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ABSTRACT

Hou, Xiaodong Ph.D., Purdue University, May 2019. Distributed Solutions for a Class of
Multi-agent Optimization Problems. Major Professor: Jianghai Hu.

Distributed optimization over multi-agent networks has become an increasingly popular
research topic as it incorporates many applications from various areas such as consensus
optimization, distributed control, network resource allocation, large scale machine learning,
etc. Parallel distributed solution algorithms are highly desirable as they are more scalable,
more robust against agent failure, align more naturally with either underlying agent network
topology or big-data parallel computing framework. In this dissertation, we consider a
multi-agent optimization formulation where the global objective function is the summation
of individual local objective functions with respect to local agents’ decision variables
of different dimensions, and the constraints include both local private constraints and
shared coupling constraints. Employing and extending tools from the monotone operator
theory (including resolvent operator, operator splitting, etc.) and fixed point iteration of
nonexpansive, averaged operators, a series of distributed solution approaches are proposed,
which are all iterative algorithms that rely on parallel agent level local updates and inter-
agent coordination. Some of the algorithms require synchronizations across all agents
for information exchange during each iteration while others allow asynchrony and delays.
The algorithms’ convergence to an optimal solution if one exists are established by first
characterizing them as fixed point iterations of certain averaged operators under certain
carefully designed norms, then showing that the fixed point sets of these averaged operators
are exactly the optimal solution set of the original multi-agent optimization problem. The
effectiveness and performances of the proposed algorithms are demonstrated and compared

through several numerical examples.



1. INTRODUCTION

1.1 Background and Review

There has been an increasing interest in the analysis and optimization over large-scale
networks, which usually consist of multiple entities, or agents, with different local objectives.
Some examples include sensor networks [52], cooperative multi-vehicle system [74], smart
grid networks [4], social networks [79], etc. In such a large-scale network, each agent
either has partial knowledge of the global system, or is responsible for making partial
decision for the whole network. The goal of multi-agent optimization is to achieve optimal
operating points, decision variables or network equilibrium in terms of certain global
objective function, though the coordination of agents with limited information exchange.

Due to the topology of such networks, distributed algorithms naturally draw a tremen-
dous amount of interest [16]. Centralized solution methods not only require the aggregate
of all local variables to a central computation unit, which may lead to significant amount
of communication and possible privacy issues since local variables of all agents are passed
along the agent networks, but are also sensitive to subsystem failures. Distributed solution
algorithms on the other hand: 1) are often more computationally efficient because it allo-
cates a global optimization task to multiple local agents; 2) require less communication as
agents often only need to communicate with immediate neighbors for the purpose of coor-
dination and information propagation; 3) and are more scalable and resilient to subsystem
failure. Many distributed optimization algorithms have been proposed and studied in the

literature, we will give a brief review based on problems studied and methodologies used.

Consensus Optimization over Agent Networks This type of problems dates back to
[88], in which all the agents share the same objective function. In a multi-agent network

consisting of L agents over certain (possibly time-varying) communication topology, the



global objective is that the L agents work cooperatively to minimize Zle fi(z), where
x € R", and f; : R" — R U {400} is the part of the global objective function that is only
known to agent 7. These approaches often use consensus models/protocols with doubly
stochastic matrix for the “weighted-averaging” of local variables with their immediate
neighbors. [57, 63, 64] are the first works to study this problem. An extension to the case
of quantized messages was investigated in [62]. Implementations over random networks
were studied in [55]. In some other formulations [65], each agent has an additional private
constraint set X; that is only known to itself, and the global optimization problem is

L
minimize Z fi(zx)
x

i=1

L
subjectto z € X = ﬂXZ-.
=1

This problem is called constrained consensus optimization. [50] proposed a randomized
synchronous algorithm over time-varying graphs while [51] proposed a gossip-based (one
egde activated at one time) asynchronous algorithm over a time-invariant graph. Cases with
communication delays and nonidentical constraints were considered in [54, 92]. In addition,
state-dependent communication was studied in [56]. In [101], additional global equality and
inequality constraints were added to the above formulation, and two distributed primal-dual
subgradient algorithms were developed for cases where only equality or inequality constraint
is present, respectively; then, the algorithms were extended to nonconvex problems in [102].
Notice that for all the problems and studies in this category, each agent is trying to determine
the same global decision variable, a common technique is to create a copy of the global
decision variable for each agent, and at the end of the optimization process, all agents must
reach consensus on the global decision variable. Apparently, all the local decision variables
of different agents have the same dimension, and no explicit couplings between different

agents are considered in this formulation.

Distributed Solutions to Convex Feasibility Problems In particular, if f;(z) = ¢ for
some constant ¢, the constrained consensus optimization problem becomes the convex

feasibility problem [7, 20], where the objective is to find a common feasible point in the



intersection of a group of convex sets X;. The convex feasibility problem is the abstraction
of many classes of problems arising in e.g., image recovery [20], sensor network localization
[13, 42], etc. Convex feasibility problems have been studied extensively in the literature.
One important subclass of problems is distributed solutions to linear [61, 82, 3] or nonlinear
[32, 31] equations. In [17, 2] convex feasibility problems are cast as the common fixed point
problem of a family of nonexpansive operators, for which block iterative type algorithms
were developed. Recently, synchronous as well as randomized distributed algorithms were
proposed in [97] based on paracontraction operator for convex feasibility problems with

sparsely coupled constraints.

Distributed Nonconvex Multi-agent Optimization For many applications in big data
and machine learning, such as nonlinear least square, dictionary learning, matrix comple-
tion, and low rank approximation [47], global or local objective functions often turn out to
be nonconvex. Random gossip protocol was combined with distributed stochastic projection
algorithm in [12] to solve min,¢x Zle fi(z) where X is a convex set known to all agents
and f;’s are nonconvex functions private to agent ’s. A randomly perturbed push-sum gra-
dient algorithm with diminishing step-size was proposed in [87] to unconstrained problem
min 327 | fi(z). A more general formulation min,ex S~ (fi(x) + g(x)) where f;’s are
smooth, nonconvex, nonspearable functions and ¢ is a nonsmooth, convex, nonseparable
function was investigated in [26, 81]. Successive convex approximation technique was com-
bined with dynamic consensus mechanism and perturbed push-sum consensus mechanism

in [26] and [81], respectively, to show asymptotic convergence to stationary solutions.

Other Problems Besides network problems, multi-agent optimization also has significant
implications in image processing [70], compressive sensing [86], large-scale statistics and
machine learning [14]. For example, for some large scale machine learning problems, one
may also want to decompose a centralized problem into smaller scale subproblems because

of either the large training data size or the large number of model parameters.



1.2 Motivations and Contributions

As reviewed in the previous section, most multi-agent optimization formulations in the
literature focus on situations where all agents’ local decision variables share the same dimen-
sion. In addition, explicit couplings in constraints across all agents were rarely considered,
sparsity in the couplings was often assumed when dealing with coupling constraints. In

this dissertation, we will consider a more general class of convex multi-agent optimization

problems:
L
minimize Z i (i, () jene)
T L i=1
L

subject to Zgi (2, () jene) <0,

=1

(xi, (xj)je/\/}) €X;, €[]

In the above formulation, f;’s and g;’s are closed, convex, proper functions that are private
to respective agents, X;’s are local private constraint sets. The details of this formulation
will be discussed thoroughly in the next chapter. We only summarize and emphasize its
distinctions and generality here. First of all, the local decision variable x; € R™ for each
agent ¢ do not necessarily have the same dimension. Although in theory, local copies of all
other agents’ decision variables can be created and kept by each agent to force dimension
consistency across all agents’ local decision variables, this inevitably results in excessive
communication and computation and does not scale well as the size of the network grows.
Secondly, a more general affine coupling involves local convex functions in agents’ local
decision variables can be incorporated. Thirdly, neighboring agents may have overlapping
variables in each others’ objective functions, coupling constraint functions and constraint
sets. We assume such overlapping is sparse, i.e., [N?|, |N¢|, |IV}| < L. We will show in
the next chapter that the most studied multi-agent optimization formulation in the literature,
i.e. constrained consensus optimization problem, is a special cases of our formulation.
Recently, formulations with general global couplings similar to the one considered in this

dissertation start to attract more attentions from researchers [29, 37, 67, 53, 84]. The push-



sum protocol was incorporated into dual subgradient methods in [37] to handle problems
with global coupling constraints Zle A;x; = b. The push-sum protocol was also utilized
in [53] for a primal-dual algorithm. Another primal-dual algorithm was developed in [67]
based on relaxations of primal problem and several duality steps. A consensus-based dual
decomposition algorithm was proposed in [84], but it only converges to a neighborhood of
an optimal solution. A distributed algorithm combining dual decomposition and proximal
minimization was proposed in [29].

Almost all of these existing works use analysis based on classic optimization and
duality theory, and have several major drawbacks: 1) they all rely on the assumption
that local constraint sets X;’s are compact (hence bounded), which may not hold in some
applications. This assumption is often needed in their analysis to guarantee the boundness of
dual subgradients; 2) most of them utilize diminishing step sizes, which might be difficult to
tune in practice to achieve faster convergence; 3) they are all synchronous algorithms which
require one or multiple rounds of synchronization among all agents during each optimization
iteration, and it is not apparent how they can be modified to deal with asynchrony and delays;
4) in the case where local objective functions are summations of multiple convex functions
with different structures and smoothness properties, the local updates which often involve
solving a constrained optimization problem in local decision variable might be difficult to
solve.

In this dissertation, we aim to design a series of distributed, parallel algorithms based
on monotone operator theory and fixed point iterations of nonexpansive, averaged maps
for our general multi-agent optimization formulation, which overcome some, or all of the
drawbacks of current literature for similar problems. None of the proposed algorithms needs
the assumption on the boundness of local constraint set X;’s, and all of them utilize constant
stepsizes. All of the proposed algorithms share the same high level algorithm development
methodology as demonstrated in Fig. 1.1: firstly, the optimal solution set of the original
multi-agent optimization problem is characterized as the zero sets of certain carefully
designed monotone operators; next, the equivalence between these zero sets and the fixed

point sets of other operators (resolvent, or generalized resolvent operator) are established;



finally, fixed point iterations which yield distributed, parallel, or even asynchronous updates
across agents can be carried out to find such a fixed point, which corresponds to an optimal
solution of the multi-agent optimization problem. Table 1.1 summarizes the comparisons
between the algorithms proposed in this dissertation and other existing algorithms designed

towards similar multi-agent optimization formulations in literature.

Table 1.1.: Comparisons against existing algorithms

Convergence to  Require bounded  Coupling Central Step Synchronous or

optimal solution?  local constraint?  constraints coordinator? sizes asynchronous?

[37] Yes Yes = No Diminishing  Synchronous

[67] Yes Yes < No Diminishing  Synchronous

[53] No Yes < No Diminishing ~ Synchronous

[84] No Yes < Yes Constant Synchronous

[29] Yes Yes <or No Diminishing  Synchronous

Algorithm 1-3 Yes No <or= Yes Constant Synchronous

Algorithm 4-7 Yes No <or= No Constant Synchronous
Algorithm 8 Yes No <or= No Constant  Asynchronous

Fixed Point Sets of
Certain Operators

Optimality Conditions (Generalized) Resolvent

Optimal Solution
Set

Zero Set of Maximally
Monotone Operator

KKT Operator Splitting

Averaged, or firmly nonexpansive

Distributed Algorithms

under certain norms

Fig. 1.1.: Algorithm development methodology

Next, we preview the organization of this dissertation and the contributions of each
chapter. In Chapter 2, we introduce the multi-agent optimization formulation in detail, many
other formulations in the literature will be shown as special cases of our general formulation.

Several application examples are given to further motivate our problem formulation.



In Chapter 3, we review some of the theoretical background regarding monotone op-
erators, (firmly) nonexpansive operators, averaged operators, resolvent operators and their
fixed point iterations. Operator splitting techniques are also introduced, which play an
important role to reduce the complexity of local update for certain cases where the local
objective function has a summation structure.

In Chapter 4, by pre-conditioning monotone operators with a positive definite matrix P,
we extend the existing results on resolvent operator and its fixed point iteration to a more
general setting. We also present new operator splitting algorithms using the generalized
resolvent operator and show their convergence. The preconditioning matrix P and the gen-
eralized resolvent operator provide more flexibility, and are fundamental tools for designing
distributed algorithms.

Two distributed synchronous algorithms with coordinator are proposed in Chapter 5.
The first algorithm is a varaint of the alternating direction method of multipliers (ADMM).
This algorithm extends the Gauss-Seidel (sequential) type update between two-blocks of
variables in the standard ADMM to Jacabi (parallel) update of multi-blocks of variables.
The convergence of the algorithm is established by showing each algorithm iteration is
indeed one step of the generalized resolvent iteration of a maximally monotone operator
preconditioned by a particular positive definite matrix P, and resorting to the theoretical
development in Chapter 4. One drawback of the first algorithm is that information exchange
includes primal variables of agents, thus privacy issues need to be discussed. The second
algorithm overcome this drawback by utilizing the Douglas-Rachford splitting method, and
only copies of dual variables are exchanged.

The two algorithms proposed in Chapter 5 enjoy a synchronous parallel updating struc-
ture across agents, but both require a central coordinator, which collects information from
all agents, updates certain variables, and then broadcasts them to all agents again. This
type of algorithms is vulnerable to failure of the central coordinator. In addition, the re-
quirement of central coordinator may not be practical for certain applications. Therefore,
in Chapter 6, we consider a truely distributed algorithm framework with which agents only

communicate and exchange information with its neighbors defined by an underlying graph.



The monotone operator used in Chapter 5 is augmented to guarantee the consensus across
all agents on the dual variable at steady states (zeros of the augmented operator). Then,
by utilizing the generalized resolvent iteration as well as generalized DR splitting method,
parallel, distributed algorithms without central coordinator are obtained.

Chapter 7 focuses on extending the synchronous distributed algorithms in Chapter 6 to
an asynchronous setting which also allows delays. The proposed distributed asynchronous
algorithm is characterized as a special instance of random block coordinate fixed point
iteration of an averaged operator. Under key assumptions of independent random agent
activation and uniform upperbound for delay times, almost sure convergence to a random
variable supported by some optimal solution can be guaranteed.

In Chapter 8, several numerical examples are presented. Convergence of different algo-
rithms are demonstrated and compared under different settings. Finally, some concluding

remarks and possible future directions are discussed in Chapter 9.



2. MULTI-AGENT OPTIMIZATION FORMULATIONS AND
APPLICATION EXAMPLES

In this chapter, we will discuss the multi-agent optimization formulations in detail. Starting
from a base standard problem, we will gradually increase its generality while establish-
ing equivalency between different formulations. In addition, several important classes of
application examples are introduced to show the significance of studying our multi-agent
optimization formulation. In particular, we will demonstrate that the most studied formula-
tion in literature, i.e., constrained consensus optimization over agent networks, is a special

case.

2.1 Standard Formulation

In this dissertation, we consider multi-agent optimization problems that have the fol-

lowing base standard formulation:

L
minimize Z fi(xs) (2.1

’ i=1
subjectto Az = b, (2.2)
x; € X;, 1€ L] (2.3)

where L is the number of agents, A € R™", b € R™, x = (x1,...,21) € R" is the
centralized global decision variable and x; € R"™ is the local decision variable for agent ¢

with S5 n; = n.

Assumption 2.1.1 Each f; : R™ — R U {+00} is an extended-real-valued closed convex

proper (CCP) function, i.e., f; is lower semi-continuous, convex, and f; Z +oc.

Assumption 2.1.2 Local constraint sets X;’s are nonempty, closed, and convex.
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Assumption 2.1.3 There exists at least one z* = (x73,...,x},\*) that satisfies the KKT
conditions of problem (2.1), which implies that saddle points of the corresponding Lagrange

function exist.

The objective function (2.1) is the summation of local objective functions f;(x;), each of
which represents a cost that depends on z;. The first constraint (2.2) couples local decision
variables’ of all agents together as Ax = Zle A;x;, where A; € R™*™ contains the
columns in A that correspond to z;. This constraint can be thought of as a shared resource
constraint among all agents. Without loss of generality, we assume b has the partition
b= ZZ.LZI b;, e.g., b; = b/ L, Vi € [L]. On the other hand, (2.3) represents the local, private
constraint on each individual agent. In addition, we assume that the local objective function
fi, local feasible set X;, and coupling constraint parameters that pertain to local decision

variables, A;, b;, are private and only known to agent i.

Remark 2.1.1 We do not assume that each local constraint set is compact, thus bounded,

as in many existing literatures.

Remark 2.1.2 Assumption 2.1.3 guarantees that the optimal solution set of problem (2.1)

is not empty.

2.2 Other Formulations

Next, we discuss several important extensions or variations of the base standard for-
mulation (2.1). These formulations are all equivalent to the base standard formulation
through simple transformation or introduction of extra variables. Therefore, although all
algorithms’ development in later chapters will focus on (2.1), they can be easily modified

to accommodate other formulations.

Linear Inequality Coupling Constraints Instead of coupling linear equality constraints,

some applications might involve coupling linear inequality constraints:

L
minignize Z fi(zs) (2.4)

i=1
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subjectto  Ax <b,

v €X;, i€l

In this case, we can introduce a slack variable z ., with private feasible set X, = R",

such that Ax + x11 = b, and the new optimization problem becomes

L+1
minimize e
ninimiz ;f()
T
subject to [A [m] =0,
Tr4+1

r; € X;, ZE[L—|—1],

where fr1(zr41) = 0. Obviously, fr.1 and X, satisfy the predefined assumptions on

convexity, thus the above problem is a special case of the standard formulation in (2.1).

Coupling Objective Functions For some problems, in addition to shared resources cou-
pling constraints between different agents, there might be couplings in the objective func-
tion. That is, local objective functions depend on not only local decision variables, but also
decision variables from other neighboring agents. For example,

L

i=1
subjectto Az = b,

v, €X;, €[l

In this case, the local objective function for agent 7 not only depends on x;, but also on
z; where j € N;. Here, N, is the set of “neighboring” agents outside agent i that affect
objective function f;. For this problem, we can introduce additional variables (z;;) e, for
agent ¢ such that z; := (z;, (z;;)jen;) becomes the new local decision variable for agent
t. At the same time, additional consensus constraints x;; = x;, Vj € N are introduced to
ensure the consistency between auxiliary variables and neighboring agents’ local decision

variables.
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Notice that the added consensus constraints can be combined with the coupling equality

constraints to yield the following problem:
L
minimize Z fi (Zy)
’ i=1

subject to A7 = b,

where T = (Z;)icz), )A(Z- = X, x R%, and d; = Zje/\a- n;. This becomes the standard

formulation in (2.1).

