constructing the Z-simplex diagram. Under the CMO assumption, the liquid

and vapor flows across different stages remain unchanged within a general column

section. The CMO assumption implicitly implies three inferences: 1) the distillation

column, expect at the reboiler and condenser, is operated adiabatically; 2) the en-

thalpic contributions due to temperature changes are negligible relative to those to

phase change; and 3) all components involved have the same latent heat of vaporiza-

tion, and this value does not vary from stage to stage. Nevertheless, in this particular

three-feed column case, we identify that the CMO assumption does not necessarily

hold true anymore in one of the column sections in which there simultaneously exists

a higher temperature pinch zone that is located above a lower temperature pinch

zone. Therefore, the CMO assumption must be relaxed in this column section. And

part of the column section is not operated adiabatically. In this case, the theory of

reversible distillation is used to model this column section. In reversible distillation,

differential heat exchange between the distillation column and the environment is

allowed in order to ensure that the operation of this section is completely thermody-

namically reversible. We theoretically demonstrate that using reversible distillation

model, the two pinch zones finally collapse into a single pinch zone, thus making the

overall composition profile continuous. We also show that the final minimum reflux

ratio value remains unaltered even if we relax the CMO assumption in one of the col-

umn sections and utilize the reversible distillation model. This fact has been pointed

out by Koehler et al. [170] and Agrawal and Fidkowski [171]. As a result, the validity

of our algorithm developed in Chapters 5 and 6 still hold. In fact, it turns out that

we can use our proposed algorithm to identify exactly where the CMO assumption

needs to be relaxed and how the composition profile behaves when part of the column

is operated reversibly.
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7.5 Future Work – Efficient Use of An Intermediate Reboiler or Condenser for Mul-
ticomponent Distillation

Apart from this direct research finding of how the relaxation of the CMO assump-

tion impacts the composition profile, the analysis approach employed in this chapter

also sheds light on the efficient use of intermediate reboiler (IR) and intermediate

condenser (IC) in multicomponent distillation. It is known that the thermodynamic

efficiency of a distillation column can be improved by using IR and IC. Agrawal and

Herron [116, 117] analyzed the impact of an IR or IC on the efficiency of binary dis-

tillation by performing exergy analysis. The composition of the vapor/liquid stream

that enters the IC/IR can be quickly read off from the McCabe-Thiele diagram, mak-

ing the exergy loss calculation straightforward. However, this luxury no longer exists

once we begin to consider multicomponent systems. As a result, so far we have not

seen any successful attempt in the literature to analytically determine the optimal IR

and IC placement for multicomponent distillation column that maximizes its ther-

modynamic efficiency. Now that we have understood the how the pinch zone evolves

respect to the L/V ratio of the column section, we can model the distillation column

with IR and IC effectively.

Here, we consider a ternary distillation column performing ABC → AB/BC split.

The Z-simplex diagram for this column at minimum reflux without an IR is shown in

Figure 7.10. Suppose we are interested in placing an IR somewhere in the stripping

section of the column. Then, it is possible to place the IR either above or below the

stripping section pinch zone Z2, which is located inside the section as shown in Figure

7.10. If we place the IR below Z2, i.e. the composition of the liquid entering the IR lies

somewhere along the z3 = 0 hyperplane which coincides with x3 = 0 line in Figure

7.10 since component A is absent in the bottoms product [157], then the problem

automatically reduces to the binary case discussed in Agrawal and Herron [116,117].

On the other hand, if we place the IR above Z2 (See Figure 7.11), i.e. the com-

position of the liquid stream entering the IR xI lies on z1 = 0 hyperplane of the

stripping section Z-simplex, it can be easily shown that the liquid composition of
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Figure 7.10. Z-simplex diagram for a distillation column performing
ABC → AB/BC split at minimum reflux. The red, black, and blue
dots represent distillate, feed, and bottoms compositions, respectively.
The stripping section pinch Z ′2 is highlighted.

the two-phase stream leaving the IR, xIR, must still lie on z1 = 0 hyperplane of the

original stripping section Z-simplex. For each xI , there exists an unique xIR which

can be determined by the mass balance around the IR:

xi,I = qIRxi,IR + (1− qIR)
αixi,IR∑
j αjxj,IR

j = 1, 2, 3

in which qIR stands for the liquid fraction of the stream eventually leaving the IR

(See Figure 7.11). Note that yIR is in equilibrium with xIR.

