RATE ESTIMATORS FOR NON-STATIONARY POINT PROCESSES

A Dissertation
Submitted to the Faculty
of
Purdue University
by

Anna N. Tatara

In Partial Fulfillment of the
Requirements for the Degree
of

Master of Science

May 2019
Purdue University

West Lafayette, Indiana



THE PURDUE UNIVERSITY GRADUATE SCHOOL
STATEMENT OF DISSERTATION APPROVAL

Dr. Harsha Honnappa, Chair

School of Industrial Engineering
Dr. Susan Hunter

School of Industrial Engineering
Dr. Burgess Davis

School of Mathematics and Statistics

Approved by:
Dr. Steven Landry
Acting Head of Industrial Engineering

11



111

ACKNOWLEDGMENTS

I would first like to thank my committee members Dr. Susan Hunter and Dr.
Burgess Davis for their valuable input and feedback into this thesis. I would also like
to thank my lab mates for their support throughout this research. I also appreciate
the patience of my husband and the support of the Industrial Engineering graduate
staff.

Most importantly, I would like to thank my thesis advisor Dr. Harsha Honnappa.
Thank you, Professor, for seeing a potential in me and encouraging me to do more
than I thought I was capable of. Thank you for all the time, the patience, and the

challenges to help me be successful.



v

TABLE OF CONTENTS

Page

LIST OF FIGURES . . . . . .. . s vi
ABBREVIATIONS . . . . . . vii
ABSTRACT . . . . o viii
1 Introduction . . . . . . . .. 1
1.1 Marked Point Processes . . . . . . . .. ... .. ... 2
1.2 M;/G/oo Queueing Model . . . . ... ... o oo 3
1.3 Transitory Queueing Model . . . . . .. ... ... L. 3
1.4 Organization . . . . . . . . . . . 4

1.5 Notations . . . . . . . . . 4

1.6 Necessary Definitions and Theorems . . . . . . . . . . .. .. ... ... 4

2 Marked Point Process Estimator . . . . . . .. .. ... ... ... ... 6
2.1 Asymptotic Consistency . . . . . . . . ... 7
2.2 Rates of Convergence . . . . . . . . . ... 9
2.2.1 Functional Central Limit Theorem . . . . . .. .. ... .. .. 9

2.2.2  Law of Iterated Logarithm . . . . . . .. .. .. ... ... ... 22

2.3 6, Performance Analysis . . . . . .. ... ... ... ... ... 26

3 M,;/G/oo Mean Busy Server Estimator . . . . . ... ... ... .. ..... 29
3.1 Notation and Key Insights . . . . . .. .. ... ... ... ... ... 29
3.2 Nonparametric Omniscient Estimator . . . . . . . ... ... ... ... 32
3.2.1 Asymptotic Consistency . . . . . . ... ... 32

3.2.2 Rate of Convergence . . . . .. ... .. .. ... .. ... . 34

3.3 Nonparametric Aggregated Estimator . . . . . . . ... ... ... ... 41
3.3.1 Asymptotic Consistency . . . . . .. .. ... ... ... .... 42

3.3.2 Rate of Convergence . . . . . . . .. .. ... ... .. ... . 45



5

Page
Arrival Distribution A;)/G/1 Estimator . . . . ... ... ... ... ... . 56
4.1 Nonparametric Omniscient Estimator . . . . . . . . ... ... ... .. 56
4.2 Nonparametric Multinomial Estimator . . . .. .. ... ... ... .. 62
Conclusion . . . . . . . . . 74