Convex Inequality Coupling Constraints The base standard formulation (2.1) can also

be generalized to the following formulation:

L
minizmize Z fi(zy) (2.6)
i=1

L
subject to Zgz(fm) < b,

x; € X;, 1€ L],

where g;’s are CCP functions. The base standard formulation (2.4) is a special case of the
above formulation where g;’s are affine functions. By adding an extra variable ¢; € R™ for

each agent, optimization problem (2.6) can be equivalently written as

L
minimize Z fi(zy)
z, (Ci)ie[L] i1

L

subject to Z c; =b,

gi(zi) < ¢, m € Xy, i€l
Define the new local decision variable for each agent as 7; := (x;, ¢;), and define the new

local constraint set as )?1 = {(zs,¢;) € R | x; € X, gi(x;) < ¢;}, which is nonempty,
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closed and convex as long as X; is nonempty, closed and convex. Local objective functions

are still CCP functions in Z;’s. Then the problem can be cast as
L
minimize Z fi(@y)
x
i=1

subjectto AT = b,
T eX,;, iell]

which is our base standard formulation with A; = [0, xn, Iin)-

General Coupling Formulation Previously, we considered three formulations with dif-
ferent coupling structures, all of which can be recast as the standard formulation. Combining
and extending those coupling structures, we obtain a multi-agent optimization problem with

general coupling structure:

L

minimize Z i (i, (@) jeno) (2.7)
i=1

L
subject to Zgi (xi, (Ij)je/\/;) <b,

i=1
(i (2)jent) € X, i € [L)

Sets N7, N¢, and N} denotes the sets of agents that have coupling with agent 7 in its local
objective function, local coupling contraint function, and local constraints, respectively.

Obviously, the standard formulation (2.1) as well as the formulations (2.4), (2.5), (2.6)
are all special cases of the general formulation (2.7). It is straightforward to transform
formulation (2.7) into the standard formulation using the technique presented previously: 1)
introducing additional variables (z;;);jen; where N; = N2 UNFUN} and correspondingly
consensus constraints x;; = x;, Vj € N;, Vi € [L]; 2) introducing slack variables ¢;
for each agent and convert coupling inequality constraint Zle Ji (xi, (z))je Nf) < 0 into
SF e =band g (24, (2;)jene) < ¢ 3) combining g; (;, (;)jene) < ¢ into local
constraint.

Therefore, all the formulations in this chapter are equivalent through certain transfor-

mations. One only needs to slightly modify Assumption 2.1.3 to guarantee the existence of
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solutions under different formulations. For examples, for the general coupling formulation
(2.7), Slater’s conditions can be used to guarantee the existence of saddle points of the
corresponding Lagrange function. For the purpose of algorithm development, we will stick

to the base standard formulation (2.1) as it allows for simpler notations.

2.3 Application Examples

Constrained Consensus Optimization in Multi-agent Networks In Chapter 1, it is

mentioned that the constrained consensus optimization problem

L
minimize Z fi(z)
x
i=1

L
subjectto z € X = ﬂXi,
=1

has been extensively studied in the literature. It is straightforward to see that this problem
is equivalent to the following formulation
L
mipimize 2 i)
subjectto x; =x;, Vi,j € [L]andi#j
r; € X;, 1€][L],

where each agent ¢ keeps a copy of the whole original global decision variable =, and
the consensus constraint between different agents can be written in the form of Az = 0.
Therefore, the constrained consensus optimization problem is a special case of our base

standard formulation.

Distributed Model Predictive Control of Linear Systems In model predictive control
(MPC) or receding horizon control, at each time step, a new optimal control problem
is formulated based on the current measured or estimated state variables, as well as the
predicted exogenous input in the predicted horizon. Once the optimal control sequence is
determined, only the first control action will be applied to the system and at the next time

step, this process is repeated.
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For many MPC problems, as the scale of the system or the prediction horizon increases,
the centralized problem becomes very difficult to solve. For some other cases consisting of
multiple subsystems with possibly time-varying interaction topology, even though compu-
tation is not an issue, it will be desirable to have distributed solution methods as they are
often more robust to subsystem failure and more suitable for adding or removing subsystems
without major modification of the algorithm. Much research effort has been devoted to the
so called distributed model predictive control (DMPC) algorithms [80, 91].

A general formulation of a centralized MPC problem for a discrete-time linear system
is

N-1 L

minimize ; Zl gi (i(1), us(t)) (2.8)

subjectto  z(t + 1) = Agx(t) + Bau(t), x(0) = zo, (2.9)
zit+1) € Xi(t+1), w(t) € Ui(t), (2.10)

i=1,...,L; t=0,1,...,N—1, 2.11)

where z; and u; are the local state and control variables, respectively; * = (x1,...xp),
u = (uq,...,ur); N denotes the prediction horizon. Constraint (2.9) is the dynamics of
the centralized system that needs to be satisfied at all time. Constraint (2.10) could be either
the local constraint imposed on the operation of the system or terminal constraint used to

guarantee stability [91].

Remark 2.3.1 The centralized linear dynamics (2.9) could consist of multiple local dy-
namics in terms of the local variables x; and u;, and those dynamics might be coupled. If
individual local dynamics are uncoupled, then (2.9) can be decomposed and incorporated

into the local constraint (2.10).

By stacking the state and control variables together, and further concatenating the
dynamics of the system during the whole prediction horizon, the optimization problem
(2.8) can be equivalently represented as

L
minimize Z fi(z)
z

i=1
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subjectto Az =10, 2z €Z;, i€l

where z = (z1,...,21), and z; = (2;(1),...,2;(N),u;(0),...,u; (N — 1)); A and b are
proper matrix and vector, constructed from Ay, By, and xo; fi(z) = Zi\i 61 gi(z;(t +
1), u;(t)). Obviously, this centralized MPC formulation is special case of our base standard

formulation.

Commodity Exchange The exchange problem [89, 90] has the following form

L
minimize g fi(ws)
T

=1

L
subject to Z x; = 0.
=1

This is a classical problem in the economics literature. The interpretation is that each entry
of the local decision variable z; represents how much agent 7 contributes to the exchange of
the corresponding goods or commodity. If (x;); is positive, it means that agent i receives
that amount of commodity j through the exchange; if (z;); is negative, it means that agent i
sends |(x;);| amount of commodity j to other agents. The constraint Zle x; = 0 balances
the total sent and received amounts of each commodity among all agents. The local objective
function is the total operational cost for each agent to sell and buy certain amount of each
commodity.

A similar formulation also arises in dynamic network energy management problem [48],
where each agent denotes a node in the electricity grid, and commodities denote electricity
energy transmitted through a node in a certain time period. The constraint Zle z; =0
enforces that during that time the energy flow into a node balances the energy flows out of
that node. The exchange problem is apparently one instance of our multi-agent optimization

formulation (2.1), where the local decision variable of each agent has the same dimension.

Resource Allocation The resource allocation problem is very similar to the exchange

problem, and has the following form

L
minimize Z fi(zy)
z;

i=1
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L
subject to Z x; = b,

=1

Here, each entry b; > 0 represents certain type of resources that is to be allocated into L
activities or agents. Since the resource received by agent ¢ cannot be negative, we have the
extra constraint set X; = R/".

One special case that belongs to this class is the network utility maximization (NUM)
problem studied in [10, 93, 94]. In an NUM problem, a network of m links are considered,
each of which has a finite positive capacity of b; > 0, i € [m]. The network is shared by L
sources that are transmitting information along some predetermined routes. The capacity
constraints on all links can be compactly represented as Az < b, where A € R™*! is the

routing matrix defined as

1, if link 7 is on the route of source j;
Az’j =
0, otherwise.

A concave utility function f; is associated with each source i, Vi € [L], i.e., f;(z;) denotes
the utility of source ¢ as a function of the source rate x; > 0. Assuming additivity of
individual utility functions, the global utility of the whole network is given by > iLzl fi(zi),
and the NUM is formulated as

L
maximize Z filzy)
’ i=1
subjectto Az < b,
r; >0, 1i€][L],

which is exactly the same as formulation (2.4).

Distributed Model Fitting and Statistical Machine Learning A fairly general convex
formulation for many model fitting problems in statistics and machine learning can be

represented as

minimize ¢(Cz —d) + r(z), (2.12)
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where © € R" is the model parameters to be estimated/learned; C' € R"™*" is the feature
matrix that contains all training examples as row vectors; d € R™ is the output vector;
g : R™ — R is a convex loss function; and r : R” — R is a convex regularization function
that imposes certain desirable properties on the optimal parameter z*. Some common

regularization functions include Tikhonov regularization or ridge penalty r(z) = S||z]|3,

where § > 0; and lasso penalty (least absolute shrinkage and selection operator) r(x) =
Blllls-

In some cases, there is a modest number of model parameters but a very large number
of training examples, i.e., m > n. Many classical estimation problems belong to this class
(large number of low dimensional data). It makes sense to split the training data into smaller
groups such that each group of data can be handled by a different processor. Sometimes,
the data are naturally stored in a distributed fashion and it might be difficult or impractical
to collect all training data into one place, such as social network data, webserver log data,

and other cloud computing applications. The following partitions can be made

cr di

cr dy
where CI' € R™>*" and d; € R™ with Zle m; = m. In this case, C{ and d; corresponds
to the 7th block of data that is only available to agent 7. Then problem (2.12) is transformed

into
L
minimize i (Cla; — dy) +r(y),
nim ;g ( ) +r(y)
subjectto z; —y =0, i€ [L],

where x;,y € R". This formulation is a special instance of (2.1) with the centralized

decision variable 7 = (x1,...,2,y), b =0, and
I 0 - -
0 I - —I

A= c RnLXn(L—l—l)'
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In some other cases, the number of model parameters or features far exceeds the number
of training examples, i.e., m < n. For example, in some natural language processing
problems, the training examples might be a corpus of documents and features including all
possible words and pairs of adjacent words. For problems like this, we can partition the
data as follows: C' = [C;---Cy], with C; € R™*"; x = (xq,...,x1), with x; € R™
and ) iL:1 n; = n. The regularization function can be conformably decomposed as r(z) =

> iL:1 ri(z;). Hence, problem (2.12) equivalently becomes

L
minimize g (Z Cix; — d) + Z ri(z;).

i=1 i=1

After introducing the auxiliary variable y, the above problem can be rewritten as

L
minimize —d) + ri(x;),
imive gly—d)+ 3 rin)
L
subject to Z Cixi —y =0,
i=1
which is a special case of (2.1) with the aggregated decision variable = = (x1,...,x,y),

A=[C —1I]and b= 0.
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3. MONOTONE OPERATOR AND FIXED POINT ITERATION

In this chapter, we will briefly review some basics and facts from monotone operator theory
and fixed point iteration of nonexpansive, averaged operators. These are not only the
theoretical foundations of many iterative algorithms for convex optimization problems, but
also very powerful tools for designing distributed, parallel algorithms in later chapters of

the dissertation.

3.1 Operators

An operator 7', also called relation, is a point-to-set map, or set-valued map, defined by
its graph gra(T") := {(z,y) |y € T(x)}. If T(x) is a singleton or empty for any x, then T’
is a function or single-valued.

Some useful sets associated with operators and common operations performed on oper-

ators are summarized as follows:

1. (Domain) The domain of an operator 7 is defined as dom(7') := {z | T'(z) # 0}.

2. (Zero set) The zero set an operator T is defined as zer(T") := {x € dom(T") |0 €

T(x)}.

3. (Fixed point set) The fixed point set an operator 7" is defined as Fix(T) := {x €
dom(T) | {z} = T(x)}.

4. (Summation) If 77 and 75 are two operators, their summation is defined by its graph

gra(Ty +To) = {(x,y + 2) |y € Th(x), z € Tr(x)}.

5. (Composition) If 77 and 75 are two operators, their composition is defined by its

graph gra(T) o Ty) = {(z,2) | Iy € Ta(x), z € T1(y) }-
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6. (Inversion) The inverse of an operator 7 is defined by its graph gra(T~') =
{(y,z) |y € T(x)}. In general, T~ o T'(z) # z, but the equality does hold when

T~! is a function.
7. (Identity) The identity operator Id, is an operator that maps any point to itself, i.e.,

Id(z) = =.

3.2 Monotone Operator

Definition 3.2.1 A set-valued operator T' : R"™ — R is called

1. monotone if

(u—v,x—y) >0, VY(z,u), (y,v) € gra(T).

2. maximally monotone if T’ is monotone, and its graph is not properly contained in the

graph of any other monotone operator.

Some operations that preserve monotonicity are summarized as follows [78].

1. (Summation) If 77 and 75 are monotone, then 77 + 715 is also monotone. If 77 and 15
are maximally monotone and dom (7} ) Nintdom(73) # () where int dom(75) denotes

the interior of set dom(73), then 77 + T is also maximally monotone [75].

2. (Non-negative scaling) If 7' is (maximally) monotone, then o/7" is also (maximally)

monotone for o > 0.
3. (Inversion) If 7" is (maximally) monotone, 7"~ is also (maximally) monotone.

4. (Concatenation) If 7} and 75 are (maximally) monotone operators on R™ and R",
respectively, then the operator T3(z,y) := {(u,v) |u € Ti(z),v € Tz(y)}, is also

(maximally) monotone on R™*",

Some classes of (maximally) monotone operators that play important roles in optimization

are summarized below.
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1. (Subdifferential of CCP function) Suppose [ : R" — R U {oo} is a closed,
convex, proper (CCP) function. Then its subdifferential operator 0, f (x) is maximally

monotone.

2. (Affine function) An affine function 7'(z) = Ax + b is maximally monotone if and

only if A+ AT = 0. One special case is when A is a skew-symmetric matrix, i.e.,

AT = — A,
3. (Normal cone operator) The normal cone operator of a closed convex set C,
0, ife ¢ C
{ylyt(z—2)<0,Vze C} ifxeC,
is maximally monotone, since N () is the subdifferential of the convex indicator
function defined as

0 ifrx e C,
lo(z) =
+oo ifx &,

which is CCP if C'is closed and nonempty.

4. (KKT operator) Consider the following convex optimization problem
minimize f(x)
subjectto  g(x) <0, h(x)=0,

where f(x) and g(z) are closed, convex, proper functions and h(x) is affine. The
associated Lagrangian function is L(x, A\, ) = f(z) + A g(x)+pu"h(z), A > 0. The
KKT operator is defined as

O L(z, \, 1)
Tz, A1) = | —g(x) + Npsop (V)
—h(x)
By the operations that preserve monotonicity we summarized before, it is easy to
verify the 7" is maximally monotone. It should also be noted that 0 € T'(z, A, ) if

(x, A, ) is a primal-dual solution to the above convex optimization problem.
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3.3 Nonexpansive and Averaged Operators

Definition 3.3.1 Let D be a nonempty subset of R" and let T : D — R". Then T is

1. nonexpansive if

IT(x) =TI < [lv =yl Va,y € D;
2. firmly nonexpansive if
1T (@) =TI < llo = yl* = (@ = T(2) = (y = TW)I*, VYa,y € D;
3. contractive if
IT(zx) =TI < Blle —yll, Yo,y e D;
for some 5 € (0, 1).
Notice that firm nonexpansiveness implies nonexapnsiveness, thus the former is a stronger

notion than the latter. Also, any of the above three properties implies that the underlying

operator 7" is a function as « = y if and only if 7'(z) = T'(y).

Remark 3.3.1 || - || denotes the Euclidean norm in this chapter. Some of the results will be

extended to other norms in the next chapter.

It is straightforward to verify that the composition of nonexpansive operators is non-
expansive; the composition of contractive operators is contractive; the composition of
nonexpansive operators with contractive operators is contractive. In addition, suppose
T3 = 0Ty + (1 — 0)Ty, with § € [0,1]. If T} and T, are both nonexpansive, T3 is also
nonexpansive. Next, we summarize some well-known results regarding nonexpansive and

firmly nonexpansive operators.

Proposition 3.3.1 ([9]) Let D be a nonempty subset of R™ and let T' : D — R". Then the

following statements are equivalent:
1. T is firmly nonexpansive.

2. Id — T is firmly nonexpansive.
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3. 2T — Id is nonexpansive.

4. (z—y,T(x) = T(y)) = |T(x) = T(y)|* Va,y € D.

Definition 3.3.2 Let D be a nonempty subset of R", let T': D — R"™ and let § > 0. Then
T is called 3-cocoercive if (x — y, T(x) — T(y)) > B||T(z) — T(y)||? Vr,y € R™

Remark 3.3.2 Note that T is 5-cocoercive if 5T is firmly nonexpansive. We can also show

that T' is nonexpansive if and only if Id — T' is 3-cocoercive.

Definition 3.3.3 An operator T is called averaged with constant 0, or 0-averaged if T' =

01d + (1 — 0)T; for some 0 € (0, 1) and some nonexpansive operator T,.

An averaged operator is always nonexpansive; composition or convex combinations of

multiple averaged operators are still averaged [21, 23].

Proposition 3.3.2 ([9]) Let D be a nonempty subset of R", let T' : D — R", and let

B € (0,1). Then the following statements are equivalent:
1. T is 0-averaged.
2. (1—-1/6)I1d+ (1/0)T is nonexpansive.

3.|T() = TP < llz —yl* = Foll(= = T(2)) = (y = TW)|* Yo,y € D.

Remark 3.3.3 Note that an operator is firmly nonexpansive if and only if it is 1 /2-averaged.

Therefore, averagedness is a more general notion compared to firmly nonexpansiveness.

3.4 Fixed Point Iteration

If T is nonexapnsive and dom 7" = R™, then Fix(T) is closed and convex (could be
empty). In addition, if 7" is contractive and dom 7" = R™, then Fix(T") contains exactly one

point. For an averaged operator 7' = 0Id + (1 — 0)T; with 6 € (0, 1), it is straightforward
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to verify that Fix(7") = Fix(7},). One of the most fundamental and significant algorithms

in computational mathematics is the fixed point iteration algorithm
" = T (2%), (3.1

for 7' : R™ — R"™ with some initial point z, € R". This algorithm dates back over 100
years [6, 73].

Proposition 3.4.1 ([9, 78]) Suppose operator T : R™ — R™ is contractive. Then the fixed

point iteration algorithm (3.1) converges linearly to the unique fixed point of T'.

Proposition 3.4.2 ([9, 78]) Suppose operator T : R™ — R™ is averaged and Fix(T) # .

Then the fixed point iteration algorithm (3.1) converges to some x* € Fix(T).

Corollary 3.4.1 Suppose operator T : R™ — R is firmly nonexpansive and Fix(T) # ().

Then the fixed point iteration algorithm (3.1) converges to some x* € Fix(T).

When (3.1) is applied to an averaged operator, it is also called the Mann-Krasnosel’skii
iteration [49, 58]. Note that if we apply the fixed point iteration (3.1) to a nonexpansive
operator, it does not necessarily converge. One example is given in Fig. 3.1, where operator
Ty := 45 degree counter-clockwise rotation, is nonexpansive, but the corresponding fixed
point iteration does not converge. On the other hand, iterations (3.1) converges when applied

0T =1/2-1d+1/2-T.

)
Fixed Point Fixed Point

Nonexpansive Operator 1/2-Averaged Operator
(45 Degree Rotation)

Fig. 3.1.: Fixed point iterations applied to nonexpansive and averaged operators
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3.5 Resolvent and Cayley Operator

Definition 3.5.1 Let T' be a set-valued operator on R"™ and 8 > 0. The resolvent of T is

defined as
Ry = (Id + BT)™". (3.2)

The corresponding Cayley operator is defined as Cr = 2Ry — Id. The Cayley operator is

also called the reflection or reflected resolvent.

Two important resolvent operators that will be used later are:

1. (Proximal operator) The resolvent of the subddiferential of a CCP function f is
called the proximal operator [69], denoted by
pE?X(x’) = argmin (f(u) + (1/26)[u — z[?) .

To see this, note that if z = Rys(x), we have

z=(ld+Bof) (z) < x€z2+pB0f(2)
— 0€(z—a)/8+0f(2)

= z= argumin (f(u)+ (1/28)||u — z|]?) .