Meanwhile, we need to construct a third Z-simplex for the column section below

the intermediate condenser, as the liquid and vapor flows have been changed. Analo-

gous to the binary case discussed in Agrawal and Herron [116], xIR must be one of the

pinch compositions in the third Z-simplex to maximize the thermodynamic efficiency

of the column. Therefore, the vapor flow composition right below the IR must also



220

𝑍2

ABC

𝐵𝑥𝐵

𝑉𝑦𝐼𝑅
𝐿𝑥𝐼

𝑥𝐼𝑅

𝑦𝐼𝑅

𝑦𝐼𝑅

𝑞𝐼𝑅𝐿𝑥𝐵

𝑉 − 1 − 𝑞𝐼𝑅 𝐿 𝑥𝐵

𝑞𝐼𝑅

BC

𝑍3
′

Figure 7.11. Stripping section of a column in which an IR is placed
above the saddle pinch Z2 higlighted in Figure 7.10. There exists a
new pinch, Z ′3, due to the presence of the IR.

be yIR. In fact, it can be shown that this pinch, denoted as Z ′3, corresponds to the

unstable node pinch by downward calculation as discussed in Chapter 5 as shown in

Figure 7.12. Thus, xIR satisfies:

z′1(xIR) =
3∑
i=1

αixi,IR
αi − γ′1

= 0

z′2(xIR) =
3∑
i=1

αixi,IR
αi − γ′2

= 0

from which γ′1 ∈ (α1, α2) and γ′2 ∈ (α2, α3) can be solved simultaneously. In fact, root

γ′1 associated with the stripping section bpart elow the IR is equal to that associated

with the stripping section part above the IR. Basically, two our of three hyperplanes

forming the Z-simplices of these two parts of the stripping section coincide. Given

this, we can use Equation (5.33) to relate the L/V ratios for these two parts of
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stripping section, from which the vapor duty generated by the IR, (1− qIR)L, can be

determined by solving the following equation:

qIRL

V − (1− qIR)L
=
γ′2
γ2

L

V

where γ2 is obtained by solving Equation (5.13) for stripping section part above the

IR, which is identical to the corresponding root by solving the Underwood’s stripping

section equation [19] assuming that no IR is present, implying that the sum of reboiler

vapor duty remains unchanged by adding the IR.

𝑥𝐼𝑥𝐼𝑅

Z2

Z ′3 =

Figure 7.12. Z-simplex diagram when an IR is placed above the saddle pinch Z2.

The analysis approach presented above can be easily incorporated as an optimiza-

tion problem to identify the optimal placement of IR to maximize the thermodynamic

efficiency of the column. We believe that the extension of this approach to different

splits and other multicomponent systems with four or more components is relatively

straightforward.
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8. MULTICOMPONENT BATCH DISTILLATION MODELING

The first (unconscious) use of distillation dates back to around 3500 BC as the Sume-

rians first applied evaporation and condensation of a liquid to extract essential oils

from herbs [172]. Since then, batch distillation remained as the primary chemical

separation unit operation until 1800 when the first continuously working distillation

column was invented and patented [1]. Since then, there has been a shift from batch

to continuous distillation operation, starting from the petrochemical industry and

slowly diffused to all areas of large-scale industries. However, small-scale, specialty

chemical, and pharmaceutical industries still use batch distillation process even to

this day. The goal of this section is to present a simple, easy-to-implement mathe-

matical model for describing batch distillation processes separating ideal or near-ideal

multicomponent mixtures.

8.1 Why Batch Distillation?

Batch distillation is superior compared to continuous distillation when it comes to

the separation of small-scale, high-value-added chemicals [1]. Batch distillation is also

frequently used due to its flexibility when small quantities of chemicals need to han-

dled in seasonally scheduled periods or when the feed specifications change from time

to time. Such flexibility makes batch distillation easier in dealing with uncertainties

in feed stock and/or product specifications. Furthermore, unlike continuous distilla-

tion, one can easily handle several different mixtures just by switching the column’s

operating conditions when batch distillation system is used. Also, batch distillation

requires far less capital cost for separating chemicals with relatively high purities. For

multicomponent mixture separation, continuous distillation generally requires a series

of columns to achieve the desired high purities of components, whereas batch distil-
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lation only needs one single column or far less than c − 1 columns for c-component

separation, as a result of its transient nature as well as high flexibility.

The transient nature of batch distillation also allows us to configure the column in

a number of ways. The most commonly used batch distillation column has a reboiler

at the bottom and a condenser at the top, which essentially performs rectification.

Also, instead of collecting the distillation product in a single pot, several different

cuts can be obtained individually by placing several collecting pots. Some cuts may

be desired and others might be intermediate cuts, which can then be recycled to

minimize waste. On the other hand, the possibility of having multiple multi-fraction

operation and recycle schemes also contributes to the complexity of batch distillation

configurations. For example, one can use the so called batch stripping column where

the liquid feed is initially charged into the top. And the combination of rectifying col-

umn and stripping column gives the yet another batch distillation configuration called

the middle vessel column [173]. Later, Skogestad et al. [174] adapted the concept of

multi-effect batch distillation and developed a new configuration called a multi-vessel

column. Accounting for these multiplicities, one can intuitively realize that the num-

ber of possible column configurations grows rapidly. Next, we will describe the basic

operating modes of conventional batch distillation column.