REFERENCES . . . . . o 76



vi

LIST OF FIGURES

Figure Page
2.1 Sample path realization of offered load (V' (t) : t > 0) where 7; is ith arrival

time and v; is ¢th service requirement. . . . . . . .. ... L 6
3.1 Poisson Random Measure for Q(¢) . . ... ... ... ... ... ... .. 30
3.2 Q(t) Constructed of Disjoint Areas . . . . . . . .. ... ... ... .... 30
3.3 Poisson Random Measure Example for Q(t1), Q(t2),Q(t3) . . . . . . . . .. 31
3.4 Poisson random measure for Q(¢1),Q(t2) . . . . . . ... 36
3.5 Construction of Q(1,,(t)), Q(L,(t) +3dn) - . - . . o . L 46

3.6 FDD’s Poisson Random Measure Decomposition . . . . . . . ... .. ... 49



NHPP
MPP
MLE
CLT
FCLT
SLLN
LIL
iid

cdf
MSE

ABBREVIATIONS

Nonhomogeneous Poisson Process
Marked Point Process

Maximum Likelihood Estimator
Central Limit Theorem

Functional Central Limit Theorem
Strong Law of Large Numbers

Law of Iterated Logarithms
Independent and Identically Distributed
Cumulative Distribution Function

Mean squared error

vii



Viil

ABSTRACT

Tatara, Anna N. M.S., Purdue University, May 2019. Rate Estimators for Non-
stationary Point Processes. Major Professor: Harsha Honnappa.

Non-stationary point processes are often used to model systems whose rates vary
over time. Estimating underlying rate functions is important for input to a discrete-
event simulation along with various statistical analyses. We study nonparametric esti-
mators to the marked point process, the M;/G /oo queueing model, and the A(;)/G/1
transitory queueing model. We conduct statistical inference for these estimators by
establishing a number of asymptotic results.

For the marked point process, we consider estimating the offered load to the
system over time. With direct observations of the offered load sampled at fixed
intervals of width 9,, > 0, we establish asymptotic consistency, rates of convergence,
and asymptotic covariance through a Functional Strong Law of Large Numbers, a
Functional Central Limit Theorem, and a Law of Iterated Logarithm. We also show
that there exists an asymptotically optimal d,, as the sample size approaches infinity.

The M,;/G /oo queueing model is central in many stochastic models. Specifically,
the mean number of busy servers can be used as an estimator for the total load
faced to a multi-server system with time-varying arrivals and in many other appli-
cations. Through an omniscient estimator based on observing both the arrival times
and service requirements for n samples of an M,;/G /oo queue, we show asymptotic
consistency and rate of convergence. Then, we establish the asymptotics for a non-
parametric estimator based on observations of the busy servers at fixed intervals of
width 4,, > 0.

The A(;)/G/1 model is crucial when studying a transitory system, which arises

when the time horizon or population is finite. We assume we observe arrival counts
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at fixed intervals. We first consider a natural estimator which applies an underlying
nonhomogeneous Poisson process. Although the estimator is asymptotically unbi-
ased, we see that a correction term is required to retrieve an accurate asymptotic
covariance. Next, we consider a nonparametric estimator that exploits the maximum
likelihood estimator of a multinomial distribution to see that this estimator converges

appropriately to a Brownian Bridge.



1. INTRODUCTION

Non-stationary point processes are often suggested to model systems whose rate varies
over time. The nonhomogeneous Poisson process (NHPP) (Definition 1.6.1) is a
common non-stationary point process that is used to model a variety of applications.
It is common to use NHPPs to model call centers [1], software reliability [2], hospital
systems [3], and many other systems outside of the classic queueing context.

Estimating the underlying intensity or cumulative intensity function of an NHPP
has been of particular interest. If an NHPP is used as an input to a Monte Carlo
simulation, inversion of the cumulative intensity function or thinning of the intensity
function can be used to generate arrival times to an NHPP [4]. Simulation of an NHPP
by thinning requires probabilistically rejecting points from an NHPP with intensity
function that dominates over the entire domain [5]. The inverse transformation is the
most fundamental way in which to generate random variates. To generate variates to
an NHPP, the inverse transformation method inverts the cumulative intensity function
and uses the exponentially distributed inter-arrival times [4]. Other work has been
conducted to simulate NHPPs with cyclic or periodic behavior, where a “piecewise
thinning” approach is used in conjunction with a polynomial exponential intensity
function [6], [7]. Simulation techniques have also been developed for log-linear rate
functions [8], for spatial point processes [9], and for piecewise linear cumulative inten-
sity functions from count data [10]. In order to conduct these simulations, estimates
of the intensity functions are required as input. Therefore, data-driven estimation
techniques are needed to obtain consistent and efficient estimators of the underlying
intensities.