2. (Projection operator) The resolvent of a normal cone operator corresponding to a
nonempty, closed convex set C, is the projection operator onto C, i.e., Ry.(z) =
Pc(x). To see this, take f(z) = 1¢(x), we know Of(z) = 01¢(x) = Ne(x), thus
the resolvent of N () is the proximal operator of f (), i.e., Ry, (x) = proxs(r) =

argmin, (1c(u) + (1/28)|lu — z||*) = Po(x).

Proposition 3.5.1 ([9, 78]) Let T be a set-valued operator withdom(T') # () and dom(T) C
R":

1. If T is monotone, then Cr is nonexpansive, and Ry is 1/2-averaged, or firmly

nonexpansive.
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2. If T is further maximally monotone, then dom Cp = dom Ry = R™

Proposition 3.5.2 ([78]) Suppose a set-valued operator T is monotone. Then, x € zer(T)
if and only if © € Fix(Rr) = Fix(Cr).

Proof For any = € zer(T), we have 0 € T'(z), if and only if x € (Id + STz for any
B > 0,if and only if z = (Id + 8T) ! (z) = Rr(z), i.e., z € Fix(Rr). The second part of

the claim follows from the definition of Cayley operator. [ ]

Proposition 3.5.2 implies that the zero set of a monotone operator 7' is the same as the fixed
point set of its resolvent or Cayley operators. Therefore, finding an optimal solution to the
convex optimization problem associated with the operator 7' is equivalent to finding a fixed
point of the firmly nonexpansive operator Rp. If Ry is efficient to evaluate, one can apply
the resolvent iteration ¥+ = Ry (%), for k = 0,1. .. to find a fixed point. This algorithm
is also called the proximal point algorithm [15, 59, 77], and always converges to a solution

if one exists since R is averaged when 7" is maximally monotone.

3.6 Operator Splitting

When the resolvent or Cayley operators are difficult to evaluate or compute directly, one
alternative methodology is operator splitting. Certain monotone operator 7" admits a natural
splitting into the summation of two or three maximally monotone operators, and the task of
finding a zero point of 7" is equivalent to solving 0 € (T} + Ty)z or 0 € (T} + T + T3)z,
where 77, 15, T5 are maximally monotone operators. Operator splitting methods aim to
transform such problems into fixed point iterations with operators associated with 77, T, T5
and their corresponding resolvent, Cayley operators, which are often much more efficient
to evaluate or compute compared to those of operator 7.

There are many operator splitting methods available, but we will focus on Douglas-
Rachford splitting (two operators) and Davis-Yin splitting (three operators) as they require
milder assumptions on operators 7}, 75, T5 to guarantee convergence and pertain more to the

generalization and algorithms development that will be presented later in this dissertation.
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We refer interested readers to [9] and [78] for other operator splitting methods and their

applications.

Proposition 3.6.1 (Douglas-Rachford Splitting [9]) Suppose 11, T are maximally mono-
tone on R" and zer (T +T3) # (. Define operator Tpg := Id—2a Ry, +2a Rt o(2Rr,—Id)

where o € (0,1). Then Tpp is a-averaged. Starting from any 2°, for k = 0,1, ..., let

Wt = Ry, (29); (3.32)

=2 4 20 (Ryy (20t — 2F) — 0T (3.3b)

The sequence (2¥)y>q converges to some 2* € Fix(Tpr), and the sequence (w*)y>o con-

verges to R, (2*) € zer(T} + Ty).

Notice that for Douglas-Rachford splitting, each iteration requires evalutaing Rp, and Rp,

each once, and their roles can be switched in (3.3).

Proposition 3.6.2 (Davis-Yin Splitting [25]) Suppose 11, T, are maximally monotone on
R"; T3 is $-cocoercive; zer(Ty + Ty + T3) # (. Define operator Tpy := Id — Ry, +
Ry, 0 (2R, — Id —~T30 Ry,) where y € (0,20). Then Tpy is 0-averaged with coefficient

0= % < 1. Starting from any 2°, for k = 0,1, ..., let
w* = R, (2"); (3.42)

A= F b 4 Ry (2wk“ Lk 7Tg(w/’ﬂrl)) . (3.4b)

The sequence (2¥)yo converges to some z* € Fix(Tpy), and the sequence (w*)y>o con-

verges to Ry, (2*) € zer(Th + Ty + T3).

Notice that for Davis-Yin splitting, each iteration requires evalutaing Rr,, Ry, and T35 each

once, and the roles of Ry, and Ry, can be switched in (3.4).



29

4. GENERALIZED RESOLVENT ITERATION AND
GENERALIZED OPERATOR SPLITTING

In the previous chapter, we reviewed some well-known facts and results regarding monotone
operators, fixed point iteration of averaged maps and resolvent operators. We demonstrated
that for many convex optimization problems, the optimal solution set can be characterized
by the zero set of certain monotone operators, and an optimal solution can be found by
carrying out the corresponding resolvent iteration. In cases where the resolvent of the
underlying monotone operator is difficult to compute, but yields certain decomposition
of multiple monotone operators, whose resolvent can be computed efficiently, operator
splitting methods can be utilized.

In this chapter, we will extend the theoretical results in the previous chapter. In particular,
we will define a generalized resolvent operator, which takes the standard resolvent operator
as a special case. The averagedness, or firm nonexpansiveness of the generalized resolvent
operator will be shown under a new norm. This generalization provides greater flexibility
to make the computation of resolvent more efficient, or distributed in nature, which will
play a fundamental role in the development of a series of different distributed algorithms
later. In addition, the operator splitting methods will be extended with the introduction of

generalized resolvent operator.

4.1 Generalized Resolvent and Cayley Operator

Definition 4.1.1 (Generalized Resolvent and Cayley Operator) Let T be a set-valued op-
erator on R" and P € R™"™ be a symmetric positive definite matrix. The generalized

resolvent of 'T' is defined as

Ry =(P+T)'P. (4.1)
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The corresponding generalized Cayley operator is defined as C*T = 2}§T —1d.

Remark 4.1.1 Notice that the standard resolvent and Cayley operator definitions in Defi-

nition 3.5.1 are special cases of the above generalized definitions with P = %[n.

Definition 4.1.2 For a symmetric positive definite matrix P € R"*", we define an associ-

ated vector P-norm as ||z||p = V2T Pz, Vo € R™

Proposition 4.1.1 Suppose a set-valued operator T’ is monotone, then Cr is nonexpansive

p, and Ry is an 1/2-averaged, or firmly nonexpansive operator

with respect to the norm || - |

with respect to the norm || - || p.

Proof Letu; € ET(ml) and uy € ET(xg). Then (P+T)u; 5 Pxyand (P+T)uy > Pxs.

Subtract these to obtain
P(Ul — ’LLQ) + (T(Ul) — T(Ug)) = P(l’l — Ig).
Multiplying both sides by (u; — u2)? and utilizing the monotonicity of operator 1" yields

lur = u2||B < (ur = ua) " P(x1 — o)
= flu —wol[p < llan — 2]l = (lo1 — 2alp — 2(ur — ua) P21 — x2)+
lur = us )

= fur — uolp < oy — 22| — [[(21 — 1) — (22 — u2) |3

Since the choice of (z1,u) and (9, us) is arbitrary, we conclude that }AfT is firmly nonex-

pansive with respect to the norm || - || p.
Next, we have ||Cr(21) — Cr(w2) [} = [12(u1 — u2) = (21 — 22) |3 = 4| — s} —

A(uy — up) TPy — 23) + ||z — 22||3 < ||&y — 2]|%. Thus, Cr is nonexpansive under
the norm || - ||p. Since Ry and Cy are nonexpansive, they are also single-valued. Since

Ry =1/2-1d+1/2- Cyp, Ry is also 1/2-averaged with respect to the norm || - | p. [

Remark 4.1.2 Suppose u = Rp(z). Then (P +T)u > Px <= (Id+ P~'T)u > .
Therefore, ET can be equivalently represented as ﬁT = (Id + P7'T)~1. Although P~ is
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positive definite by assumption, in general P~'T is not necessarily maximally monotone.
Therefore, we cannot directly use the result from standard resolvent operator in the previous

chapter to conclude the firm nonexpansiveness or averagedness of Rr.

Proposition 4.1.2 Suppose a set-valued operator operator T' is monotone. Then, v €

zer(T) if and only if © € Fix(}A%T) = Fix(@T).
Proof The first part of the claim follows from

0€T(z) <= Pre(P+T)x,
<~ 1= (P+T)'Pr,
= = Rp(z), (4.2)

— e Fix(Ry). (4.3)

The second part of the claim follows from the definition of the generalized Cayley operator.

Proposition 4.1.2 implies that the zero set of an operator 7' is the same as the fixed point
set of its generalized resolvent or Cayley operators. Therefore, if the optimal solution set
of certain optimization problem can be characterized as the zero set of a proper maximally
monotone operator 7', we can utilize the following generalized resolvent iteration to find an

optimal solution.

Proposition 4.1.3 (Generalized Resolvent Iteration) Let 1" be a set-valued operator on
R™ and P € R™" be a symmetric positive definite matrix. Then, the sequence (2¥)y>o
generated by the iteration

= (P+T) P2, (4.4)

converges to some z* € zer(T) if zer(T') # (.
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4.2 Generalized Douglas-Rachford Splitting

Proposition 4.2.1 Suppose Ty, Ty are maximally monotone on R" and zer(Ty + T3) # ().
Define operator fDR = Id — 2a1§T2 + 204?2711 o (QET2 — Id) where o € (0,1). Then fDR

is a-averaged with respect to the norm || - || p. Starting from any 2°, fork = 0,1,. .., let
= Ry, (2"); (4.5a)
= 2k 4 20 (ﬁTl(kaJrl A wkH) . (4.5b)

The sequence (2¥)y>q converges to some 2* € Fix(Tpr), and the sequence (w¥)>o con-

verges to w* = Ry, (2*) € zer(Ty + Td).
Proof Let w* be a point in zer(7} + T3). Then

0e T1+T2)

=}

c 1T1 + Ping)w

(
(P
0€ (Id+ P 'T)w* — (Id — P~'Ty)w*
0€ (Id+ P'T))w* — Crp, o (Id + P ' Ty)w
€ (Id+ P'T))w* — Cp(2%), for some z* € (Id + P~'Th)w
Cr,(2*) € Id+ P'Ty) o Ry (), w* = R, (2%)
2Ry, o Crn(2*) = 2Ry, (%), w* = Ry (2%)

(Cr, +1d) 0 Cp, (2*) = (Cp, +1d)2*,  w* = Ry (2%)

IHHIIHHHHI

Cr, 0 Cp(2") = 2%, w* = Ry, (2%).

The thrid line to the fourth line is due to the fact that @TQ o(ld+ P7'Ty) = (2(1d +
P17yt —1d) o (Id + P~'Ty) = (2Id — Id — P~'Ty) = Id — P~'T5.

Therefore, a point w* € zer(T} + 1») can be obtained as w* = ETQ(Z*) where z* is
a fixed point of map éTl o Cr,, which is nonexpansive under the norm || - || since it is
the composition of two nonexpansived maps under the norm || - || . Therefore Tpp :=
(1 — a)ld + ol o Cp, = Id — 20Ry, + 2aRy, o (2Ry, — 1d) where o € (0,1) is a-

averaged with respect to the norm || - || p. The sequence (2*);>o generated by iteration (4.5)
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converges to a fixed point z* of Tp r and (?*Tl o 6T2, and the sequence (w*);>o converges to

w* = Ry, (2*) € zer(Ty + Tb). This completes the proof. [
Notice that similarly to the standard Douglas-Rachford splitting, each iteration requires
evalutaing ﬁTl and §T2 each once, and their roles can be switched in (4.5).

4.3 Generalized Davis-Yin Splitting

Proposition 4.3.1 Suppose Ty, T, are maximally monotone operators on R"; Ty is -
cocoercive; zer(Ty + Ty + T3) # (). Deﬁne operator ny = Id — fiTQ + ﬁTl o (2]/'!5T2 -
Id— P~ 'Ts 0 ]?ETQ) and suppose A\pin(P) > 55. Then Tpy is 0-averaged with respect to the

norm || - || p with coefficient = % < 1. Starting from any 2°, fork = 0,1, ..., let
= Ry, (2M); (4.6a)
KL= kM Ry (20— 2R — PTITy(wh ). (4.6b)

The sequence (2¥)y>o converges to some z* € Fix(Tpy), and the sequence (w*)y>o con-

verges to Ry, (2*) € zer(Ty + Ty + Ts).
Proof We first show that

R\Tz ( Fix(fpy)) =zer(Ty + Ty + T3).
Let w* be a arbitrary point in zer(7} + 15 + T3). Then

0e(Th + 1+ Ts)w"
0c (P '+ P '+ P 'Ty)w

(
(P

0¢c (Id+ P 'TY)w* — (Id — P~ 'Ty)w* + P~ T5(w*)

0 € (Id+ P 'T))w* — Cp, o (Id + P ' Ty)w* + P~ Ty(w)
€ (

Id+ P'T)w* — Cpy (2*) + P ' Ty(w*), for some z* € (Id + P~ Ty)w*

(Cp, — P 'Ty 0 Ry)2* € (Id+ P7'T1) o Ry (%),  w* = Ry (2%)

IHIIHHHI

ZETl O (6]“2 — P_1T3 o ETQ)Z* = 2§T2 (Z*), ’lU* = §T2 (Z*)
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— (Cp,+1d)o(Cp, — P 'Ty0 Ryp)2* = (Cp, + 1d)2*,  w* = Ry, (%)
= (6T1 o (6T2 — P T30 }A%TQ) — P T30 }A%T2> =2 w'= }A2T2(z*).

We have
1 1 A~ -1 o) -1 o)
Sld+ 3 (CTl (Cr, — P"\Tyo Ry,) — P~'Ty o RT2>
:%Id % ((2RT1 —1d) o ((2Rg, —1d) — P"'Ty 0 Ry,) — P~'Ty 0 ETQ)
:%Id n % (4§T1 o Ry, — 2Rp, — 2Ry, +1d — 2Ry, P~ ' Ty 0 §T2>

:2§T1 9] ETQ — éTl — ETQ +1d — §T1P_1T3 ®) ﬁTQ
=Id — ETQ + }/%Tl e} (QETQ —1Id — P_1T3 9 ﬁ’]&)
:TDy.

Therefore, Ty has the same fixed point set as 6’T1 o (GTQ — P T30 ETQ) — P T30 §T2,
and we have ﬁTQ ( Fix(ny)) = zer(Ty + Ty + T3).

Next, we show that Tpy is 6-averaged with respect to the norm || - || with coefficient
0 = el Let Ty = 1d — Ry, Ts = 2Ry, —1d — P™'Ty 0 Ry, Since Ry, is firmly

p, T}y is also firmly nonexpansive. For any x, v,

nonexpansive with respect to the norm || - |

we have

Ty (z) = Toy W)} = 1Ta(z) — Ta@)|1} + | Bry © Ts(x) — R, o T5(y) |3
+2(Ry, o Ts(x) — Ry, o Ts(y), Tu(z) — Tu(y)) p
< (Ty(x) — Tu(y),x — y)p + (Rpy 0 Ts(x) — Ry, o Ts(y), Ts(x) — Ts(y))p
+2(Ry, 0 Ty(z) — Ry, 0 Ts(y), Tu(x) — Tu(y))p
= (Tu(z) — Tu(y),xz —y)p
+ (R, o Ts(x) — Ry, 0 Ts(y), 2Ty + Ts)x — (2T + Ts)y) p
= (Tpy (z) = Toy(y), = — y)r
+ (R, o Ts(x) — Ry, 0 Ts(y), (2T + T — Id)z — (214 + Ts — 1d)y) p
= (Tpy(2) — Tov(y),z — y)r
— (Ry, o T5(x) — Ry, 0 Ts(y), P~'Ty 0 Ry, () — P™' Ty 0 Rey (y)) p,
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where the inequality is because of the firm nonexpansiveness of operators 7); and ETl. Since
the following equality always holds
(Tov(@) ~ Tov (), —)p = gllz — oll3 + 51 Tov () ~ Tov ()
— S0 = Toy)e — (1d = o)yl
plugging it in the previous equality and rearranging items, we have
|Toy (x) = Tov )17 < o = yllp = 1(ld = Toy )z — (1d = Toy )yl 3
— 2(Rp, 0 Ty(z) — Ry, 0 Ts(y), P Ty 0 Ry () — P7'Ty 0 Ry (y))p
= ||z = yl» = (1d = Tpy)x — (Id = Tpy )y}
+2((1d — Tpy)z — (1d — Tpy)y, T3 0 Ry () — Ty 0 Rey (y))
— 2(Ba,(2) = Br,(y), Ty o Rry () — Ty 0 By (1)
< |le = yllp = 1(ld = Tpy)z — (1d = Toy )yl
+ 55100 = Toy)o = (14 = Tor )yl + 281175 R (@) = T B )
— 2Ry, (z) — R, (y), Ts 0 By (x) — T 0 Ry (y))
< |le = yll} — 1(ld = Tpy)z — (1d = Toy )yl
+ 5508 = Tor)a = (1 = o)yl + 28|Ts o By ) = T R )

— 28||Ty 0 Ry, (x) — Ty 0 Re, (y)]?

1
<llz—ylt—(1- —
<=yl ( TP

2 1-0 T = 2
= e — w3~ =200 - T ) — (1 - Tyl

) 1(1d = Ty ) — (1d = Ty il

2IBAmin (P)

where 0 < 0 = Toan(P)1

< 1 since A\pin(P) > % The second inequality is due to the
B-cocoercity of operator 75. Therefore, operator ny is f-averaged with respect to the
norm || - || p. The sequence (z*)>o generated by iteration (4.6) converges to a fixed point z*
of Ty, and the sequence (w"*)x>0 converges to w* = Ry, (2*) € zer(Ty + Ty + T3). This

completes the proof. [ ]

Remark 4.3.1 Notice that the standard Davis-Yin splitting in Proposition (3.6.2) is a special

case of the above generalized Davis-Yin splitting with P = %In.



36

S. DISTRIBUTED SYNCHRONOUS ALGORITHMS WITH
COORDINATOR

In this chapter, we will propose two distributed synchronous algorithms for the base standard
formulation of our multi-agent optimization problem. Both algorithms are designed to find
zero points of saddle subdifferential operators (to be defined later), which are also saddle
points that represent the optimal primal-dual pairs of certain Lagrange functions associated
with the multi-agent optimization problem.

The first algorithm applies the generalized resolvent iteration to the regular Lagrange
function and its corresponding saddle subdifferential operator, and can be thought of as
an extension of the famous alternating direction method of multipliers (ADMM) to the
multi-block case with a parallel updating structure. The second algorithm is an application
of the standard Douglas-Rachford splitting method to a different, but equivalent Lagrange
function and its corresponding saddle subdifferential operator.

Although both algorithms require a central coordinator to collect certain variables
from all agents and perform updates on some dual variable, the second algorithm has
the advantage that no primal local decision variables need to be exchanged between the

coordinator and agents, thus privacy of agents are better protected.
5.1 Primal-dual Precursor Algorithms
Recall our base standard multi-agent optimization problem has the following form,
L
minimize Z fi(xs)
¢ i=1

subjectto Ax =0b, ;€ X;, VielL]

where we have the shared coupling equality constraint and the private local constraint

r; € X;. In fact, since we assume that the local constraint sets X;’s are convex and
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nonempty, they can be incorporated into the local objective function f; by adding the
convex indicator functions 1y, (x;)’s.