8.1.1 Operating Modes of Batch Distillation

During a normal batch distillation practice, after a period of total reflux operation,

the distillate is continuously withdrawn, making it a non-steady-state process [175].

A conventional batch column can be operated under the following operating modes:

1. Constant reflux and variable product composition

2. Variable reflux and constant product composition of the key component

3. Optimal reflux and optimal product composition

Under Constant Reflux (CR) mode, the instantaneous composition of the dis-

tillate keeps changing. On the other hand, under Variable Reflux (VR) mode, the
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composition of the key component in the distillate can be kept constant by increasing

the reflux ratio. The third type of operation, known as Optimal Reflux (OR), lies

somewhere between the first two operating modes and is usually based on certain ob-

jectives (e.g. shortest processing time, maximum profit, minimum waste generation).

The calculation for this operating policy is rather difficult and relies on optimal con-

trol theory. Figure 8.1 below shows the comparison of these three operating modes

for a batch rectification column separating a binary mixture. One can clearly see

that the OR mode is essentially a trade-off between CR mode and VR mode. In this

section, we will focus on developing mathematical models for CR and VR modes.

Figure 8.1. Three operating modes of batch rectification column. This
figure is extracted from Korovessi and Linninger [175].

8.2 Shortcut Model for Batch Distillation Columns

As we know, rigorous modeling of batch distillation operation involves simultane-

ously solving a system of differential equations for each and every tray. The compu-

tational time and memory requirement for solving the problem increases drastically
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with increasing number of stages and components. This poses theoretical as well as

practical urge to develop a robust shortcut model for batch distillation operation.

Most of the existing shortcut based methods employ the same underlying assump-

tions of the Underwood’s method [87, 176, 177]. These authors simplified the batch

distillation column model by treating it as a continuous distillation column with

varying feed. In their proposed algorithms, the minimum number of stages and the

minimum reflux ratio are first determined using Fenske’s equation [85] and Under-

wood’s method [19], respectively. Then, these results are substituted into Gilliland’s

correlation [92] to obtain the actual number of stages and the actual reflux ratio. In

other words, these methods rely on the so called Fenske-Underwood-Gilliland (FUG)

relationship to arrive at a converged solution. However, as pointed out by Salomone

et al. [177], the FUG relationship for continuous distillation can be very different

from that for batch distillation. Also, the FUG relationship is highly nonlinear and

iterative in nature, which poses unnecessary computational burden onto the solver.

Directly applying the FUG relationship onto modeling batch columns may lead to

significant error and inferior design. In this section, we attempt to propose a shortcut

based method to model batch distillation columns that directly calculates the actual

number of stages without needing the FUG relationship. This method is based on

direct determination of liquid composition leaving any stage using the Underwood’s

method [19]. Thus, it is expected that this approach would give more robust and

accurate results than most of the existing algorithms.

8.2.1 Constant Reflux Mode

Assuming negligible liquid and vapor holdup, the overall and component material

balance for a batch distillation column can be written as:

dB

dt
= −D

d(Bxi,B)

dt
= −Dxi,D
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from which we can easily get:

Bdxi,B + xi,BdB = xi,DdB

or in other words,

dxi,B = (xi,D − xi,B)
dB

B
∀i = 1, · · · , c (8.1)

from which one can integrate and get:

∫ xi,B

xi,B0

dxi,B
xi,D − xi,B

= ln(B/B0) ∀i = 1, · · · , c (8.2)

where B = B(t) is the amount of material remaining in the still, and B0 is the

amount of material in the feed at t = 0. Equation (8.2) was originally derived for

binary simple distillation by Rayleigh [178]. To solve Equation (8.1), Sundaram and

Evans [87] considered a time step of δt and approximated dxi,B and dB with xnewi,B −xoldi,B
and Bnew −Bold = −Dδt, respectively:

xnewi,B = xoldi,B − (xoldi,D − xoldi,B)
D

Bold
δt (8.3)

At the beginning of the distillation (t = 0), xoldi,B = xi,B0 and Bold = B0. To calcu-

late xoldi,D, recall that most batch distillation process starts with total reflux operation

mode. If we again assume for now that each stage has negligible holdup, we can

directly use the Fenske equation to solve for xoldi,D at t = 0 given xi,B0 :

xoldi,D
xoldc,D

=
(αi
αc

)N xi,B0

xc,B0

∀i = 1, · · · , c− 1

c∑
i=1

xoldi,D = 1

where N is the number of stages in the distillation column. As we can see, the

assumption of negligible liquid and vapor holdup leads to great simplification of the
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mathematical model that describes the batch column in operation. However, using

finite difference method to predict the distillate composition at any time in operation,

it is important for us to accurately determine the initial condition of xoldi,D at t = 0,

as the accuracy of subsequent calculations highly depends on the accuracy of the

starting point. As a result, it is actually not a good idea to use the negligible holdup

assumption for initial condition determination. Instead, we may assume that each

stage has a constant liquid holdup H. Therefore, at t = 0, we have:

B0xi,B0 = H(xoldi,1 + · · ·+ xoldi,N) + (B0 −NH)xoldi,B i = 1, · · · , c (8.4)

in which the stage is numbered from top to bottom. Now, writing down the Fenske

equation for every component i and every stage j, we have:

xoldc,j = xold1,jα
N−j+1
c

xoldc,B
xold1,B

xoldc−1,j = xold1,jα
N−j+1
c−1

xoldc−1,B
xold1,B

...

xold1,j = xold1,j

j = 1, · · · , N (8.5)

Adding all equalities in Equation (8.5), one can express xoldi,j all in terms of still

compositions xoldi,B:

xold1,j =
1

1 + αN−j+1
2

xold2,B

xold1,B
+ · · ·+ αN−j+1

c
xoldc,B
xold1,B

xold1,j =
αN−j+1
2

xold2,B

xold1,B

1 + αN−j+1
2

xold2,B

xold1,B
+ · · ·+ αN−j+1

c
xoldc,B
xold1,B

...

xoldc,j =
αN−j+1
c

xoldc,B
xold1,B

1 + αN−j+1
2

xold2,B

xold1,B
+ · · ·+ αN−j+1

c
xoldc,B
xold1,B

j = 1, · · · , N (8.6)
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Substituting the results of Equation (8.6), for all j = 1, · · · , N , into the mass

balance of Equation (8.4) at t = 0 leads to c nonlinear equations with c unknowns,

xoldi,B ∀i = 1, · · · , c, from which one can solve for the liquid composition remaining

in the still numerically. Although these equations are highly nonlinear, they do not

contribute to the complexity of the global optimization algorithm if the starting point

is not a decision variable to the optimization framework.

Next, to relate xi,B and xi,D at any time instance t > 0, one could develop a

model to describe the dynamic behavior within the batch column using shock wave

theory. In fact, Nandakumar and Andres [162] and Wachter et al. [149] have come up

with such a model for continuous distillation column capturing its transient behavior

when a step change in operating condition (e.g. feed composition, liquid and vapor

flow). Although such a model can yield very accurate predictions, it can be quite

computationally challenging to be implemented in a global optimization algorithm.

Moreover, it seems like such a model over-complicates the problem without offering

much extra benefit. The reason is because in a typical batch distillation column, the

still composition changes continuously at a relative slow rate. It’s rare to observe

a step change in operating conditions. Also, in batch distillation column, the stage

dynamics are generally significantly faster than the reboiler dynamics due to relatively

small stage holdups [175]. As a result, we believe that a batch distillation process can

be modeled as a countinuous countercurrent mass exchanger with feed changing at

any instant. In other words, there are two levels in the modeling hierarchy: (a) the

reboiler, where the dynamics are slower, can be represented by differential equations,

and (b) the rest of the column can be approximated to be at quasi-steady state. This

is known as the “semi-rigorous model” for batch distillation [179].

Under the quasi-steady state approximation, we can relate xi,D with xi,B at any

instance using Equation (5.17). To do so, let N be the number of stages in the
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column. And suppose, for the sake of this analysis, that all components are present

in the distillate product. Then, we have:

zi,0
z1,0

=
( γi
γ1

)N zi,N
z1,N

= 1 ∀i = 2, · · · , c

As a result, it must be true that the still composition satisfies:

γNi

c∑
j=1

αjxj,B
αj − γi

= γN1

c∑
j=1

αjxj,B
αj − γ1

∀i = 2, · · · , c (8.7)

where in both forms the Underwood roots satisfy Equation (5.13). After substituting

xnewi,B into the relationships above, we end up with a total of c − 1 independent un-

knowns, namely d2, · · · , dc. As far as we know, despite its simplicity, this relationship

has not yet been developed for characterizing batch distillation columns. We can

simultaneously solve these equations numerically.

Here, we provide a good initial guess for di. From the overall mass balance, we

can write:

Boldxoldi,B −Bnewxnewi,B = D

∫ tnew

told

xi,Ddt = Dxavei,Dδt

and assuming that xavei,D is the arithmetic average of xoldi,D and xnewi,D , i.e. the integral is

approximated using trapezoid rule. Therefore, we would have:

(xnewi,D )init = 2xavei,D − xoldi,D = 2(Boldxoldi,B −Bnewxnewi,B )/Dδt− xoldi,D

For minimum reflux calculations, since all c components will be present in the

distillate during normal operation of batch distillation, there would exist a pinch

corresponding to Z1 at the bottom of the column when the number of stages in the

column approaches to infinity. Recall from the proof of Proposition 5.4.2 stated in