Many techniques have been applied to estimate the intensity functions. Fitting
a power intensity to the cumulative intensity function is a common parametric tech-

nique [11], [12], [13]. Optimization methods have also been used to fit a nonnegative



cubic spline to the intensity function based on available arrival data [14]. Maximum
likelihood estimation (MLE) is another common parametric technique to estimate the
intensity functions [15], however, it is shown that the MLE need not be asymptoti-
cally consistent or normal for software reliability models [16]. MLE is also applied to
estimation of a piecewise linear intensity function, where an optimization problem is
formulated based on fully-observed NHPPs [17], [18].

Nonparametric methods have also been used to estimate the intensity functions.
For fully-observed samples of an NHPP, a nonparametric estimator averages counts at
observed times and linearly interpolates between times to retrieve a piecewise-linear
cumulative intensity function estimator [19]. In practice, it may be more common to
observe count data at fixed intervals. With the assumption of a piecewise-constant
intensity function, the asymptotic consistency and normality of a nonparametric esti-
mator which averages count data over intervals is shown [20]. To estimate a piecewise-
constant intensity, a heuristic is also proposed in which points at which the intensity
changes are user specified and count data is therefore averaged in the given inter-
vals [21].

Although the intensity functions of the nonhomogeneous Poisson process are cru-
cial to estimate, it is also of interest to estimate underlying parameters of other

non-stationary processes.

1.1 Marked Point Processes

The marked point process (MPP) is composed of a point process and associated
marks [22]. MPPs have been used to model image analysis [23], forest statistics [24],
crowd counting [25], stock price variations [26], and various other applications [27],
28], [29]. Associated with the MPP is the cumulative marks or cumulative load
to the system over time. Insurance risk, service systems, earthquake effects, and
healthcare systems all benefit from estimating the cumulative load to the system over

time. Methods for estimating the average load of a MPP have been developed based



on dependence of service times and patience of customers to a service system [30].
Specific to multimedia cable network systems, a nonparametric estimator estimates

the offered load at fixed times based on a fully-observed system [31].

1.2 M,;/G/oc Queueing Model

The M,;/G /oo queueing model has nonhomogeneous Poisson process arrivals, gen-
eral service times, and infinite servers. Although seemingly unrealistic, infinite server
models are central to many stochastic modeling applications. For multi-server sys-
tems with time-varying arrivals, the infinite server model characterizes the total load
faced to the system, suggesting that infinite server models can also be used as a pro-
totype [32]. Infinite server models are used to model repair mechanisms for damaged
cells [33], software reliability analysis [34], [35], and call centers [36]. Parametric
techniques have been used to estimate the queue length process based on count data
using Little’s Formula or based on busy/idle times of the system using regenerative
models [37]. Nonparametric methods based on count data use Reynold’s formula for

estimating the queue length process [38].

1.3 Transitory Queueing Model

The transitory queueing model is important to study when drawing from a finite
population or when the system operates in a finite window of time. This arises
naturally in many applications such as the arrival of attendees to an event, the arrivals
of customers to a store, or the arrivals of individuals in the peak hours of a 24-
hour service system. The A(;)/G/1 model assumes that m customers independently
sample arrival times from common distribution F'(¢) [39]. A natural estimator for
F(t) is the empirical distribution function which assumes a fully-observed arrival
process. Donsker’s Theorem provides the well-known functional limit theorem for
the empirical distribution function [40]. The empirical distribution has been well-

studied to understand when parameters are estimated [41], when available data is



grouped or truncated [42], or when incomplete data is used for maximum likelihood

estimation [43].