Therefore, the base standard formulation is equivalent to

L
minimize Z (filx:) + 1x,(z;)) (5.1)
i=1
L
subjectto Az = Z Ajx; = b. (5.2)

i=1
One classic primal dual algorithm that has been used to solve problem (5.1) is dual

decomposition [28]. The Lagrange function of (5.1) is

M-

Lz, A) =Y (filz:) + 1x,(2;)) + AT (Az — b) (5.3)

1

7

M-

(fili) + 1, () + A" Agy) — ATb

=1

Ei(ﬂfi, /\) — )\Tb,

I
AMN

=1

where A is the Lagrange multiplier, or dual variable. The dual function is d(\) =
min, £(z,\) = Zle min,, £;(z;, \) — ATb. If we assume strong duality holds, then

the original problem is equivalent to the dual problem

L
maxi}\mize Z; (filz}) + 1x,(z}) + AT Axf) — AT, (5.4)
where z* = (z7,...,2}) = argmin, £(z, ). One subgradient of \ for problem (5.4) is

Ax* — b. The dual decomposition method iterates between updating primal variable x and

updating dual variable \,

¥ = arg min £(z, \¥), (5.5)

ML= AP 4y (Az™ T — ), (5.6)

where the primal update step (5.5) is equivalent to solving L individual smaller problems:

¥ = argmin £;(z;, \), Vi € [L)]. (5.7)

Ty
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Obviously, (5.7) can be carried out in parallel.

Notice that dual decomposition is essentially the subgradient method [83] applied to
the dual problem, and the evaluation of the subgradient of dual variable A during each
iteration involves solving an optimization problem (5.5). However, the convergence of
the subgradient method requires a careful choice of the step size a; and the satisfaction
of some additional assumptions, such as the boundness of local constraint set X;’s so
that the subgradient ||Az**! — b|| is bounded for all k. Another drawback of the dual
decomposition/subgradient method is its relatively slow convergence speed at O(1/ \/E)

Another distributed algorithm that dates back to the 70s but has become popular again
in the last decade is the ADMM method [36, 34]. The standard ADMM method is designed
for a special case of problem (5.1) where L = 2, i.e., there are only two blocks of variables.

It involves the augmented Lagrange function £,(x, A):
Ly, N) = £, A) + S| Az — b}

= ﬁl(ﬂfl, )\) + ,CQ(IQ, )\) - )\Tb -+ gHAlIl + AQIEQ — b”2

where p > 0 is the penalty parameter. In each iteration, we minimize the augmented

Lagrange function over x; and z» separately, followed by a dual update step:

k+1 _ : ko\k

oy = argmin £,(z1, x5, \¥),
1

ah™ = argmin £,(2 1, 29, AF),

z2

)\kJrl — )\k + p(AZCk+1 . b),

Notice that the update of x; and x, must be performed in a sequential fashion instead of
in parallel. The standard ADMM has good convergence behavior under relatively mild
assumptions. Interestingly, it can be shown that the standard ADMM is a special case of
the Douglas-Rachford splitting technique (3.3) applied to the dual problem (5.4), we refer

readers to [33, 78] for more details.
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If the standard ADMM is extended to cases where L > 3, the algorithm is called

Gauss-Seidel ADMM, where one sequentially update x; for: = 1,..., L as follows

_ - k+1 k+1 k k
= argmin L, (a:1 e T T Ty ,ZL‘L) .

Ty

k+1
Ly

The Gauss-Seidel ADMM was proposed recently [40], but has been shown to be not
necessarily convergent [19]. Some additional assumptions are needed for guaranteed con-
vergence. For example, if we assume that local objective functions f; are strongly convex,
then the Gauss-Seidel ADMM method converges [38]. One big disadvantage of the Gauss-
Seidel ADMM is that agents have to take turns to update their local decision variables in a
serial fashion since they need the updated information from those indexed before them.

A parallel update scheme across agents such as in the case of dual decomposition is
desirable since it would take better advantage of different parallel computing infrastructure.
That is, all the agents perform local optimization simultaneously without having to wait for
other’s updated information as in the serial scheme. One straightforward modification of
the serial ADMM towards this direction is the parallel ADMM, where at every iteration
each agent will minimize the augmented Lagrange function with respect to its local decision

variable z;, assuming other parts of x fixed:

k+1
%

: k k k k
=argmin L, (ml, e T T T ,xL) . (5.8)

Zs

T

However, even in the simplest two block setting (L = 2), this scheme does not converge in
general [39].

It is desirable to have distributed algorithms that require minimal set of assumptions
for convergence, such as the standard two block ADMM, and also have a parallel updating
structure as in dual decomposition. We will propose two such algorithms in this chapter.
Both algorithms are designed to find points that satisfy the KKT conditions of optimization
problem (5.1). For constrained convex optimization problems, any points satisfying the
KKT conditions are optimal solutions. To find such points, we start from a more general
concept of saddle function. The Lagrange function (5.3) is a special class of saddle

functions, and KKT points of the original optimization problem are saddle points of the
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Lagrange function, which are also zero points of the saddle subdifferential operator that

will defined next.

5.2 Saddle Function and Saddle Subdifferential Operator

Definition 5.2.1 ([76]) K : X x Y — R U {400, —o0} is called a saddle function on
X XY if K(z,vy) is a convex function of x for each fixed y and a concave function of y for
each fixed x. The saddle function K is closed if K(x,vy) is lower semicontinuous in x for

each fixed y and upper semicontinuous in y for each fixed x. The effective domain of K is

defined as
dom K :={(z,y) € X XY | K(x,y") < 400, V' € Y and K(z',y) > —o0, V2' € X }.
K is called proper if dom K # ().
A point (z*,y*) € X x Y is called a saddle point of the saddle function K if
K(x*,y) < K(z*,y") < K(z,y"), Ve € X,y €Y. (5.9)

In other words, z* is a minimizer of K (-,y*) and y* is a maximizer of K (z*,-). In this
case, it holds that sup, inf, K (r,y) = inf, sup, K(z,y) = K(z*,y").
General saddle functions may have no saddle points. A sufficient condition for the

existence of saddle points based on the Sion’s Minimax Theorem [85] is given below.

Proposition 5.2.1 ([85]) Suppose K is a real-valued closed saddle function on X xXY. Let

C C Xand D CY be two nonempty compact convex subsets. Then

min max K (z,y) = maxmin K(z,y).

For the saddle function K on X x Y, a set-valued operator 7Tk can be defined by

TK(IL',?/): 9 V(1'7y)€X><Y
Oy(—K)(z,y)
In [78], Tk is referred to as the saddle subdifferential operator of /. The condition (5.9)
for a point (z*,3*) to be a saddle point of K is equivalent to 0 € 0,K(z*, y*) and

0 € 0,(—K)(z*,y*), i.e., 0 € Tk (z*, y*). We thus have the following result.
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Proposition 5.2.2 The set of saddle points of K is zer(Tk).

Theorem 5.2.1 ([76]) Let K be a saddle function on X x Y. If K is proper, then T is
a monotone operator with the domain dom Ty C dom K. If K is proper and closed, then

T is a maximally monotone operator.

By the above result, for a closed proper saddle function K, its saddle subdifferential T
is maximally monotone, thus the corresponding resolvent, denoted by R, is an averaged
operator with the fixed point set Fix(Ry) = zer(Tk) being exactly the set of saddle points
of K. The iteration (z**! y**1) = Ry (2", y*) will converge to a point in Fix(Ry) and
hence a saddle point of K. We next characterize how Ry can be computed. For any

(x,y) € X XY, (p,q) = Rk (x,y) if and only if

(z,y) € (Id+ BTx)(p, q)

= (7,y) € (p+BIK(p,q),q+ BI(—K)(p,q))

0€d,K(p,q)+ (p—
. € 0,K(p,q) + (p — )/ (5.10a)

0 €9 (=K)(p,g) + (¢ —y)/B

p

p=argmin,x K(p,q)+ 55/p — z|?
— pex 26 (5.10b)

| ¢ = argmaxcy K(p,q) — %Hq —y|?
1

— (p, q) is a saddle point of K (p, q) +% (||p—x||2 — ||q—y||2) . (5.10¢)

By letting p = z and ¢ = y in (5.10c), we see that, as expected, fixed points of Ry are

exactly the saddle points of K.

For many closed proper saddle functions, the computational cost involved with evaluat-
ing Ry directly as in (5.10b) might be high. In order to find saddle points of those saddle
functions, there are three main strategies to reduce the computational cost or make the
computation have a nicer structure, such as parallel structure. Firstly, if the saddle function

has a cartesian structure and is separable, we can easily prove the following proposition.

Proposition 5.2.3 Suppose K(x,y) = Ki(z1,y1) + - - - + Kp(xp,yL) is separable, where

Ki(z;,y;) is a closed proper saddle function on X; x Y;; © = (v1,...,2) € X =
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Xy X xXpyandy = (y1,...,yr) €Y =Yy x -+ x Y. Then, (p,q) = Ri(z,y) is

givenby p = (p1,...,pr) and = (qu,...,qr) where (p;, ;) = Ry, (;, y;) for each i.

Secondly, instead of using the standard resolvent Ry, generalized resolvent R k as defined
in (4.1) with some carefully designed positive definite matrix P can be utilized. Thirdly, in
some cases, a saddle function can be written as the summation of two or three closed proper
saddle functions, for which the resolvent or generalized resolvent operators are much easier
to compute. Then, by utilizing the tools from operator splitting or generalized operator
splitting methods, we can derive iterative algorithms to efficiently compute saddle points of

the original saddle function.

5.3 Proximal Parallel ADMM

Notice that the Lagrange function £(x, A) in (5.3) is a saddle function on X x R™ where
X =11 Z.Lzl X, because L is a convex function of x for each fixed A and concave function of
for each fixed x. The saddle subdifferential operator of a Lagrange function for a constrained
convex optimization problem is also called the KKT operator as we discussed in Chapter 3.
The saddle subdifferential operator T, (x, \) with dom(7.) # () and dom(7T;) C R"*™ of

the Lagrange function £(z, \) in (5.3) can be written as:

T
To(r.)) = O L(x, ) _ F(x)+ Nx(z)+ A"\ | 511
OA(=L)(x, ) —Az+0b

where F(z) := (04, f1(21),. .., 0., fr(zr)) € R", and Nx(z) is the normal cone operator
of set X.

Proposition 5.3.1 The set of optimal primal-dual pairs for optimization problem (5.1) is
zer(Ty).

Proposition 5.3.2 Operator T(x, \) as defined in (5.11) is maximally monotone.

Proof Note that the indicator function is lower semicontiuous. Therefore, £(z, \) is

closed since it is lower semicontinuous in x for each fixed A and upper semicontinuous in
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A for each fixed x; it is also proper because its effective domain is nonempty. Therefore,

T (z, A) is a maximally monotone operator according to Theorem 5.2.1. [ ]

Remark 5.3.1 Another way to prove T (x, \) is maximally monotone is by observing that

F(x) + Nx(x) N 0 AT| |z

TE(I»/\) = Tl(xa )‘) + TQ(J”7 /\) =
b AT 0 A

Ti(x, \) is maximally monotone since individually, F(x), Nx(z), and b are all maximally
monotone operators in their respective domains, and both summation and concatenation
operations preserve maximal monotonicity. Ty(x, \) is maximally monotone since it is an

affine mapping with a skew-symmetric matrix. Hence, Ty (x, \) is maximally monotone.

We propose the following proximal parallel ADMM method, which builds on the
parallel ADMM method, and has a parallel update structure across agents. The proximal
parallel ADMM algorithm is summarized in Algorithm 1. At each iteration, local agents
solve the local optimization problems in parallel according to (5.12), followed by an update
on the dual variable (5.13). Notice that the dual update requires the most up to date
information from all the agents, thus needs to be carried out by a central coordinator that
can communicate with all agents.

The proximal parallel ADMM algorithm will next be characterized as a special case of
the generalized resolvent iteration (4.4) applied to the operator 7» with a carefully designed
symmetric positive definite matrix P. Therefore, its convergence to some optimal solution
starting from any initial conditions is guaranteed. Notice that the local update of each agent

(5.12) can also be written as

k1 _ : k k k k
H=argmin £, (2, ..., 2l 2,2, 2h) + Sla —

T
7
@ 2

Compared with the parallel ADMM method (5.8), a proximal term £

x; — x¥||? is added to
regularize each agent’s subproblem for some ¢; > 0. The motivation and intuition behind
adding this proximal term is that it adds certain levels of “inertia” to the local updates
of all agents, hence agents become less aggressive when moving to a new point. These

“controlled” updates help prevent the divergence of the algorithm.



44

Algorithm 1 Proximal Parallel ADMM
1: Initialize (2°, \Y), set k = 0;

2: while stopping criterion is not satisfied do
3:  Coordinator sends \* and ¢} = 7., A;zf — b to each agent i;
4: Each agent ¢ updates x; (in parallel) according to

xf“ = arg min (fz(xz) + (/\k)TAixi + gHAlx, + cf||2 + %Hx, — xf||2> : (5.12)
Z‘iEXi

5: Each agent i sends 2™ to Coordinator;
6: Coordinator updates A according to
ML= \F 1 p(A™ T —b). (5.13)
7: k< k+1;
8: end while
Define matrix P as follows,
P, —pATA 0
P = , (5.14)
0 %Im

where P, = diag(Py, P,,..., Pp), and P; = ¢;1,,. + pAT A;. P, is symmetric since each
of P, is symmetric. Therefore, matrix P is symmetric since both of its diagonal blocks are

symmetric.

Definition 5.3.1 ([68]) A matrix B € R™*"™ is an M-matrix if 1) any off diagonal entry of

B is non-positive; 2) B is invertible and any entry of B~ is non-negative.
It is easy to see that any diagonal matrix with positive diagonal entries is an M -matrix.

Definition 5.3.2 Suppose B € R™"*" is a block matrix partitioned as
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where B;; € R""™ and )" | n; = n. Then, B is called block diagonally dominant if
1B =D 1Byl Vi (5.15)
JFi

If strict inequality holds in (5.15), B is called block strictly diagonally dominant.

Note that the induced matrix norm is defined as || B|| := sup, Hﬁ 2l

=l *
Lemma 5.3.1 ([30], Theorem 9) Let B € R™*" be block strictly diagonally dominant with

all the diagonal blocks being M -matrices. Then, any eigenvalue of B has positive real part.

Proposition 5.3.3 Suppose the parameters p and p;, Vi € [L] satisfy that p > 0, ¢; >
P el | AT A;||, Vi € [L]. Then the matrix P defined in (5.14) is positive definite.

Proof Since p > 0, %Im > 0, it is sufficient to show that P = P, — pAT A is positive

definite. Writing out p gives

1L, —pAT A, o —pAT AL
| —paTa I, o pATA
p— P .2 1 902' P .2 L (5.16)
| —pALA —pALALr prln, |

Notice that P is a block matrix with diagonal blocks being positive definite diagonal

matrices, or, M -matrices. The second condition says that

1
>p Y IATA,
jelzh)

1
—I

7

%‘Z‘

which means matrix P is block strictly diagonally dominant. Since P is also symmetric,

applying Lemma 5.3.1 yields that P = 0. Therefore, P & 0. [ |

Proposition 5.3.4 The proximal parallel ADMM algorithm, outlined in Algorithm 1, is the

generalized resolvent iteration (4.4) applied to T (x, \), with the matrix P defined in (5.14).
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Proof Let 2% = (2%, \F) = (2%, ... 2% A\F). From the iteration (4.4), we have

(Id + P~1T,) 254t 5 2k,

= P 4T s PR (5.17)
Substituting (5.14) into (5.17) gives the following

Ofi(xf™) + Ny, (2f ™) + P(af ™ — af) — pAT A — 2%) + AT 50, (5.18)

ML= \F o p(A™ T —b). (5.19)

Notice that (5.19) is exactly the dual update (5.13) in Algorithm 1. Substituting (5.19) into
(5.18) yields

Ofi(w; ™) + N, (27™) + ATA* + pAT (Az* = b) + Piaf™ — 2) 20,

2

= Ofi(afT) + Ny, (&) + ATN 4 pAT (A ™ + >~ Ajak — b)+
J#i
gpi(l‘f+1 - l‘f) =/ 07
= Ofi(xF) + Ny, (28 + ATNE 1 pAT (A" 4 cF) 4 (2 — 2%) 3 0.

(5.20)

Noe that (5.20) corresponds to the first order optimality condition of the following mini-
mization problem

2f™ = arg min (fz‘(l“z') + 1y, (z;) + (A Ay + gHAz‘l’z‘ + P+ %Hl’z‘ - $f||2> :

Ty

= argmin (fi(:) + V)" A + S| A+ I+ Dl —ab?), 52D
r,€X;

which is exactly the primal update (5.12) in Algorithm 1. Combining (5.19) and (5.21), we

obtain the desired conclusion. [ ]

Theorem 5.3.1 (Convergence of Proximal Parallel ADMM) Under Assumptions 2.1.1,
2.1.2 and 2.1.3, and suppose p and p;, Vi € [L] are chosen according to Proposition 5.3.3
such that matrix P in (5.14) is positive definite. Then, the sequence (2%, \¥),>o generated
by Algorithm 1 converges to (z*, \*) € zer(T;) with Ty being defined in (5.11), and x* is

an optimal solution to the original problem (5.1).
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Proof Combining results from Proposition 4.4, Proposition 5.2.2, Proposition 5.3.1,
Proposition 5.3.2, Proposition 5.3.3 and Proposition 5.3.4 yields the desired statement.

Remark 5.3.2 One observation regarding proximal parameter ; is that suppose AT A; =
0, 3¢ € [L] and ¥j # i, then p can be chosen arbitrarity small according to the second
condition of Proposition 5.3.3. This means that for a particular agent 1, the stronger
orthogonality its coupling matrix A; has with those of other agents, the smaller weight
needs be placed on the proximal term, thus the more aggresive agent i can be when

updating local decision variables.

The proposed proximal parallel ADMM has been applied to distributed model predictive
control of multiple thermal zone buildings for minimizing the electricity bill of building’s
air conditioning systems while maintaining the thermal comfort of occupants’ in different
thermal zones [45, 44, 46].

One drawback of the proposed proximal parallel ADMM algorithm is that at each
iteration, the central coordinator needs to collect the most recent optimal local decision
variables ¥ from all agents, update the dual variable according to (5.13) and calculate c¥,

then send them back to the corresponding agents. The exchange of local decision variables
k

x¥ between agents and coordinator is not ideal as x¥ usually contains important private
information regarding agent ¢, which agent < may not want to share with others. Suppose
an adversary/eavesdropper intercepts the communication between agents and the central
coordinator, it could be detrimental to the securities of local agents. In addition, variable ¢/
actually contains information from other agents j # i, this may also raise private concerns.

To avoid this issue, we propose a new distributed synchronous algorithm in the next
section, in which each agent will keep a local copy of the dual variable A\. The local updates
of each agent include updates on both local decision variable x; and local dual variable
copy A;. At each iteration, agents will only send information regarding dual variables to

the central coordinator and receive certain feedback. With only dual variable information,

it is much more difficult for an adversary/eavesdropper to decipher private local decision
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variable information. Also, local decision variables will no longer be shared between

different agents.