Chapter 5 that γi ∈ (αi, αi+1) of Equation (5.13) satisfy fn(x) = 0 for i = 2, · · · , c.
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Moreover, these roots must also satisfy F2(x) =
∑c

i=1

αiv
′
i,0

αi−x − V = xf0(x) = 0. As a

result, we have, at any time instance:

c∑
i=1

αixi,B
αi − γj

= 0 ∀j = 2, · · · , c (8.8)

A similar expression has also been pointed out by Diwekar [179], Diwekar and

Madhavan [176], Barolo and Guarise [180], Salomone et al. [177] and many others

in which an analogy was drawn between batch distillation column and the rectifying

section of a continuous distillation column. These authors then proposed a modified

version of Equation (5.41) by substituting q = 1. However, the logic behind this

analogy is not accurate as Underwood’s feed equation is a natural consequence of

vapor balance around the feed stage when the two column sections sandwiching the

feed all have infinite number of stages. Therefore, we should not draw such an analogy

even though a similar expression as Equation (8.8) can be obtained. Instead, we

believe that our analysis approach offers the correct reasoning behind the derivation

of Equation (8.8).

Solving for these c − 1 roots of γ allows us to establish the linear system from

which one can obtain distillate composition:
α1

α1−γ2 · · ·
αc

αc−γ2
...

. . .
...

α1

α1−γc · · ·
αc

αc−γc

1 · · · 1



d1
...

dc

 =


V
...

V

D

 (8.9)

If the distillate composition is known, then Equation (8.9) can be used to solve

for the vapor flow V which in turn gives the minimum reflux ratio. On the other

hand, if the vapor flow is known, then solving this linear system gives the distillate

component distribution corresponding to minimum reflux condition.
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8.2.2 Variable Reflux Mode

Next, let us examine the case when the column operates at VR mode. Diwekar

and Madhavan [176] considered two sub-cases for this situation: (1) Constant dis-

tillate composition for all components; (2) Constant distillate composition for the

key component as reference. By examining two examples, they found that the first

case was not strictly valid, i.e. it is impossible to fix the distillate composition for

more than one component by varying reflux. This can also been seen by performing

a degree of freedom analysis. Therefore, we will focus on the second sub-case for the

remaining discussion on VR mode.

Although the choice of reference component is arbitrary, it is always more con-

venient to consider the lightest component that’s present in infinitesimal amount in

the distillate product as the key component. If all components are present in non-

negligible amount in the distillate, then we generally fix the distillate composition for

the heaviest component to be of constant value. Thus, we need to examine two cases.

If all components are present in the distillate, and suppose x1,D and the total

distillate flow are fixed, then Equation (8.3) can be used to approximate xnew1,B at any

time instance:

xnew1,B = xold1,B +
Dδtxold1,B − d1

Bold

Now, the variation of other components with respect to component 1 is given by

simply:

xnewi,B = xnewi,D −
x1,D − xnew1,B

x1,D − x1,B0

(xnewi,D − xi,B0) ∀i = 2, · · · , c

Substituting xnew1,B into the relationship above allows us to relate xnewi,B with xnewi,D . On

the other hand, Equation (8.7) gives another set of relationships between xnewi,B with

xnewi,D . Together with Equation (5.13), one can solve for the distillate composition as

well as the vapor flow at that particular time instance.

In the second case, suppose x1,D, · · · , xk,D = 0. Thus, component k is selected

as the key component. Previous analysis based on Z-simplex demonstrates that
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this implies that the distillate composition xD must always satisfy the hyperplanes

z1, · · · , zk = 0. Thus, Equation (8.7) needs to be rewritten as:

zi,0
zk+1,0

=
( γi
γk+1

)N zi,n
zk+1,n

= 1 ∀i = k + 2, · · · , c

which further leads to:

γNi

c∑
j=1

αjxj,B
αj − γi

= γNk+1

c∑
j=1

αjxj,B
αj − γk+1

∀i = k + 2, · · · , c

Along with Equation (5.13) for γj ∈ (αj−1, αj) when j = k + 1, · · · , c, we have

enough independent equations to solve for the distillate composition and the vapor

flow at any time instance.

8.3 Conclusion and Future Work

In this chapter, we study the mathematical modeling of multicomponent batch

distillation with the aid of the tools developed in Chapter 5. We considered two major

operating modes, namely the CR mode and VR mode, and attempted to construct

the model for both modes. It turns out that the model developed in Chapter 5 can

be applied to yield more accurate predictions to the composition profile compared to

existing models available in the literature even for batch distillation columns.

In the next phase, we will continue this ongoing work by focusing on two aspects.

First, we need to understand the impact of liquid holdup and incorporate it into our

model in a more accurate manner. This is necessary because under certain circum-

stances, liquid holdup plays an important role in the design and operation of batch

columns [181] and dynamic behavior of batch columns can no longer be neglected.