5.4 Dual Averaging via Douglas-Rachford Splitting

First, we create a local copy of the dual variable A for each agent, and deonote the

augmented dual variable as A\, := (\1,..., ) € R, The new Lagrange function is
L
Lo, N) = (filws) + AT Aiwy = N bi) + pixsca, (2, Ao) (5.22)
=1
L

= Z fz xz +>\Tq)x_/\Tb +/'LX><A>\(‘T A )
=1

where Ay = {\, |\ = -+ = A}, ® = diag(Ay, ..., Ap) € R b, = (by,...,by) €
R, and

f

0 ifze Xand \, € Ay;

1xx Ay (T, Aa) 1= 1x (%) = Lxxuas)e(T,Aa) = —00 ifz € X and \, & A,;

+oo ifzr ¢ X.
\
The saddle subdifferential operator T, (x,\,) with dom(7;,) # @ and dom(7.,) C

R"*™L of the Lagrange function L.(z, A\y) in (5.22) can be written as:

OpLa(x, A F(z)+ N + T\,
Te, (2, \a) = (@) | _ |F(@)+ Nx(o) o (523)
a)\a(—ﬁa)(l’, )\a) —dx + ba —+ NAA(/\a)

where b, = (by,...,br) € R™E, & = diag(A,, ..., Ar) € R™*m,
Proposition 5.4.1 For any (z*,\}) € zer(Ty,) with Ty, being defined in (5.23), we have
Ay €{1LRN [ X € R} e, A = \j = A\, Vi, j € [L]. Furthermore, (z*, \*) € zer(Ty)

with Ty being defined in (5.11), which means (z*, \*) is an optimal primal-dual pair of the

optimization problem (5.1).

Proposition 5.4.2 Operator T, (x, \,) as defined in (5.23) is maximally monotone.
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Proof Observing that

0 &7 T F(x Nx(x

T (. 0) = N (z) N x(z)
3 0| |\ ba Na,(Aa)

T (;Ur,)\a) T (;,J\a)

The first part of 7} (x, A\,) is maximally monotone since it an affine mapping with skew-
symmetric matrix, the second part of 7} (z, \,) is maximally monotone since individually,
F(z) and b, are maximally monotone, and concatenation preserves maximally monotonic-
ity. T»(z, \,) is maximally monotone since individually, Nx (x), N 4, (A,) are all maximally
monotone operators in their respective domains (in particular, N 4, (),) is maximally mono-

tone because A, is a closed convex set). |

To find a saddle point of T, (z, \,), instead of evaluating the standard resolvent R,
or the generalized resolvent Eﬁu directly, we first notice that £,(z, A,) can be written as
L(z, A\g) = L1(z, A\o) + Loz, ;) where

Li(x, Aa) = > (filws) + AT Ay — ATby)
1€[L]

‘CQ(:C) )\a) - /LXX.AA (ZL', )\a)-

Note that £;(x, \,) is closed since it is lower semicontinuous in = for each fixed A\, and
upper semicontinuous in )\, for each fixed x; it is also proper because its effective domain is
nonempty. In addition, L£o(x, \,) is also a closed and proper saddle function since X and
A, are both nonempty closed convex sets. Thus 7z, and 7, are also maximally monotone
operators, whose resolvents R, and R, are averaged operators.

We adopt the Douglas-Rachford splitting method. Starting from any 2z° = (2%, \2), for
E=0,1,...let

wk-i—l — REQ (Zk),
Zk—l—l — Zk + 20 (R,Cl (2w/€+1 . Zk) o wk-‘rl) ’
where « € (0,1); R, and R, are the resolvent operator corresponding to saddle functions

L4 and L,, respectively. Next, we show how R, and R, can be computed in a distributed

fashion by each agent.



50

Further notice that £y(z, \a) = .1, Lia(zs, \;), where Ly(zi, Ni) = filwi) +
)\Z-TAixi — )\inZ-. From Proposition 5.2.3 and the fact that £, ;(z;, \;)’s are closed proper
saddle functions, we know R, (z, A\,) can be computed in a distributed fashion through
each agent by evaluating R, ,(z;, A,) independently. For the computation of (p;, ¢;) =

R, (w5, A;), notice that (5.10a) becomes

Aipi — bi = (qi — i)/ B.

The second equation is equivalent to ¢; = \; + 5(A;p; — b;). Plugging into the first equation
yields 0 € Of;(pi)+(pi—i)/ B+ AT N+ BAT (Aipi—b;). Therefore, (pi, ;) = R, ,(zi, \)

can be evaluated as
p; = argmin, (fz(s) + M Ais + gHAZ-s — b + ﬁ”s — xl”Q) 7
¢ =N+ B(Aipi — b;).

As for the computation of R.,, we have Rp,(z, \,) = (Px(z), Pa,(\s)), where
Px(xz) = Px,(x1) x - -+ X Px, (zr), which can be computed by each agent independently.
Here, Po denotes the orthogonal projection operator onto C. In addition, P4, (\,) =
1, ® (A1 + -+ + Ar)/L, which will be computed by a central coordinator. The proposed

dual averaging via Doulas-Rachford splitting algorithm is summarized in Algorithm 2.

Theorem 5.4.1 Under Assumptions 2.1.1, 2.1.2 and 2.1.3, the sequence (T, Xk) k>0 gen-
erated by Algorithm 2 converges to some (x*,\*) € zer(1y), and x* is an optimal solution

to the original problem (5.1).

Proof Combing results from Proposition 3.6.1, Proposition 5.4.1, Proposition 5.4.2 yields

the desired statement. [ ]

Compared with the proximal parallel ADMM algorithm in Algorithm 1, this algorithm
has the following advantages: 1) The information exchanged between the coordinator and
agents solely contains copies of dual variables, and local optimization step (5.25¢) does not

directly involve primal decision variables from other agents, thus the privacies of individual



51

Algorithm 2 Dual Averaging via Douglas-Rachford Splitting

- ~0
1: Initialize (2%, A2, \"), set k = 0;
2: while stopping criterion is not satisfied do
3: Each agent i sends \¥ to Coordinator;

4: Coordinator calculates X = (A¥ + .. + \¥)/L and sends it back to each agent;

5: Each agent ¢ updates local decision variables (in parallel) according to
=Py ad), N =X (5.252)
w=ozh - ok, =2 - (5.25b)
z;t = argmin (fz(xz) + (Xf)TAzxz + §HAZ:L‘Z — bil|*+
| 1 k|2

sl — ) 5250
MU= 2E 4 BAGET - by); (5.25d)
ot = + 20 (T - T) 5 (5.25¢)
NEFT = 0 20 (R -3 5 (5.25f)

6: k< k+1;

7: end while

agents are better protected. 2) Although there are more local variables that each agent
needs to keep track of, i.e., 7, 7%, Xf, Xf, x¥, and \F, the local computation cost for
each agent might be reduced. This is because in the proximal parallel ADMM algorithm,
each agent needs to solve a constrained convex optimization problem as in (5.12), whereas
here each agent only needs to complete a projection (5.25a), an unconstrained convex
optimization problem (5.25¢), and some other linear operations. If the local objective
function is quadratic, (5.25¢) reduces to linear operations.

Notice that in the Douglas-Rachford splitting method, the roles of the two resolvent

operators can be switched, thus giving us a slightly different algorithm, which is summarized

in Algorithm 3.



52

Algorithm 3 Dual Averaging via Douglas-Rachford Splitting, Second Version

1: Initialize (z°, \?), set k = 0;

2: while stopping criterion is not satisfied do

3: Each agent ¢ updates local decision variables (in parallel) according to
~ . 1
ZF = arg min (fz(a:z) + (AT Ay + §||AZ$Z —bilI* + %sz — xf||2> ;
e = 0F 4 B(ATE - by);

Skl ook k' Yk+1 _ oYk k.
T, =20 —x A =20 = A

79

4: Each agent 7 sends /):f“ to Coordinator;
5: Coordinator calculates X = = (X’f+1 + ot X'ZH) /L and sends it back to each
agent;
6: Each agent ¢ updates local decision variables (in parallel) according to
T = P @, N =X

k+1 _ _k —k+1 ~k\ .
x; —xi+2a(xi —xi),

N =0 20 (N1 =) 5

7: k< k+1;

8: end while

Theorem 5.4.2 Under Assumptions 2.1.1, 2.1.2 and 2.1.3, the sequence (T*, P k>0 gen-
erated by Algorithm 3 converges to some (x*,\*) € zer(Ty,) with Ty, being defined in

(5.23), and x* is an optimal solution to the original problem (5.1).

Remark 5.4.1 The name of the proposed algorithm in this section, “Dual Averaging",
comes from the fact that the coordinator calculates the average of local copies of dual
variables from all agents at each iteration. It should not be confused with a similar notion

in [66, 1,27, 43, 96], where “dual averaging" refers to taking the average of subgradients.

The two synchronous algorithms proposed in this chapter have a common drawback:

a central coordinator or an agent that is able to communicate with every other agent is
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required to update certain variable that is used in every agent’s local update. This may
not be feasible for some applications. Even if it is feasible, the algorithm’s convergence is
vulnerable against the single point failure on the central coordinator. Distributed algorithms
that does not require a central coordinator and central data aggregation give more flexibility

and resilience against single point failure. The next chapter will delve into more details.
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6. DISTRIBUTED SYNCHRONOUS ALGORITHMS WITHOUT
COORDINATOR

In the dual averaging algorithm via Douglas-Rachford splitting in Chapter 5, an indicator
function of the dual variables’ consensus subspace Ay := {\, | A\; = -+ = Ap} was added
to the Lagrange function to guarantee the agreement among all agents on the value of dual
variables. The resolvent operator of this indicator function is the projection onto the set A,
which is the averaging of all \;, Vi € [L], and has to be evaluated by a central coordinator.

In order to eliminate the need for a central coordinator and make each agent’s local
updates involve only its own decision variables and variables from certain neighbors, we
introduce an undirected multiplier graph, over which agents can exchange information and
reach consensus on \;’s. The multiplier graph is defined as G\ = ([L],&)), (j,7) € &, if
agent ¢ can receive certain information from agent j. Agent ¢’s agent neighbors are defined
as N; = {j € [L]]|(j,i) € E,}. Let W be a weighted adjacency matrix associated with
the multiplier graph G, where W;; > 0if j € N;, and W;; = 0 if otherwise. It is assumed
Wi = 0, Vi € [L], i.e., no self loop exists. Let deg(i) := Zje/\@ W;; be the weighted
degree of agent ¢. Let Lg be the corresponding weighted graph Laplacian matrix, i.e.,

Lg = diag(deg(1),...,deg(L)) — W.
Assumption 6.0.1 Multiplier graph G is connected.

With the introduction of this connected, undirected multiplier graph, we can design
alternative ways to enforce the consensus among \;’s.
6.1 Dual Consensus via Operator Augmentation with Graph Laplacian Matrix

For any undirected and connected graph, its graph Laplacian matrix Lg € RY*% has an

eigenvector 1, corresponding to eigenvalue 0. Therefore, for p € R™E, (Lg ® I,,)p = Opur
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always implies that p € {1, ® ¢q|¢ € R™}, i.e., vector p always contains L identical
sub-vectors. Therefore, we can concatenate the saddle subdifferential operator (5.23) with
(Lg ® I,,) A4, and correspondingly introduce a set of node auxiliary variables y; € R™ for
each agent, and denote y = (v, ..., yr) € R™E. The new operator can be written as
F(x) 4+ Nx(x) + ®T),
Tr,(2,y,Aa) = (Lg ® Im)Aq :
—®x + b,
where F(z) := (0, fi(x1),..., 0., fr(zr)) € R, Ay = (A,..., M) € R™E b, =
(by,...,br) € R™, & = diag(A;,...,Ar) € R™*". For any (z*,y*, \}) € zer(Ty,),
we always have \* € A,. However, this new operator as it is is not maximally monotone.

We can make a small modification and obtain the following new augmented operator 7,

with dom(7,) # 0 and dom(7,,) € R as

F(x) 4+ Nx(x) + ®T),
Te (2,9, Aa) = (Lg @ I)Aa : 6.1)
—or — (Lg ® Im)y + ba

Proposition 6.1.1 Operator T, as defined in (6.1) is maximally monotone.

Proof Notice that the operator in (6.1) can be decomposed as

Tr. (2,9, M) = Ty + T (6.2)
F(z)+ Nx(z) 0 0 o7 x

= 0 +10 0 Le®I,| |y]|- (63)
ba —d —Lg® I, 0 Aa

Itis apparent that '(x)+ Nx () is maximally monotone since individual parts are maximally
monotone based on previous assumptions. Both 0 and b, are maximally monotone since
they are constant-valued operators. Therefore, 77 is maximally monotone as it is the
concatenation of three maximally monotone operators.

Notice that 7o = Hw is a linear operator in w = (z,y, \,), with H being a skew
symmetric matrix, since Lg ® I,,, is symmetric. Thus 75 is maximally monotone as it is the

summation of two maximally monotone operators. [ ]



56

Remark 6.1.1 The augmented operator T, (x,y, \,) as defined in (6.1) can be interpreted

as the saddle subdifferential operator of the saddle function

L
La(z,y,\a) = Z (filws) + 1x,(z:)) + AL @z — AN'b, + A (Lg @ I,)y.

i=1
which is a convex function in (x,y) for fixed \,, and a concave function in \, for fixed
(x,y). It is straightforward to show that L A(T,y, A\a) is closed and proper. The variables

y € R™E can be thought of as augmented primal variables.

Proposition 6.1.2 For any (z*,y*, \%) € zer(T,,) with Ty, being defined in (6.1), we have
Ao € {1 [N € R™}, e, \] = A} = \, Vi, j € [L]. Furthermore, (x*,\*) € zer(T)
with T being defined in (5.11), which means x* is an optimal solution to the original
optimization problem (2.1).
Proof Suppose (z*,y*, \}) € zer(1y,). Then
F(z*) + Nx(x*) + ®T\* On,
(Lg ® Im)A; 3 | Oz | -
—&x* + b, — (Lg X ]m)y* Omr
Second row block (Lg ® I,,) A = 0,1, implies that A} € {1, ® A*| \* € R™} since
Lg is the weighted Laplacian matrix of the connected multiplier graph G,. Therefore,
Af =N =MV, € (L.
From the first row block we have 0,, € F(x*) + Nx(z*) + ®* (1, ® A*). Combining
with ® = diag( A, ..., Ar) and Nx(2*) = Nx, (z}) X -+ X Nx, (z7}) yields

0,, € Ofi(x}) + Ny, () + AT X", Vi e [L]. (6.4)

Pre-multiplying both sides of the thrid row block by 1% ® I,,, yields 0,,, = >icn (bi —
Aix}) = (1@ 1) (Lg® 1)y Since (17 ® In)(Lg@1In)y* = ((17Lg) ® (I;n)*) y* = O,

we have
0,, = —Ax" + 0. (6.5)

(6.4) and (6.5) implies that (z*, \*) € zer(7T), which means z* is an optimal solution to

the original optimization problem (2.1). This completes the proof. [ ]
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Remark 6.1.2 The above theorem indicates that every zero point of the augmented operator
T, corresponds to one zero point of Tr. From the third row block of operator I, it should
be noted that essentially we are decomposing the task of finding x* such that Ax* —b = 0,,
into L smaller tasks of finding x}’s such that A;xf — b; = zf = ZjeNﬁ wi(y; — yj) with
Zie[L] 27 = 0,,. Therefore, auxiliary variables y;’s can be thought of as coordination

variables that help to find the proper decomposition of z’s.

Inspired by the work in [98, 100], we define a matrix P as follows:

T 0 0
P=1|o 't L,|, (6.6)
0 L, X!

where L, = Lg ® I,,,, T = diag(vil,,,...,vpl,,), I' = diag(vilm,...,veln), X =
diag(o11y,,...,0r1,). Notice that matrix P is symmetric because L, and each of the

diagonal block is symmetric.

Proposition 6.1.3 Suppose the parameters v;, v;, and o;, Vi € [L] satisfy that v; > 0,

0<vy < #g(i), and 0 < 0; < #g(i), Vi € [L]. Then the matrix P defined in (6.6) is

positive definite.

Proof The above conditions guarantee that matrix P is diagonally dominant with positive

diagonal entries, thus positive definite. [ ]

Although the resolvent of T, (z,y, A\,) can be evaluated, it does not yield a distributed
updating rule with which agent only utilizes neighboring agents’ information. Instead,
we will apply the generalized resolvent iteration with matrix P as defined in (6.6). Let

2= (2,9, M), 21 = Rp, (2") gives

sz+1 +T(Zk+1) 5 sz7

T{L’k+1 F(.CE’H_I) +Nx($k+1) + @T)\l;+1 T.CEk
= D7l 4 LA + L\E+1 S | Ty + LA:
Layk—H + E—l)\k—i—l ba _ ®$k+1 _ Layk-i-l Layk + 2—1)\k
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The second row block results in
Y = yF L T L (AF —2)5), (6.7)
The third row block simplifies to
MNFL = 2\ L S(Lay* + 2T —b,). (6.8)
Substitute the above equation into the first row block yields
F (2" 4 Ny (aF) + OTANF + 0TS (dah ™! — b, + Loy®) + Y(@F —2%) 5 0. (6.9)

The key reason that the updates for x, y and )\, can all be completed by each agent
using only local information and information from neighboring agents is that for any
s = (s1,...,51) € R™, ¢ = (q1,...,q.) € R™, where s;,¢; € R™, Vi,j € [L],
s = L,q can be evaluated in a distributed fashion as
s = Z wii(¢ —q;), Vie[L].
JEN;

The proposed algorithm, called dual consensus via operator augmentation with graph
Laplacian matrix, is outlined in Algorithm 4. Each iteration of this algorithm runs in a
certain order: each agent ¢ first communicates and obtains yf from neighboring agents and
calculates a weighted local consensus error dﬁy on variable y, which will be then used in
its local update of z; and )\; in (6.10b) and (6.10c), respectively. Once all agents obtain
updated 2™ and A\**!, another round of communication takes place during which each
agent ¢ collects A?H from its neighboring agents. Then, each agent calculates a weighted
local consensus error di , on variable A\, which will be used in its local update of y; in
(6.11b). In total, two rounds of synchronization and communication are required during

each iteration. The convergence of Algorithm 4 is summarized in the following theorem.

Theorem 6.1.1 Under Assumptions 2.1.1, 2.1.2, 2.1.3 and 6.0.1, and suppose v;, ;, and
0;, Vi € [L] are chosen according to Proposition 6.1.3 such that matrix P in (6.6) is positive
definite. Then, the sequence (z*,y*, \¥) >0 generated by Algorithm 4 converges to some
(x*,y*, \%) € zer(Ty, ) with Ty, being defined in (6.1), and x* is an optimal solution to the

original problem (2.1).
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Algorithm 4 Dual Consensus via Operator Augmentation with Graph Laplacian Matrix

1: Initialize (z°,y°, X)) and (d} ) )ic(z). set k = 0;

2: while stopping criterion is not satisfied do

3: Each agent : collects y;? from neighboring agents j € N;;
4: Each agent ¢ updates local decision variables (in parallel) according to
= > iy = v));
JEN;
xf“ = arg min (f,(mz) + ()\f)TA,»xi + %HAZm, —b; + dﬁy||2+
r, €X;
Uil — ok 2>.
X — af112)
)\,’;Jrl = )\f + 0; (Ailll'erl — bz -+ dﬁy) )
5: Each agent i collects )\fﬂ from neighboring agents j € N;;
6: Each agent 7 updates node auxiliary variables (in parallel) according to
dk+1 Z wij )\k—i-l )\k—f—l)
JEN;
k k k k41 .
Yyt =yl (di,)\ - 2di,§1) 3
7: k< k+1;
8: end while

(6.10a)

(6.10b)

(6.10c)

(6.11a)

(6.11b)

Proof Combing results from Proposition 4.1.3, Proposition 6.1.1, Proposition 6.1.2 and

Proposition 6.1.3 yields the desired statement.

Remark 6.1.3 A similar but different algorithm, called proximal dual consensus ADMM

was proposed in [18]. The proximal dual consensus ADMM was derived from the standard

ADMM algorithm, which is special case of the Douglas-Rachford splitting method, while

our algorithm is an instance of the generalized resolvent iteration (4.4). Our convergence

proof based on monotone operator theory and fixed point iteration is much more elegant and

simpler than the proofin [18]. The proximal dual consensus ADMM requires part of each

agent’s local constraint set X; to be a polyhedra constraint of the form C;x; < d;, whereas
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we do not impose such a requirement. Another difference is that the weighted adjacency

matrix is utilized in our algorithm while the standard adjacency matrix was used in [18].

6.2 Dual Consensus via Operator Augmentation with Incidence Matrix

Instead of using the graph Laplacian matrix, the incidence matrix can also be used to
augment the saddle subdifferential operator in (5.23) for the purpose of eliminating the
central coordinator. We use a similar multiplier graph as defined in the previous section
Gx = ([L], &), (j,1) € &, if agent i can receive certain information from agent j. Suppose
there are M edges between agents (|€,| = M), which are labeled with e,, p = 1,..., M.
Without loss of generality, we assume e, = (i,j) is ordered as from agent/node i to
agent/node j. An edge e, belongs to the in-edge-neighbor set of agent i, ™, if i is the
ending point of edge ¢,; and it belongs to the out-edge-neighbor set of agent 7, £, if i
is the starting point of edge e,. Then denote & = £ U £ as the edge neighbor set of
agent i. Note that N; = {j € [L]|& NE; # 0}. Additionally, we define the in-agent-
neighbor set, and out-agent-neighbor set of agent i as N7 = {j € [L]| & N &Y™ # 0},
Nyt = {j € [L]1 & N &M # 0}, respectively. We also have N; = N/ U N and
NI AN = ().

Define the incidence matrix of graph Gy as V' € RY*M where

(

1, ife, € &M,

Vip=14q -1, ife, € &M (6.12)

Y

0, ifep ¢ 5z

\

For any graph, we have 12V = 01,. Since the graph G, is assumed to be connected, we
also have VTp = 0y, if and only if p € {ql.|q € R}. Therefore, (V ® I,,)Ts = 0,,ns
always implies that s € {1, ® ¢|q¢ € R™}, i.e., vector p always contains L identical
sub-vectors. These are the key features of incidence matrix that enables us to use it as a
replacement for the graph Laplacian matrix to augment the saddle subdifferential operator
in (5.23). We introduce a set of edge auxiliary variables y, € R™ for each edge ¢,, and

denote y = (y1,...,yn) € R™V,
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Assumption 6.2.1 Without loss of generality, we assume that the auxiliary variable vy,

p € [M] is maintained and updated by agent i if e, € E™.

We can then define another augmented operator 7, with dom(7y,) # @ anddom(7,) C

Rn+mL+mM as

F(z) + Nx(z) + T\,
Tr, (2,9, M) = (V& L)\, (6.13)
—br — (Ve I,)y+ b,

F(z)+ Nx(z) 0 0 o x
= 0 +1o0 0 (VeL)T| |y
b, - -V&lIl, 0 Aa

Proposition 6.2.1 Operator T, as defined in (6.13) is maximally monotone.
Proof This follows from similar arguments as the proof of Proposition 6.1.1. [ ]

Remark 6.2.1 The augmented operator T, (x,y, \,) as defined in (6.13) can be interpreted

as the saddle subdifferential operator of the saddle function
L
(2,9, ) = D> (filws) + 1x, () + A P2 = ALbo + 4" (V @ 1) Ao,
=1

which is a convex function in (x,y) for fixed \,, and a concave function in A\, for fixed
(x,y). It is straightforward to show that L AT, y, A\o) is closed and proper. The variables

y € R™M can be thought of as augmented primal variables.

Proposition 6.2.2 Suppose (z*,y*, ) € zer(Ty,) with T, being defined in (6.13), we
have \; € {1, @ X*|\* € R™}, ie, \] = X} = \*, Vi, j € [L]|. Furthermore, (v*,\*) €
zer(Ty) with T, being defined in (5.11), which means =* is an optimal solution to the

original optimization problem (2.1).

Proof Uses the facts: 1) (V @ I,,)Ts = 0,5, implies that s € {1, ® ¢|q € R™}; 2)
(17 @ I,)(V @ Lp)y* = (1TV) @ (In)?) y* = O, Vy* € R™Y. Then follows similar

arguments as the proof of Proposition 6.1.2. [ ]
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Remark 6.2.2 There is an intuitive interpretation of the auxiliary variables y,’s. If b in the
coupling constraint Ax = b is thought of as the shared resources among all agents, then y,
can be regarded as the resource “flow” on edge e, between the starting and ending agents

to reach the balance or satisfaction of the coupling resource constraints.

Inspired by the work in [99], we define a matrix P as follows:

T 0 0
P=|o 0t vr|, (6.14)
0o v, »!

where V, = V ® I,,, T = diag(vi1,,,..., vl ), I' = diag(niln,...,yuln), X =

diag(o1 1, . ..,o0r1,). Notice that matrix P is symmetric.

Proposition 6.2.3 Suppose the parameters v;, 0, ¥i € [L], and v, Yp € [M] satisfy that
v; >0,0<0; < ﬁ(i), Vi € [L], and 0 < 7, < 0.5, Vp € [M], then the matrix P defined

in (6.14) is positive definite.

Proof The above conditions guarantee that matrix P is diagonally dominant with positive

diagonal entries, thus positive definite. [ ]

Similarly, we will apply the generalized resolvent iteration with matrix P as defined in

(6.14). Let 2 = (z,y, M), 2571 = Ry, (%) gives

PR T 5 P2k,

TIkJrl F(xk+1) + NX(:L.k+1) + q)T/\l;Jrl Tl’k
— FflykJrl + VT)\kJrl + VT)\k+1 =) Fflyk + VT)\k
Vayk+1 + -1 )\k+1 by — Prrtl — Vayk—H Vayk + T-1)\F

The second row block results in
Y=yt + TV — 2057,
The third row block simplifies to

M =00+ B(Vay® + @ = by).
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Substitute the above equation into the first row block yields
F(a") + Ny (2"1) 4 @TAL + @75 (0a™ ! — by + Voy®) + T(aF — %) 50.

The key reasons that allow the updates on x, y and ), to be performed by each agent in
parallel using only local information and information from neighboring agents are for any
s=(s1,...,50) € R™, ¢ = (q1,...,qu) € R™, where s;,q, € R™, Vi € [L] and
Vp € [M]:

1. Operation s = V,q can be evaluated in a distributed fashion as

S = Z Vipdp, Vi€ [L].

BFE&

2. Operation ¢ = V,I's can be evaluated in a distributed fashion as
@ =5;—5, e =1[(,7)€&, Vpel[M].

The proposed algorithm, called dual consensus via operator augmentation with inci-
dence matrix, is outlined in Algorithm 5. Each iteration of this algorithm runs in a certain
order: each agent ¢ first communicates and obtains y}’; from its in-agent-neighbors N
and calculates a dﬁy according to (6.15a), which will be then used in its local update of

x; and \; in (6.15b) and (6.15¢), respectively. Once all agents obtain updated xf“ and

/\fH, another round of communication takes place during which each agent 7 collects )\5’*1
from its out-agent-neighbors N“*. Then, each agent calculates d’;}l according to (6.16a),
which will be used in its local update of edge auxiliary variables y,, in (6.16b). Obviously,

two rounds of synchronization and communication are required during each iteration. The

convergence of Algorithm 5 is summarized in the following theorem.

.o o] . k
Remark 6.2.3 Intuitively, auxiliary variables d;, € R™ represents the aggregate amount
of resource change in agent i at the kth iteration, while auxiliary variables d’;, y € R™ can
be thought of as the resource “flow” on edge e, at the kth iteration. At steady state, d’;y A
goesto 0, Vp € [M], and dﬁy goes to certain fixed values depending on the network topology

and also the allocation of b;’s in b.
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Algorithm 5 Dual Consensus via Operator Augmentation with Incidence Matrix
1: Initialize (2°,4°, \)) and (d) ,)pe[n), set k = 0;

2: while stopping criterion is not satisfied do

3: Each agent : collects yp from in-agent-neighbors j € N where e, = (j,1);
4: Each agent ¢ updates its local decision variables (in parallel) according to
ty= T V= 3= X @150
ep€E; epeEin epEELUt

£+ — arg min ( Fulws) + OB Ay, + %HAI-@ — b+ d¥ |+

2

z;€X;
Slles =) (6.15b)
A =N o (Al = bt df ) (6.150)
5. Each agent i collects \** from out-agent-neighbors j € N";
6: Each agent 7 updates its edge auxiliary variables (in parallel) according to
dk—i}-\l _ /\§+1 — XML where e, = (i, ), Vj € N (6.16a)
=0k - 205, Ve € € 160

7: k< k+1;

8: end while

Theorem 6.2.1 Under Assumptions 2.1.1, 2.1.2, 2.1.3, 6.0.1 and 6.2.1, and suppose v;, o;,
Vi € [L], and ~,, ¥p € [M] are chosen according to Proposition 6.2.3 such that matrix P
in (6.14) is positive definite. Then, the sequence (x*,y* \F),~( generated by Algorithm 5
converges to some (z*,y*, \i) € zer(Ty,) with Ty, being defined in (6.13), and x* is an

optimal solution to the original problem (2.1).

Proof Combing results from Proposition 4.1.3, Proposition 6.2.1, Proposition 6.2.2 and

Proposition 6.2.3 yields the desired statement. [ ]

Remark 6.2.4 Algorithm 5 should only be applied to network where M ~ L. Because

when incidence matrix is utilized in the augmented operator (6.13), an additional edge
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auxiliary variable y, € R™ is introduced for each edge e,. In the scenario where M > L,
such as when the multiplier graph is nearly fully connected, this will lead to an excessive
number of auxiliary variables. In situation like this, one should consider apply Algorithm 4,
where the graph Laplacian matrix is utilized, and a fixed number (L) of auxiliary variables

need to be introduced.

6.3 Dual Consensus via Operator Augmentation and Splitting

For either dual consensus via operator augmentation with graph Laplacian matrix or

with incidence matrix, the local updates of each agent contain the following step

o1 = angmin (fi(w) + ()" Az + 2 [ A — bi+df, |2+
.Z’iEXi

Sl —atl?). ©17)

which is special case of

. 0
l’k+1 = arg min (fLZ(ZL‘z) + fQ’Z‘(ZEi) + (/\f)TAIZEZ + EHAZ*TI — bz + diy||2+

Z;

Qitie — k)2
e —af?), ©.18)

by letting fi;(z;) = fi(x;) and fo,;(x;) = 1x,(z;). For some other problems where
X = R", but local objective function of each agent contains two parts with different
smoothness properties, the local x update step can also be written as (6.18). It is highly
likely that this step is the bottleneck of the algorithm from a computational perspective since
all other steps of the updates are linear operations. The algorithm could be more efficient
if we could break (6.18) into two steps including one step of unconstrained optimization

problem with f; ;(x;) and one step of proximal operator evaluation of f5;(z;).

Instead of problem (2.1), we consider the following equivalent formulation
minimize f(x) = Z (fri(zi) + fo(z;)) (6.19)

i€[L)]

subjectto Az =1b, i€ [L]
We can write out the Lagrange function of (6.19)

i€[L]
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which is a closed proper saddle function under the same assumptions as before. Thus, the
saddle points of (6.20) are optimal primal-dual pairs of (6.19). We can write out the saddle
subdifferential operator of (6.20), and augment it with the graph Laplacian matrix using the

same strategy as before and obtain the following augmented operator

F1<I> + FQ(I) + (I)T)\a
Tr, (2,9, Aa) = (Lg @ I) A , (6.21)
—br — (LQ ® [m)y + bg

where F,.(z) := (04 fra(x1),..., 0, fro(zr)), 7 = 1,2. Similarly, we can show that
Tr,(x,y,\,) as defined in (6.21) is maximally monotone, and for any (z*, y* \*) €
zer(T,), we have \; € {1, @ M|\ € R™}, e, A = A1 = A", Vi,j € [L], and
x* is an optimal solution to the original optimization problem (6.19).

Define matrix P as follows

T 0 0
P=10 T7' L,/2|, (6.22)
0 L,/2 %

where L, = Lg ® I,,,, T = diag(vil,,,...,vply,,), I' = diag(vilm,...,veln), X =

diag(o11,, . ..,o0p1,). Notice that matrix P is symmetric since L, is symmetric.

Proposition 6.3.1 Suppose the parameters v;, v;, and o;, Vi € [L] satisfy that v; > 0,
0 <% < gopp and 0 < 07 < g5 Vi € [L), then the matrix P defined in (6.22) is

positive definite.

Proof The above conditions guarantee that matrix P is diagonally dominant with positive

diagonal entries, thus positive definite. [ ]

Instead of directly applying the generalized reolvent iteration (4.4) on operator 7, we

note that 7_(z,y, \,) can be written as

Tr (x,y,Ae) =T1 + T
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Fy(x) + T\, Fy(x)
- HLg ® In)Aa + | 2(Lg® L) | >
—®I'— %(Lg@lm)y‘i_ba _%<Lg ®]m>y

with 77 and 75 both being maximally monotone operators. We adopt the generalized
Douglas-Rachford splitting method (4.5) with matrix P defined in (6.22). Starting from
any 2° = (2%, 4%, \0), for k = 0,1,.. ., let

whtt = ETI (Zk),

= k4 9 (ﬁTQ(ZwkJrl —2F) = wkH) ,

where a € (0, 1); fAiTl and §T2 are the generalized resolvent operator with matrix P in (6.22)
of T} and T, respectively. Then by Proposition 4.2.1, the sequence (w");>( converges to
some w* € zer(1,,). Following similar derivations as in previous sections, we can obtain
distributed solutions for }A%Tl and ETQ at each iteration (omitted here for brevity). Combining
them together, we will obtain the dual consensus via operator augmentation and splitting
with graph Laplacian matrix algorithm, which is outlined in Algorithm 6.

In Algorithm 6, Step 1 corresponds to the evaluation of fiTl, Step 2 corresponds to

k+1 _ 2k Step 3 corresponds to the evaluation of ETQ, and Step 4

the evaluation of 2w
corresponds to the evaluation of 25+ = 2% + 2a( Ry, (2wht! — 2F) — wh*1). Since we
need to evaluate two generalized resolvent operators during each iteration, a total of four
rounds of synchronization, communication and information exchange are required, which
happen in lines 3, 5, 7, and 9. As expected, the constrained optimization step (6.17) has
been broken into two steps: 1) an unconstrained optimization problem involving f; ;(z;)

(second line of Step 1a) 2) the evaluation of the proximal operator corresponding to f ;(z;)

(Step 3a), and some additional linear operations.

Theorem 6.3.1 Under Assumptions 2.1.1, 2.1.2, 2.1.3 and 6.0.1, and suppose v;, ;, and
o;, Vi € [L] are chosen according to Proposition 6.3.1 such that matrix P in (6.22) is
positive definite. Then, the sequence (T*, ", X:)kzo generated by Algorithm 6 converges to
some (z*,y*, \*) € zer(Ty,) with T, being defined in (6.21), and x* is an optimal solution

to the original problem (6.19).
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Algorithm 6 Dual Consensus via Operator Augmentation and Splitting with Graph Lapla-

cian Matrix

1: Initialize (z°,y°, X)) and (d} ) )ic(z). set k = 0;
2: while stopping criterion is not satisfied do
3: Each agent : collects yf from neighboring agents j € N;;
4: Each agent ¢ updates local decision variables (in parallel) according to
Step la: df, = Z wii (Y —y5)/2;
JEN;

— . ag;
ZL‘f = arg min <f171($z) + (/\f)TAZZEZ + EHAZ[EZ - bz + d,ﬁyHQ —”CL’Z - ZEk” )

Ty

Xf =\ 4oy (Asz — b+ di‘iy) )

5: Each agent  collects X? from neighboring agents j € N;;

6: Each agent 7 updates local decision variables (in parallel) according to
Step 1b: 4y = 3 wiy(X = X)/2, 7 =y + % (dhy = 24,,)
JEN;

Step 2: ¥ = 2z% — oF )\k—2)\ — Ak yi—2yl—yl,dm—2d dl/\,

7: Each agent i collects @f from neighboring agents j € N;;
8: Each agent 7 updates local decision variables (in parallel) according to
Step 3a: Zi ' = prox (77), Z wi; (GF —7)/2, PV AR crzdly
fa,i/ o JEN;

9: Each agent : collects Xf“ from neighboring agents j € N;;

10: Each agent ¢ updates local decision variables (in parallel) according to

Step 3b: /7““ Z wi; (A — )\k+1)/2 =T+ (0/57;,\ - 20/[7;,?(1)

jEN;
Step 4: 2! = 2 + 2a(FH — 7F), AL = AF - 2q (N — Xf)
k

Yl = gk £ 2a (@ —gb), d¥ = dby 4 20(dE - ;)

11: k< k+1;

12: end while
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Proof Straightforward. [ ]

Remark 6.3.1 If f1;(z;) is a quadratic function, then the corresponding unconstrained
optimization problem has an explicit analytical solution, which reduces to linear operations.
If fo.i(x;) is a convex indicator function, its proximal operator is simply the projection onto
the underlying convex set. Furthermore, the evaluations of certain functions’ proximal
operators have explicit formulae, such as || - || and || - ||, and for many other functions, the
proximal operators can be evaluated in efficient ways. More details can be found in Chapter
6 of [69]. Therefore, with the application of the generalized Douglas-Rachford splitting,
although more synchronization and information exchange are required, the computation

time and complexity are expected to be significantly reduced for many problems.

Remark 6.3.2 Notice that we can switch the roles between ﬁTl and ETQ and obtain a
slightly different algorithm with the same convergence results. In addition, instead of graph
Laplacian matrix, we can also use incidence matrix in the augmented operator (6.21).
Following similar derivations as before, we will be able to obtain two new algorithms.

Details of these algorithms are omitted for brevity.

6.4 Further Extensions

In the previous section, we applied generalized Douglas-Rachford splitting technique on
problem (6.19), where each local objective function has two parts. In some other problems,
each local objective function may have three parts f1; 4+ fo; + f3,;. One special case is that
local objective function is the summation of a smooth function and a nonsmooth function,
subject to some local convex constraint set. If one of the functions is Lipschitz continuous,
then its subdifferential is cocoercive. This is referred to as Baillon-Haddad Theorem [5, 8].
In these cases, the generalized Davis-Yin three operator splitting technique (4.6) could

potentially be applied, we leave this as future work.
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7. DISTRIBUTED ASYNCHRONOUS ALGORITHM WITHOUT
COORDINATOR

The synchronous algorithms we discussed in the previous sections assume that there is a
synchronization clock among all agents. During each iteration, there is one or multiple
rounds of synchronization required. Because of the differences in the computational power
as well as computation schedules among agents, the times required to perform a single
update for different agents might be vastly different. Therefore, all the agents need to
wait for the slowest one, resulting much idle time and waste of computational resource.
Moreover, in many practical applications, a synchronization clock among all agents might
not be feasible. Therefore, it is desirable to design an asynchronous version of the algorithm.