Diwekar [179] categorized the holdup effect into two forms, namely the dynamic “fly-

wheel effect” and the steady state “capacitance effect”. The flywheel effect can be

characterized by the time constant τ = column holdup/(RD × D). Diwekar and

Madhavan [176] showed that the shortcut method results agreed well with the results
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obtained for small τ . However, for large τ (large holdup and small reflux ratio), the

initial part of the composition profile for the more volatile component showed a grad-

ual change for rigorous simulations, whereas the shortcut method predicted a sharp

drop in the composition. As a result, the shortcut method needs to be modified to

account for the flywheel effect for the state variables that exhibit dominant dynamic

characteristics.

In a batch distillation column, the input variable that changes significantly is

the reflux ratio. Thus, Diwekar and Madhavan [176] suggested a lumped dynamic

to be incorporated at the top of the column. A quasi-steady-state approximation

was then assumed for the remaining part of the column, as the composition changes

were slower in this part of the column. The shortcut based method can be used for

that section of the column. In other words, the modified shortcut based method uses

dynamic model for condenser and the first stage (the sensitive stage), but conventional

shortcut method for the rest of the column. At each time instance, the shortcut based

method uses the composition predicted by the dynamic model at the top. As shown

by Diwekar and Madhavan [176], incorporating the dynamic effect in the modified

shortcut based model offers much closer prediction compared to rigorous simulation

results.

The capacitance effect is observed at the end of initial total reflux operation when

the given charge distributes itself throughout the column. It accounts for the steady

state difference of liquid composition on a tray when the holdup of liquid on the

tray changes. As suggested by Diwekar [179], it is associated with the equilibration

time which is defined as the time required to reach equilibrium at total reflux. The

shortcut based method presented earlier assumes instance equilibrium during total

reflux operation, which may or may not be an accurate assumption for real cases.

Once a more accurate shortcut model is developed, we will work on the second

aspect by incorporating this model into a global optimization algorithm to identify

the optimal batch distillation configuration and its corresponding optimal design pa-

rameters. This requires us to first formulate a superstructure to include all possible
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multicomponent batch distillation schemes. As far as we know, this is still an open

problem. Once the complete superstructure of batch configurations is formulated, we

will develop an enumeration based global optimization algorithm to efficiently and ro-

bustly evaluate all possible schemes. We will implement tight relaxations and bounds

for the constraints and variables in the optimization model, as well as adding redun-

dant constraints that are helpful to the relaxation of the problem. We intend to adopt

the enumeration based approach rather than proposing an MINLP framework mainly

because the search space of batch distillation configurations might be much smaller

compared to that of continuous distillation configurations when certain restrictions on

the search space are employed. Therefore, solving a single but more complex MINLP

problem might not offer much computational time benefit than solving a system of

less complex optimization problems. Of course, the choice of optimization problem

type is subject to many other factors, all of which need to be carefully addressed in

our future work.
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9. SUMMARY

Distillation is the primary separation process that is ubiquitous in the chemical indus-

try. This predominant position for distillation is unlikely to alter in the near future.

Therefore, even small improvements to the current industrial practices of conducting

distillation can generate huge economical and environmental impact. Despite be-

ing misunderstood as a “mature” technology or simply a “dead field”, we find out

that, using novel mathematical modeling and global optimization approaches as well

as systematic process intensification strategies, a number of compact, easy-to-operate

multicomponent distillation configurations that can save up to 50% of capital and op-

erating costs compared to conventional distillation schemes can be identified within

a short amount of time. Such significant room for improvement has proven that

distillation is still a young research field and is full of breakthrough opportunities.

In this thesis, we explore several aspects of multicomponent distillation by fol-

lowing a three-level research approach as shown in Figure 9.1. In the bottom level,

we are interested in developing a shortcut based mathematical model to characterize

a general multi-feed, multi-product distillation column and calculate its minimum

reflux ratio for a given separation task. This is important as MFMP columns have

been widely used in various industrial applications and are common in many multi-

component distillation configurations. At the same time, the minimum reflux ratio

is a key parameter in the design and operation of distillation columns. For nearly

80 years, a number of methods have been proposed to calculate the minimum reflux

ratio of an MFMP column accurately and efficiently. However, these methods either

rely on several simplifying assumptions, some of which turn out to be incorrect, or

require rigorous tray-by-tray calculations, which are computationally expansive and

often infeasible to be implemented for large scale problems. In Chapter 6, for the
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Figure 9.1. Hierarchy of the three-level research approach.

first time we develop a simple, easy-to-use shortcut based approach to solve this

longstanding challenge in chemical engineering. This approach starts from realizing

the fact that the smallest unit in a MFMP column is a general column section. Thus,

in the first step, we devote ourselves in developing the accurate mathematical model

to characterize a general column section in a MFMP column. Then, we explore the

mathematical and physical properties of this model when the general column sec-

tion is pinched by taking the number of stages to infinity. Finally, we stack these

infinite column sections back to form the original MFMP column, and derive simple

mathematical constraints corresponding to minimum reflux operation of the MFMP

column. In Chapter 6, we demonstrate the use of this method under two scenarios.