In this chapter, we will employ the tools from randomized block-coordinate fixed point
iteration of nonexpansive operators to design distributed asynchronous algorithms for our
multi-agent optimization problem. Each iteration of the previously proposed distributed
synchronous algorithms can be written as a special case of z**1 = T (2*) where T is an
averaged or nonexpansive operator. Instead of evaluating the whole operator at the same
time, only the coordinates that correspond to a certain activated agent will be updated
while others remain unchanged, and we denote the new operator corresponding to agent z’s
update as 7;. In the presence of delayed information, an extra step size 7; needs to be added
towards the direction of update, 2k — 7}(2"’), for relaxation. That is, the new update rule
is 2" = 2k — n;(2¥ — T;(Z%)) where z* characterizes the delayed information. Under the
assumption that the information delay is uniformly bounded by a finite value, it is shown
that 7;’s can be chosen small enough to still guarantee the algorithm’s convergence to some
fixed point of the operator 7 in a probabilistic sense.

For the synchronous algorithms proposed in Chapter 6, the updates of z;, y,, and \; need
to follow a certain sequence. For example, in Algorithm 5, for agent 7, the computation

of its local edge auxiliary variable y;f“ require information about d* %!, which depends on

DA °
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/\g?“ from neighboring agent j € N°“. This type of coupling is fine in the synchronous
algorithms as we can impose multiple rounds of synchronization between neighbors in
each iteration, however, it prevents the implementation of an asynchronous algorithm as it
requires neighboring agents of an activated agent to also perform updates, which contradicts
the idea of asynchrony. Therefore, inspired by [99] we start from modifying the P matrix in
the dual consensus algorithm via operator augmentation with incidence matrix, so that the
local updates of x;, y,, A; only need information of local and neighboring variables from

the last iteration.

7.1 Modified Synchronous Dual Consensus via Operator Augmentation with Inci-

dence Matrix

With the incidence matrix V' defined in (6.12), we can compute the edge Laplacian

matrix L¢ = VIV = (L°)T € RM*M and it can be verified that

;

2, ifp=g;

1, if e, and e, share the same starting or ending node;
L =

pq
—1, if the ending node of e, (e,) is the starting node of e, (e,);

\ 0, if e, and e, do not intersect.

Interested readers can find more details regarding incidence matrix and edge Laplacian
matrix in [60]. Define the edge neighbor set of edge e, as Ny = {e,| L;, # 0}. Itis

straightforward to see Ny = & U E; if e, = (4, ).

Assumption 7.1.1 Although auxiliary variable vy, associated with edge e, = (i,j) € E

is updated by agent i, we assume that it is also accessible to agent j.

We use the same augmented operator as defined in (6.13). Define a new matrix p [99]
as follows:
T 0 of
P=|o ' vr|, (7.1)
o vV, ¥t
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where V, =V ®I,,, T = diag(vi1,,,...,vpl,, ), I' = diag(vilm, ..., Yy lm), X = 0lnr,

¢ = diag(Ay,...,Ar). Notice that matrix P is symmetric.

Proposition 7.1.1 Suppose the parameters o, v;, Yi € [L|, and y,, Vp € [M] satisfy that

0<0<%,0<Ui<i,w€[L],and0<'yp<0.5,Vp€[M],where

§ = max ¢ deg(i) + max Z |(A;) ] ,

i€[L] JjelL]

then the matrix P defined in (7.1) is positive definite.

Proof The above conditions guarantee that matrix Pis diagonally dominant with positive

diagonal entries, thus positive definite. [ ]

Remark 7.1.1 In Proposition 7.1.1, (A;);; and (Al);, denote the entries at the j-th row,

t-th column of matrices A; and AT, respectively.

Let z = (z,y, \,), the generalized resolvent iteration with matrix P can be written as

P+l +T(zk+1) 5 ﬁzk’

— FflykJrl + VT)\kJrl + VT)\kJrl
@mkﬂ T Vayk—i—l 4 E—l)\l;+1 ba o CI)xk‘H _ V;lyk'—i-l
Tak + dTNE

> TP+ VI
PP + Voyk + LINE
The third row block simplifies to
ML= 24 o (Vayk + @2F —b,). (7.2)

The second row block results in

yk-i-l _ yk 4 FVaT()\I; . 2)\54—1)
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— Y =y TV (A = 20(Vay" + ®2* —b,))
— T = —TVIN 26T VIV, ik — 20TV (D2 — b,)

=yt =F —TVIN — 20T LoY" — 20TV (®aF —b,). (7.3)
The first row block results in
F(a") Ny (aF ) + 0T (20 — AF) 12" —2%) 30,
then substitute \* ™' = \¥ + o(V,y* + ®z* — b,) into the above relation yields
F(2"™) 4 Nx (2 + TN + 2007 (02r — b, + Voyf) + T(2" — 1) 30, (7.4)

The updates of x; and \; require the information of (y,)e,ce, = ((Up)e,e gouts (Yp)e,e giin),
of which (y;).,eem are from agent ¢’s in-agent-neighbors N;™. The update of (yp).,e gout
requires (Aj)jenouts (Aj25 — bj) jenouts and (Yg)e,ene = (Yg)ge(q|Lg, 20y Which contains

(yq)eqe gin from agent 4’s in-agent-neighbors A", ((yq)eqe gqut) from agent 7’s out-
7 J

je/\[iout

agent-neighbors N, and ((yq)eqeg;;n) from the in-agent-neighbors of agent i’s

jeNout
out-agent-neighbors N 2.

Therefore, the local updates of agent 7 call for variables maintained by its one-hop and
two-hop node/agent neighbors. Since itis assumed that regardless of edge directions that we
arbitrarily assigned, the corresponding auxiliary edge variables are accessible to both the
starting and ending nodes/agents, for agent i, all the information needed for local updates
can be received from its immediate neighbors N;. Thus, (7.2), (7.3) and (7.4) can all be
carried in a distributed fashion. This modified distributed synchronous dual consensus
algorithm via operator augmentation with incidence matrix is summarized in Algorithm 7.
The convergence result is similar to Theorem 6.2.1 as long as parameters in matrix P are
chosen according to Proposition 7.1.1.

Notice that the updates of z;, y, and \; are independent, i.e., no particular order
needs to be followed. In addition, only one round of synchronization is required at the

beginning of each iteration, and the local updates of an agent only utilize local and neighbor’s

variables from the last iteration. These are key features allowing the implementation of
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Algorithm 7 Modified Dual Consensus via Operator Augmentation with Incidence Matrix

1: Initialize (z°, 9%, \2), set k = 0;
2: while stopping criterion is not satisfied do
3: Each agent ¢ collects )\f, ijf — b; from its out-agent-neighbors j € N, and

(Yg)eqens from its neighbors j € Nj;

4: Each agent ¢ updates its local decision variables (in parallel) according to
k k k k.
diy=> Vaty= D %~ D U
ep€E; epe&in epeEPHt
r; €X;
S — at)?):
2

N =N 4oy (A — b+ b))
k e  k out,
dy. = Z Lyyq, Ve, € EM
eqeNE
Y =1y — (N — N — 270 (A — by — A+ D) —

2y,0d"

p?e’

vep = (Zuj) € gi(mt§

5: k+ k—+1,;

6: end while

an asynchronous version of the algorithm. We will build upon Algorithm 7 and develop a

distributed asynchronous algorithm in the next section.

7.2 Asynchronous Dual Consensus via Operator Augmentation with Incidence Ma-

trix Considering Delays

In an asynchronous setting, each agent has its individual clock and update its local
variables independently. We use a different iteration increment rule. As opposed to the
synchronous setting where the iteration counter increases by one after all agents finish one

round of updating of all their local variables (or the slowest agent finishes), the iteration
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counter increases by one whenever an arbitrary agent completes an update on its local

variable in the asynchronous setting.

Assumption 7.2.1 There is a virtual global iteration counter k, which increases by one

whenever an arbitrary agent finishes an update on its local variable.

Recall that the synchronous algorithm in Algorithm 7 roots from evaluating the gen-
eralized resolvent operator of T, (x,y,\,) as defined in (6.13) with matrix P in (7.1).
For notation simplicity, we will denote the generalized resolvent operator of T, as
T = fiTa. In Algorithm 7, the entire operator 7 is evaluated at each iteration. Since
2z = (z,y,\q) € RP™MLAMM g the aggregate global variable, we can define L index
vectors 7! € R mETML gy ¢ (L], where
1, if z; is a coordinate of agent ¢’s local variable, (xi, (yp)epegfut, )\i);

T —

J
0, otherwise.

Notice that z; and Ij denote the jth element of vectors z and Z¢, respectively. Index vectors
T, Vi € [L] select the coordinates of each agent’s local variables from the global variable
2. Next, we define operator 7; : Rrtmi+tmM _y Rniml+mM “ywhich corresponds to the
update on the global variable whenever agent ¢ is activated:
T2, = T(2);, iij’: =1;
Zj, ifZ; =0,
where 7 (z); and 7;(z); denote the jth element of vectors 7 (z) and 7;(2), respectively.
Note that 7; only updates (xi, (yp)epegfut, )\i) and leaves local variables of other agents
unchanged. Then, we define S := Id — 7, and S; := Id — 7;, which represents the
“direction” of change for the global variable z when the corresponding operator is applied.

‘We have
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Therefore, without considering delay, the update performed by each agent : when active can

be characterized by
= 28— S(27) = Ti(2F).

In order to guarantee convergence, we introduce an extra step size 7; € (0, 1) such that
instead of moving to z* — S;(z*) directly after agent i’s update, the global variable moves

to
ZkJrl — Zk o niSi(Zk)a

which is an instance of the randomized block-coordinate fixed point iteration for the corre-

sponding operator 7. The convergence results have been investigated in [11] when 7 is an

averaged operator and in [22] when 7 is nonexansive. However, neither of those two cases

consider information delays in a practical asynchronous setting. Instead, we resort to the re-

cently development in [72, 71, 95], which not only deals with randomized block-coordinate

update for nonexpansive operators, but also handles potentially out-of-date information.
Next, we characterize delayed information. At iteration k, let 7% € RZ be the delay

k

vector for variables x* and \¥, of which 7 € R, is the delay time for z¥ and A}, Vi € [L];

)

let 6F ¢ Ry be the delay vector for variables y*, of which (51’; € R, is the delay time for

ys, Vp € [M].

Assumption 7.2.2 (Uniform Delay Upper Bound) There is an uniform upper bound of
delay time 0 < T < +oo at any iteration k such that 7F < 7, Vi € [L], and 5}’;3 <,
Vp € [M].

Remark 7.2.1 Since (¥, (y¥)., ceont, AF) is agent i’s local variables, they are assumed to
share the same delay time, i.e., Tik = 65, Ve, € E7™. The reason we introduce (5]’3 as the

7

delay time of variable y* is that as discussed before, agent i’s local updates involve not
k k

only (Y, )e,ceout, but also (y,)e,cgim, ((yq)eqeg](mt>j€/\/.iout and ((yq)eqeg;n)j@vim. The latter

three are received from N, thus have different delay times than TF in general. We keep both

notations 7 and 5}];7 so that so that the asynchronous distributed algorithm to be presented

later has better clarity regarding delay times.
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Remark 7.2.2 If agent 1 is activated at iteration k, it has the most up-to-date information

. . . k—1k k—7F41 k—1k k—1k4+1
of its own local variables, i.e., v; ' =z, ' =---=zF5 N =X " =...=)}
k—o&k k—6k4+1 . . . . .
andy, * =y, * == y;f, Ve, € EM, because the activation of agent i at iteration

k implies that it is the k-th (most recent) agent completes an update.

With the definitions of delay vectors, the delayed global variable used in iteration & can

be defined as

- (xk—T ’yk—ék’ )\1;—7’6) c RrTm(M+L)

Then, the update applied to the global variable at iteration £ with delayed information can

be characterized as
ZkJrl = Zk = Miy, </Z\k - 7;k (/Z\k» = Zk - Uiksik (Ek)v (76)

where i is a random agent index number from [L]. Iteration (7.6) is an instance of
randomized block-coordinate iteration of nonexpansive operator based on delayed variables
[72, 71, 95]. With proper choices of step sizes, 7;,, and some other assumptions to be
stated next, the convergence of iteration (7.6) to fixed point of the nonexpansive operator
T, which is also optimal solution to original problem (2.1), can be guaranteed. Under
Assumption 7.2.3, the relation between the delayed global variable Z* and z* can be

characterized by the following proposition [72].

Proposition 7.2.1 Under Assumption 7.2.2, it holds that

¢ =2k Z (24 — 231y, (7.7)
deJ(k)

where J(k) C {k —7,...,k — 1} is an index set.
Proof See [72, Section 1.2]. [ |

Assumption 7.2.3 (Independent Random Agent Activation) The probability that agent
1 is responsible for the increment of global iteration counter from k to k + 1, i.e., agent
i completes the k-th block coordinate update on global variable is Prob(ij, = i| Z*) =
Prob(i, = i) = p; > 0, Vi € [L] and Vk, where Z* is the o-algebra generated by

20 <k i
R05 Ry Rky Ze Letpmin = MINe[r) Pi-
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As mentioned in [95], Prob(ij, = i | Z¥) = Prob(i; = 4) implies that the agent responsi-
ble for the k-th block coordinate update is independent of of the delays in different rows of
Z*, which may not be practical for all the cases, but is a key assumption for the convergence

proof to go through.

Assumption 7.2.4 [t is assumed that each agent: 1) has dedicated local buffer to store
required information from neighbors; 2) is frequently communicating with or probing
neighboring agents, and whenever new information is received, corresponding local buffer
is instantly updated; 3) sends out information to its appropriate neighbors instantly after
it completes a new round of local update (there is no other agent completing local update

before the current agent sends out updated information).

The proposed asynchronous dual consensus algorithm via operator augmentation with
incidence matrix considering delays is summarized in Algorithm 8, and its convergence

result is stated in the following theorem.

Theorem 7.2.1 Under Assumptions 2.1.1, 2.1.2, 2.1.3, 6.0.1, 6.2.1, 7.1.1, 7.2.1, 7.2.2,
7.2.3 and 7.2.4, suppose o, v;, Vi € [L], and v, Vp € [M] are chosen according to
Proposition 7.1.1 such that matrix Pin (7.1) is positive definite. Suppose step sizes n;

satisfies that

Pmin .
0<nm < = Timax, VZELa
< CNCE T m, [L]
where K = ’;"L((g)) is the condition number of matrix P. Then, the sequence (2%)y>o

generated by Algorithm 8 converges to a z*-valued random variable with probability 1, for
some z* = (x*,y*, L) € zer(Ty,) with Ty, being defined in (6.13), and x* is an optimal

solution to the original problem (2.1).

Proof Under the independent random agent activation assumption, each iteration of Al-
gorithm 8 can be characterized by (7.6), which is a special case of the randomized block-
coordinate fixed point iteration of nonexpansive operator based on delayed variables. If 7,
is smaller than 7; ,,,,, as defined above, according to [95, Theorem 4], (7.6) will converge

to a random variable supported by z* = (z*, y*, \*) € zer(T,) almost surely. n



79

Algorithm 8 Asynchronous Dual Consensus via Operator Augmentation with Incidence

Matrix Considering Delays
1: Initialize (2°, 3°, \°), set k = 0;
2: while stopping criterion is not satisfied do
Agent i € [L] independently update its local variables using the most recent infor-

3:
mation received from its neighbors:
k—gk
Step 1: df’y = Z Violp 7
ep€&;
~k . k—rk k k T
T; = argmin (fz(xl) + (N +20i(Aimy T = b+ df y)) Ajzi+
$i€Xl'
Xy o kerf 2).
2 sz 7 I
A= —i—a(Ax T, +dfky>~
k k—ak ou
dp,e— Z qu Yo ', Ve € €& t
quN
~ k—&k k—rk k—rk k—rk h—rk
y;f:yp ”—Vp()\j TN ) =20 (ij- T —b;—Aix; +b)—
27pad’;€, Ve, = (i,7) € E™;
Step 2: o¥tt = 2F 4 (@ — 2b);
A= A (6 = A);
yp Tt =y (T - a)), Ve, € EM
4: Virtual global counter increases from & to k + 1;
k

k+1

. k—b :
5. Agentisends out (Al — by, (5T, ceen, ATY) and (y, 7)., cein to appropri-

ate neighbors;

6: end while

Remark 7.2.3 Several observations can be made regarding step sizes 1;’s:

1. In order to correctly set the step size 1;, each agent i1 needs to be aware of its own

activation probability p; as it appears in the equation defining 1; ymq., but this may

not be practical for some applications.
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2. In general, longer delays leads to smaller 1); a0, and slower convergence speed.

3. The more ill-conditioned the matrix P is (smaller condition number k), the larger

i max 1S-

4. Let j = argmin,e; p;, then larger p; implies larger 1; mas, Vi € [L] and i # j.
In other words, the more frequent the least active agent performs updates, the more

aggressive other agents can be.

5. Fixing the least active agent and its activation probability p,,;,, for other agents, the

less active (smaller p;) they are, the larger step size upper bounds they have.

7.3 Asynchronous Parallel Coordinate Updates of Nonexpansive Operators with Uni-

form Step Size Upper Bound

ARock [72] is a general algorithmic framework for asynchronous parallel coordinate
updates of nonexpansive operators in Euclidean norm, which also handles delayed informa-
tion. The distributed asynchronous algorithm proposed in the previous section builds upon
the theoretical results in [95], which is an extension of ARock to nonexpansive operators
under the more general norm || - || p where P > 0. Both algorithms in [72, 95] has the form

Mg (o
7 S, (Z7). (7.8)

k41 k o~ k

=2, S, (F%) =2 —
Obviously, each agent must be aware its activation probability p; in order to correctly set local
step size 1;. However, this assumption may not be practical or realistic for many problems

unless all agents have uniform activation probability 1/L. In ARock [72], the upper bound

1 Pmin 1 y 3 Pmin
for nis 52— = thus the upper bound for the step size of agent 7 is oGyl

In this section, we modify the ARock algorithm framework to the following
=28 S, (Y, (7.9)

where all agents utilize the same step size 7. An uniform upper bound will be derived for

71 such that the almost sure convergence of the asynchronous parallel coordinate updates
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algorithm to a random variable supported by some fixed point of the underlying nonex-
pansive operator 7 can still be guaranteed. This new algorithm (7.9) eliminates individual
agent activation probability from the step size, thus is more practical for some applica-
tions. For all development in this section, we will assume operator 7 is nonexpansive on
H = R L+mM ynder the Euclidean norm instead of the norm || - || p.

We define the full update (all agents perform updates) at the k-th iteration:
R = P S (EY). (7.10)

Notice that (7.10) is defined for the purpose of analysis only, and is never computed in the

asynchronous setting. Recall the following result we reviewed in Chapter 3.

Lemma 7.3.1 Operator T : H — H is nonexpansive if and only if S = Id — T is
1/2-cocoercive, i.e., (x —y,S(z) — S(y)) > 1[|S(z) — S(y)||*. Vz,y € H.

Let € R"*"+mM be a diagonal matrix with diagonal elements defined as Hj; = .-
if I; = 1,Vj € [n +mL + mM]. Due to the construction method of I]’ all diagonal

elements are positive, thus H is symmetric postive definite.

Proposition 7.3.1 Let (2*)y>o be the sequence generated by iteration (71.9). Then for any
z* € Fix(T) and v > 0, it holds that

k—1
E (|25 = 2 5 | 2%) < 1% =27l +y ) 12 = =)

d=k—r1
k)| 1
+ (1+M——> | 2% — 2. (7.11)
v U

Proof We have

19)

E ([ = 27151 2%) ‘= E (l2" = nSi, (%) — 2[5 | 27)

= 12" = 2"l + B (20(8,(Z%), 2" — )i + (180, (B[ 7 | 2¥)
L L
= [|2% = 2" IF + ) 200i{Si(*), 2" = M)+ P Y pillSiE) 1%

i=1 i=1

L
=128 = 2|l + 20(S(Z), 2" = 2F) + 0 Y pillSiZ)| (7.12)

=1
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Note that
- kN (12 ez @100 1 k4112
> pillSiE)5 = 1SEH | = ﬁllz =z, (7.13)
i=1
and
(SE), 2 — 2 2 <S<2'“>,z* I DG >>
deJ(k)
= (8.~ )+ YD (SE, - 2
deJ(k)
1
(7;0) <S</Z\k) —S<Z*>,Z* _’Z\k> + - <Z]€ _2k+1,zd . Zd+1>
" aeTm)
1 1
< —§||5(?k) —SEP+ = D (FF - = )
deJ(k)
L ok T Lok kg2 d_ .d+12
< 28 ~ S+ 5 3 (Sl - TR Al - 2
" aeT)
(7é0)_i‘|zk_zk+1H2+ ’J(k)|sz_Ek+lH2+l Z 20— 242 (7.14)
2n? 2vm 20 0

where the third equality is due to S(z*) = z* — T (2)* = 0, for any z* € Fix(7T); the first
inequality is due to the 1/2-cocoercivity of operator S; the second inequality is because of
the fact that [|p[|* + llg[|* > 2(p, ), V¥p,q € H. Plugging (7.13) and (7.14) into (7.12)
yields (7.11). |

Let H™+' = []7_, H be a product space. Then define a matrix U € R(+D*(+1) a5:

1+7 -7
-7 2r—1 1-71
1—7 27r—3 2—71

()}
I

and define U = U ® H , which is symmetric and positive definite since both U and H are

symmetric and positive definite. We define

b= (P A ATy e T, k>0,
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z* = 17’—1—1 ® = HT+1,

where 2F = 29 for k < 0. It can be verified that

e

-1
125 =2 = 125 = 2l + D (A= (k=m) + D)1 == (715)
d

Il
B

-7

Proposition 7.3.2 Let (2*)y>o be the sequence generated by iteration (71.9). Then for any

7" =1,,1 ® 2" € H™ where 2* € Fix(T), it holds that
E (2" —2*||} | 2F) < ||2° — 2*||}, + (T + 14 PrnaeT — %) [2% = 2512, (7.16)
where ppa; = MaXie(r] Pi-
Proof Lety = zﬁ in (7.11), we have
E (|2 2|3 | 2")

k
E(M -2+ Y (A= (k=7)E (I = 2| 2Y)

d=k+1—71
k—1
=E (|2 =2 15125+ ). (d— (k-7 =%
d=k+1—71
+7E (sz — 25 2)
0 k—1
7. *
DR - 2E 125+ Y (d- (k-1 = 2%
d=k+1—71
+70°E (IS, (Z9) 15 | 27)
k—1
(720)]]3 SRl k2 ZR) d— (k=) 2% = 2842, 4 7||2F — Zk+1)|2
H H
d=k+1—71
k—1
1 1
< 2% = 2%+ (T + 1+ PrmaaT — —) I =2 — [l = 2
n Pmaz d=k—7
k—1
+ > (d= (-7l =2
d=k+1—7

k—1
1
<2 =2+ (T + 1+ PrnaaT — 5) 125 =25+ Y 2 = 2
d=k—T1
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k—1
+ Y (A= (k=7 = =%
d=k+1—7
k—1
= [|2F — 2% + (d—(k—7)+1)[]z* = 25

d

Il
e

1
+ (T + 14 PraaT — —) | 2% — 28|12
n
1
" gt = g+ (7 b — 1) 1 -
where the first inequality is due to the plugging in of inequality (7.11) and the fact that

< 7; the second inequality is due to the fact that H > — 1, .- erefore,
J(k h d inequality is d he f: hat H pnin] +mL+ Theref
inequality (7.16) holds. [ ]

Remark 7.3.1 Suppose

1
7—(1 + pmax) + 1

0<n< = Dimaz, (7.17)

then we have
E(|lz"" — 25| 2%) <E(l|z" — 2]} | 2%) = |I2* — 2* ||,

i.e., the sequence (z") is stochastic Fejer monotone. Notice that E (||z — z*||, | Z¥) can also

be thought of as a Lyapunov function from the stability of a dynamical system’s perspective.

Theorem 7.3.1 Suppose T is a nonexpansive operator under the Euclidean norm. Under
Assumptions 7.2.2 and 7.2.3, the sequence (2¥)y>o generated by iteration (1.9), with n

satisfying (7.17) converges to a Fix(T )-valued random variable almost surely.

Proof Notice that condition (7.17) guarantees that (T 4+ 14 PrmaaT — %) < 0, then follow

the same argument in [72, Lemma 12 & 13, Theorem 14]. [ ]
In general, smaller delay upper bound 7 leads to larger 7,,,4... In the extreme case where
there is no delay, i.e., 7 = 0, the uniform step size upper bound reduces to 7,,,. = 1, and the

global variable update becomes 2*1 = 2% — S, (2*), for n € (0, 1), which is exactly the

randomized Krasnosel’skii Mann iterations of the averaged operator (1 —7)Id+ 77T studied
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in [11, Theorem 3]. In contrast, the upper bound for agent ¢’s step size in ARock reduces
t0 Pmin/pi < 1 when 7 = 0, which is more conservative than ours. Another comment
regarding the bound in (7.17) is that the smaller p,,., € [1/L,1) is, the larger 7,4, is.
This implies that roughly speaking, less discrepancies in agents’ activation probability, i.e.,
smaller variance of p;’s distribution, allows larger step sizes.

The investigation of (7.9) in the scenario where operator 7 is a nonexpansive operator

with respect to the norm || - || p is left as future work.
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8. NUMERICAL EXAMPLES

In this chapter, we will test the effectiveness and performance of the proposed distributed al-
gorithms through several numerical examples: exchange problem, L; regularized exchange
problem, and resource allocation problem. For algorithms involved with multiplier graph
G, (Algorithm 4-8), three possible graph topologies might be used: fully connected net-
work, star network, and ring network, see Fig. 8.1 (a representation of the graph structures,

and does not indicate the exact number of agents used in different numerical examples).

[

Fully Connected Star Ring

Fig. 8.1.: Graph topologies

When investigating the performance of a particular algorithm under different graph
topologies, the weighted adjacency matrix W or the incidence matrix V' are always first
normalized such that the average weighted degree % ZZL deg(i) is the same with different

graph topologies.

8.1 Exchange Problem

Firstly, we study the commodity exchange problem. We consider a network of L agents

exchanging m goods, and the local objective function or each agent is a quadratic function:

L
minimize Z |Cszs — dy]|? (8.1)

i=1
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L
subject to Z z; =0,

i=1
where x; € R™, C; € RP*™, d;, € RP and p < n;. The above problem is in the
standard formulation (2.1) with f;(z;) = ||Ciz; — d;||* = 27 CF Cixy — 2dF Cyy + d¥ d;,
X; =R", A; = I, and b; = 0. Apparently, for this particular problem, we have m = n,,
Vi € [L]. Since p < n;, we have CI'C; = 0. Therefore, the global objective function
SF L Cia; — di|? is a convex function (but not strictly or strongly convex) in .

The matrices and vectors in the above problem are randomly generated as follows. Firstly,
randomly generate C;’s from normal distribution, then randomly generate z, Vi € [L — 1]
from normal distribution and compute x5 = — >"" " 2 and d; = Cjz%, Vi € [L]. Ttis easy
to see for any problem generated in this fashion, * = (z7);c[z) is an optimal solution with
optimal objective function value being 0. We choose L = 20, n, = m = 50, p = 20, all
the parameters and initial values are generated once and stored, then used under different
simulation runs.

First, we test the proximal parallel ADMM algorithm (Algorithm 1) and the dual
averaging algorithms via Douglas-Rachford splitting (Algorithm 2 and 3). The algorithm
design parameters are manually chosen based on trial and error. For Algorithm 1, parameters
are chosen from p € {1, 5, 10} and ¢; € {4p, 10p, 20p, 50p}, and it turns out p = 5,
w; = 20 give the fastest convergence rates. Notice that ¢; = 20 is smaller than the
bound provided in Proposition 5.3.3, which means that the sufficient conditions therein are
conservative. For Algorithm 2 & 3, parameters are chosen from « € {0.05, 0.5, 0.95} and
g € {0.1, 1, 10, 100}, and it turns out o = 0.5, § = 10 is “optimal”.

The global objective function values 3"+ ||Cyz* —d,||? as well as the coupling constraint
violations || >~ | z¥|| after the first 800 iterations are plotted in Fig. 8.2. For Algorithm 2
and 3, since they are essentially two generalized resolvent iterations that originated from
the same averaged operator, they generate the exact same variable values at each iteration k.
Notice that the convergence speed of the dual averaging algorithms via Douglas-Rachford
splitting is significantly faster than proximal parallel ADMM algorithm. This is possibly

due to the fact that Algorithm 2 & 3 introduce more auxiliary variables (copies of dual
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Objective Function Value 0 Constraint Violation

\ 10
— Algorithm 1
- -Algorithm 2 & 3

0 200 400 600 800 0 200 400 600 800
Iteration no. Iteration no.

Fig. 8.2.: Exchange problem: convergence of Algorithm 1, 2 and 3

variables at each agent) which bring higher computation costs in each iteration, thus smaller

number of iterations compared to Algorithm 1 are needed to reach the same accuracy level.

8.2 [L;-regularized Exchange Problem

We add an extra L regularization term to the objective function of the exchange problem

in (8.1) to impose sparsity in the optimal solution:

L

minimize Z HCzLUZ — leQ + H.THl (82)
i=1
L

subject to Z x; = 0.
i=1

Since the regularization term is separable, i.e., |z||; = Zle |lz;]|1, the above formulation

can be equivalently written as

L

minignize Z (|Cszi — di|* + ||:]1) (8.3)

=1

L
subject to Z x; =0,

i=1
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which is a special case of the formulation in (6.19). Although this problem can be solved
directly using Algorithms 1-5, as discussed in Section 6.3, it is expected that local opti-
mization problem min,, (||C;z; — d;||* + ||x:]|1 + another quadratic function), may be the
bottleneck of the algorithm because it does not have an explicit analytical solution.

On the other hand, if we apply Algorithm 6 to this problem, the local optimization prob-
lem will be broken into two steps: an unconstrained quadratic program and an evaluation of
the proximal operator of L; norm function, both of which have explicit analytical solutions.
Particularly, the proximal operator of the L; norm function at y € R" can be evaluated
elementwise as

<2rfﬁ><(y)> = sign (y;) max (|y;| — 3,0), Vj € [n],

which is also called soft thresholding. Therefore, by applying Algorithm 6, local updates
of all agents become linear expressions, which will be efficient to compute.

We choose L = 20, n; = m = 50, p = 20. The parameter matrices are generated simi-
larly as before, which are stored and used under different simulation runs. We firstly solve
optimization problem (8.2) centrally and the optimal objective function value turns out to

be 65.9877. All three graph topologies in Fig. 8.1 are utilized and compared under the same

set of parameter values: v; = 10, 7; = 0; = ik Vi. The global objective

e < del
function values "7, (||Ciz; — di||* + ||2]|1) as well as the coupling constraint violations
I Zle z¥|| after the first 800 iterations are plotted in Fig. 8.3. Algorithm 6 converges to an
optimal solution (with objective function value 65.9877) under all three graph topologies.
As expected, the fully connected network renders the fastest convergence speed while the
ring network gives slowest convergence speed under the same set of algorithm parameters
and average node degree, but the convergence speed difference between fully connected

network and star network is minimal.
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Fig. 8.3.: L, regularized exchange problem: convergence of Algorithm 6

8.3 Resource Allocation Problem

Modifying the global coupling constraint of the exchange problem in (8.1), we obtain

the following resource allocation problem:

L
minimize Z |Csxs — ;|| (8.4)

i=1
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L
subject to Z (xleZ -2 15% + nz) < 360,

i=1
which is a special case of the convex inequality coupling constraints formulation in (2.6),

2, and b; = 360/ L. The problem in (8.4)

with g;(z;) = szﬂfz -2 12371 +n; = ||z — 1,

is equivalent to the following problem

L
minimize Cix; — d;||? 8.5
inimiz ; |Csx I (8.5)
L
subject to Z y; = 360,

i=1

|2 — 11> < wi, Vi€ [L],

where (x;,y;) is the local decision variable for agent 1,

We will apply dual consensus algorithms via operator augmentation with graph Lapla-
cian matrix (Algorithm 4) and incidence matrix (Algorithm 5) to solve (8.4). For Algo-
rithm 4, all three multiplier graph topologies in Fig. 8.1 will be utilized and compared
Vi € [L].

1

under the same set of parameters: v; = 1, 33 = 0; = 57 ezl

1
< Tdeg(i)’

However, for Algorithm 5, only the star network and ring network will be utilized and

L Vi € [L], and

compared under the same set of parameters: v; = 1, 0; = <

1 1
2.1deg(4) 2deg(%

7p = 0.45 < 0.5, Vp € [M], because of the reason discussed in Remark 6.2.4. We choose
L = 20, n; = m = 50, p = 20. The parameter matrices are generated similarly as before,
which are stored and used under different simulation runs. We firstly solve optimization
problem (8.4) centrally and the optimal objective function value turns out to be 73.2774.
The global objective function values 3", (||Ciz; — d;]|?), the “resource” constraint
violations || S_7 | y¥ —360]|?, the dual variables consensual error S, [|\F =371 AF/L |2
and the distance to an optimal solution Zle |zF — z7||? after the first 100 iterations are
plotted in Fig. 8.4 (Algorithm 4) and Fig. 8.5 (Algorithm 5). Algorithm 4 converges to
an optimal solution with all three graph topologies. The fully connected network and star
network render similar convergence speed while the ring network is slower under the same

set of algorithm parameters and average node degree. Similarly, Algorithm 5 also converges
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to an optimal solution with the two graph topologies utilized and the convergence speed

under star network is faster.
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9. CONCLUSION

The distributed solutions for a general class of convex multi-agent optimization problems
with global shared resource couplings are studied in this dissertation. A series of syn-
chronous and asynchronous distributed solution algorithms are proposed. Different from
most of the distributed optimization algorithms in literature, our proposed algorithms are
designed following a common procedure. Firstly, the optimal solution set of the multi-agent
optimization problem is characterized by the zero sets of certain maximally monotone op-
erators. Secondly, the equivalence of these zero sets with the fixed point sets of certain
nonexpansive, or averaged operators are established. Then, iterative distributed algorithms
are derived from (generalized) fixed point iterations of these nonexpansive, averaged opera-
tors. The most obvious advantage of this algorithm design procedure is that convergence to
some optimal solution is automatically established when the algorithm is derived, while the
biggest challenge being finding the proper operators that not only encapsulate the optimal
solution set, but also whose fixed point iterations can be carried out in a distributed fashion.
We summarize and highlight the main contributions of this dissertation before discussing

some future directions.

Main Contributions

1. The convex multi-agent optimization problem formulation proposed is very general
that many other formulations studied in the literature can be treated as special cases
of our formulation, which not only naturally deals with the scenario where the local
decision variables of different agents are of different dimensions, but also handles

general convex shared resource coupling constraints.

2. The algorithms proposed in this dissertation require rather mild assumptions: local

objective functions and local coupling functions are CCP, local constraint sets are
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closed, convex and nonempty, there exists at least one point that satisfies that KKT
conditions. No assumption needs to be made on the differentiability of local objective
functions. Furthermore, we do not assume the boundness of agents’ local constraint
sets X;’s, which is a key assumption for many existing algorithms to guarantee the

boundness of subgradients in their analysis.

. All the algorithms proposed utilize fixed step sizes as opposed to diminishing step
sizes, which are ubiquitous in literature. Diminishing step sizes are more difficult to

tune from the perspective of achieving better convergence speed.

. Since the algorithmic framework proposed in this dissertation is the fixed point itera-
tion of certain nonexpansive, averaged operators, the adaptation of certain algorithm
from a synchronous setting to an asynchronous setting with delayed information is
achieved in Chapter 7. Many existing algorithms in the literature are based on duality
theory, and it is not apparent how they can be modified to asynchronous algorithms

with delays.

. Our algorithmic framework provides better flexibility when the local objective func-
tion of an agent contains both smooth and nonsmooth parts. By applying operator
splitting methods, the local constrained optimization problem can often be further
broken down into simpler steps involving smooth part and nonsmooth part separately,

e.g., Algorithm 6 in Chapter 6.

. Generalized resolvent operator and generalized resolvent iteration are presented and
studied. Although it is not exactly the first time they appear in literature, to the best
our knowledge, it is the first time DR and DY splitting methods have been modified

to utilize generalized resolvent operators.

. The proximal parallel ADMM algorithm (Algorithm 1) proposed in Chapter 5 is
an extension of the popular standard Gauss-Seidel (sequential) two-block ADMM
algorithm to the Jacobi (parallel) multi-block scenario, which will be particularly

useful for many large-scale classical machine learning training problems.
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8. The general algorithmic framework for asynchronous parallel coordinate updates of
nonexpansive operators proposed in [72] is modified to a more practical updating rule,
and a new upper bound for the single relaxation step size is derived. The proposed

modification eliminates individual agent activation probabilities from their step sizes.

Future Work

1. Most of the algorithms proposed in this dissertation are special cases of generalized
resolvent iteration, or (generalized) DR splitting. The convergence orders of standard
resolvent iteration (proximal point algorithm) and standard DR splitting method have
been studied in [41, 24, 35], just to name a few. However, little work has been done to
characterize the convergence rates of generalized resolvent operator and generalized
DR splitting methods, or how to optimally select design parameter values, i.e., the P

matrix associated with the generalized resolvent operator.

2. The multiplier graph is proposed in Chapter 6 over which agents can communicate
and exchange information with neighbors. The convergence of subsequent algorithms
under different graph topologies were compared in Chapter 8 through simulations, it
will be interesting to quantitatively characterize how graph properties and network
topologies affect the convergence speed. Currently, the multiplier graph is assumed to
be time invariant. It would be interesting to study how existing algorithm framework

can be modified to handle time-varying graphs.

3. In Chapter 7, we modified the asynchronous parallel coordinate updates algorithm
proposed in [72] to allow a single step size to be used by all agents and eliminate
the involvement of individual agent activation probabilities in their step sizes. A new
uniform upper bound for the step size is derived with which probabilistic convergence
to some fixed point can be guaranteed when the underlying operator is nonexpansive
with respect to the Euclidean norm. The natural next step would be extending this
result to the case when the underlying operator is nonexpansive with respect to the

P-norm (defined in Chapter 4).
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