If the feed and product specifications are known to us, then our proposed algorithm

becomes completely algebraic and can be directly solved by hand. In this case, this

method is as easy-to-use as the McCabe-Thiele method for binary distillation or the

classic Underwood’s method [19] for solving simple columns. However, this method
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can be applied to any MFMP column, whereas the Underwood’s method can only

be applied for simple columns. In the second scenario in which the product distribu-

tion is unknown to us, our method can be formulated as a mixed-integer nonlinear

program (MINLP). The MINLP is used to determine the minimum reflux ratio and

its corresponding optimal product distribution while satisfying all user specifications.

This MINLP can also be easily incorporated into a global optimization framework to

solve an entire configuration or even the entire search space of configurations.

In Chapters 6, 7 and 8, we show that our modeling approach for distillation

columns is not just limited to calculating their minimum reflux conditions. Instead,

it can also be Incorporated into the global optimization framework to optimize an

entire distillation configuration. Moreover, it can be utilized to model and understand

many important applications in distillation, such as intermediate reboiler/condenser

in multicomponent distillation, reversible distillation, and batch distillation, as well

as separation processes other than distillation, including liquid-liquid extraction and

absorption processes.

Once we fully understand the physics and mathematics behind a single distillation

column, we move up to the intermediate level by focusing on the global optimization

of distillation configuration search space synthesized by the SA method [7]. Due to

the humongous size of distillation configuration search space, one must rely on formu-

lating an optimization problem to consider and solve all configurations in the search

space in a timely manner in order to identify the global optimal configuration for a

separation task. However, current optimization algorithms in the literature possess

several drawbacks and often cannot guarantee global optimality. In the earlier work

of Nallasivam et al. [34], we developed the first enumeration based global optimization

algorithm named the GMA for minimizing the total reboiler vapor duty requirement

of any basic or TC configuration. The GMA formulates a nonlinear program (NLP)

for each and every configuration in the search space and solves it to global optimality

within a matter of seconds. In this thesis, we continue this work by developing the first

global optimization algorithm for minimizing the total cost (GMAC, in Chapter 3)
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and total exergy loss (GMAE, in Chapter 4) of a distillation configuration. We explain

why these two objectives are of importance to process engineers and how to formulate

the corresponding optimization problems. For the first time in the literature, both

the GMAC and the GMAE frameworks guarantee global optimality. In particular,

the GMAE is the first available global optimization algorithm devoted to maximize

the thermodynamic efficiency of a multicomponent distillation configuration. This

powerful tool not only allows industrial practitioners to identify thermodynamically

efficient configurations, but also opens up many exiting opportunities that people

may consider, such as heat pump assisted distillation, double-effect distillation, etc.

Finally, through case studies, we generate insightful heuristics and guidelines for de-

signing new attractive configurations as well as retrofitting existing ones to enhance

their efficiency and cost-effectiveness.

Finally, all methods and algorithms developed at the bottom and the intermediate

levels converge to the highest level in the conceptual design of multicomponent dis-

tillation systems using process intensification. PI is an emerging concept in chemical

engineering which describes the design innovations that lead to significant shrink in

size and dramatic boost in efficiency in a process plant. In the context of multicompo-

nent distillation, we define PI as the innovative process synthesis strategies leading to

minimizing the number of pieces of equipment as well as total cost while maintaining

high efficiency. In Chapter 2, we introduce the first systematic, multi-layer approach

for performing PI in multicomponent distillation. For the first time, industrial prac-

titioners have an easy-to-follow yet powerful recipe to conduct PI in multicomponent

distillation. We point out that the central element in this PI methodology lies in the

strategic introduction of thermal couplings to selectively eliminate reboilers and/or

condensers associated with certain submixture locations in a distillation configura-

tion. To some extent, it serves as the “catalyst” in the overall process of PI, without

which other PI strategies will not be possible. To identify useful thermal couplings

that offer the maximum energy and cost savings while minimizing the incurred exergy

loss, we need to rely on global optimization algorithms developed at the intermediate
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level as the guiding star. This shows that this three-level research approach as shown

in Figure 9.1 are closely interconnected.

Overall, through a three-level approach consisting of mathematical modeling,

global optimization, and process intensification, we have redefined the field of mul-

ticomponent distillation in this thesis. We show that distillation is far from being

a “mature” technology, even from a conceptual design perspective. For any non-

azeotropic multicomponent separation, configurations that can show significant en-

ergy and cost savings compared to current industrially implemented configurations

are highly likely to exist and can be systematically identified using our systematic

approach. In summary, the future of multicomponent distillation research is still

bright.
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A. EXAMPLE MINLP FORMULATION FOR MINIMUM REBOILER DUTY

CALCULATION

We provide the objective function equation and all the constraint equations for the

configuration shown in Figure 6.2a.

Objective function

minimize V4

Constraints

1. Mass balance equations:

fi,1 + fi,2 = wi,1 + di,1 − di,4 ∀i = 1, · · · , 4

di,2 = di,1 − fi,1; di,3 = di,2 + wi,1; di,4 = di,3 − fi,2 ∀i = 1, · · · , 4

f4,1 = d4,1; f1,2 = −d1,4

F1 =
4∑
i=1

fi,1; F2 =
4∑
i=1

fi,2; W1 =
4∑
i=1

wi,1

2. Vapor and liquid balances in each column section:

Vj − Lj =
4∑
i=1

di,j ∀j = 1, · · · , 4

F1 = VF1 + LF1 ; F2 = VF2 + LF2 ; W1 = VW1 + LW1

V1 = V2 + VF1 ; V2 = V3 + VW1 ; V3 = V4 + VF2
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2. Vapor duty calculation for each column section using Equation (5.13):

V1 =
4∑
i=1

αidi,k
αi − γ4,1

V1 =
4∑
i=1

αidi,k
αi − γ3,1

V2(α3 − γ3,2) = α2d2,2 − (α2 − α3)
α2d2,2
α2 − γ3,2

+ α3d3,2

V2 =
4∑
i=1

αidi,k
αi − γ2,2

V3(α2 − γ2,3) = α2d2,3 − (α3 − α2)
α3d3,3
α3 − γ2,3

+ α3d3,3

V3 =
4∑
i=1

αidi,k
αi − γ3,3

V4 =
4∑
i=1

αidi,k
αi − γ1,4

V4 =
4∑
i=1

αidi,k
αi − γ2,4

3. Defining equation for the sidedraw stream W1, i.e. Equation (5.43):

VW1 =
4∑
i=1

αiwi,1
αi − θj,W1

∀j = 1, · · · , 4

4. Bounds on γi,j and θi,W1 variables:

γ1,1 = α1; γ2,1 = α2; γ3,1 ∈ (α2, α3); γ4,1 ∈ (α3, α4)

γ1,2 = α1; γ2,2 ∈ (α2, α3); γ3,2 ∈ (α2, α4); γ4,2 = α4

γ1,3 = α1; γ2,3 ∈ (α1, α3); γ3,3 ∈ (α2, α3); γ4,3 = α4

γ1,4 ∈ (α1, α2); γ2,4 ∈ (α2, α3); γ3,4 = α3; γ4,4 = α4

θi,W1 ∈ (αi, αi+1) ∀i = 1, · · · , 3
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5. Definition of binary variable µ:

µ2,2, µ3,2, µ1,3, µ2,3 ∈ {0, 1}

µ2,2 + µ3,2 = 1; µ1,3 + µ2,3 = 1

6. Necessary and sufficient constraints on γi,j to ensure feasible separation, which

correspond to Equations (6.4) and (6.5):

α2µ2,2 + α3µ3,2 ≤ γ3,2 ≤ α3µ2,2 + α4µ3,2

α1µ1,3 + α2µ2,3 ≤ γ2,3 ≤ α2µ1,3 + α3µ2,3

γ2,1 ≥ γ1,2; γ3,1 ≥ γ2,2; (1− µ2,2)(γ4,1 − γ3,2) ≥ 0

µ1,3(γ2,3 − γ1,2) ≥ 0; γ3,3 ≥ γ2,2; (1− µ2,2)(γ4,3 − γ3,2) ≥ 0

µ1,3(γ2,3 − γ1,4) ≥ 0; γ3,3 ≥ γ2,4; γ4,3 ≥ γ3,4

θ2,W1 ∈ (α2, α3); µ2,2(γ3,2 − θ2,W1) ≥ 0; γ2,2 ≤ θ2,W1

γ3,3 ≥ θ2,W1 ; (1− µ1,3)(γ2,3 − θ2,W1) ≤ 0



256

VITA

Zheyu Jiang was born to Liliang Jiang and Jufang Shen in Nanjing, China on Au-

gust 9, 1991. He moved to Guangzhou, China in 1993 and grew up there. He received

his education from Guangzhou Shihua Primary School (1998 to 2004), Guangzhou

No.86 Middle School (2004 to 2007), and Guangdong Experimental High School (2007

to 2010) before leaving for his undergraduate studies in the United States. He received

his B.ChE. degree (with distinction and Honors) from the University of Minneosta in

May 2014. He subsequently joined Purdue University in August 2014, working with

Professor Rakesh Agrawal towards this thesis. Zheyu will graduate with a Ph.D.

in chemical engineering from Purdue University in October 2018. Upon graduation,

Zheyu is joining Corteva Agriscience, the agriculture division of DowDuPont, starting

as a senior chemical engineer.