1.4 Organization

We begin in section 1.5 and 1.6 with necessary notation, definitions, and theorems
that will be used throughout the remaining sections. In section 2, we describe a
nonparametric estimator for the offered load of a marked point process based on
discrete observations of the process. We establish a number of asymptotic results.
In section 3, we first consider an omniscient estimator of the mean number of busy
servers in an M;/G/oo queue. We also consider the natural estimator when the
number of busy servers is observed at fixed intervals. We show asymptotic results for
both nonparametric estimators. Section 4 considers the asymptotics of the natural
estimator for the arrival time distribution in a transitory queue, showing asymptotics

for nonparametric estimators based on count data.

1.5 Notations

Denote almost sure convergence by — and weak convergence by =. 1{} denotes
the indicator function. x Ay and xVy denote the minimum and maximum of x and y,
respectively. Let X :=Y represent X is defined as Y. We let (X () : ¢ > 0) represent

a stochastic process defined on ¢ > 0.

1.6 Necessary Definitions and Theorems

Definition 1.6.1 (NHPP) Suppose N = (N(t) : t > 0) be an integer-valued, non-
decreasing process with N(0) = 0. We say that N is a nonhomogeneous Poisson
process (NHPP) with rate (or intensity) function \(t) = (A(t) : t > 0) if:

1. the process N has independent increments,

2. forallt >0, P(N(t+h) — N(t) > 2) =o(h), and



3. forallt >0, PIN(t+h)—N(t) =1) = A(t)h + o(h).

We will also use the following central limit theorem result for stochastic processes,

Theorem 2 from [44].

Theorem 1.6.1 (Hahn’s CLT [44]) Let X be a stochastic process with sample paths
in D such that E[X(t)] =0, E[X(t)’)| <o V te€[0,1]. Fora>1/2, 3> 1, and
0<s<t<u<l,/if

1. E[(X(u) - X(t))Q} < (G(u) — G(t)” for G is a nondecreasing continuous func-
tion,

2. F[(X(u)— X(1)* (X (t) — X(S))Q} < (F(u) — F(s))? for F is a nondecreasing

continuous function, then X satisfies a CLT.
Theorem 8.1 and 8.2 from [40] will be used to show weak convergence.

Theorem 1.6.2 (Prokhorov’s theorem) Let P,, P be probability measures on (C,C).
If the finite dimensional distributions of P, converge weakly to those of P, and if {P,}
18 tight, then P, = P.

Theorem 1.6.3 (Tightness) The sequence {P,} is tight if and only if these two
conditions hold:
(i) For each positive 1, there exists an a such that P,{z : |x(0)] > a} <n, n > 1.
(ii) For each positive € and n, there exists a §, with 0 < § < 1, and an integer
ng such that Po{z : w,(6) > €} < n, n > ng, where w,(0) = supj,_y <5 |2(s) — z(t)],
0<d<l1.

Theorem 1.6.4 (Continuous Mapping Theorem) Let {X,} and {Y,} be ran-
dom variables. Suppose that X, = X and Y, — ¢, then (X,,,Y,) = (X, ¢).

Theorem 1.6.5 (Slusky’s Theorem) If X,, = X andY,, = ¢, then
1. X,+Y,=X+c

2. X,.Y, = Xc

3. XY, = X/c as long as ¢ # 0



2. MARKED POINT PROCESS ESTIMATOR

Recall the offered load to a stochastic system at time ¢: (V(¢) : t > 0) where V() :=
vi + - + Ung, where {v;}22, are a set of independent and identically distributed
(i.i.d.) random variables where E[r;] < +00, the moment generating function satisfies
M, (u) = E[e"] < +00, and N;(s) is the ith observation of a nonhomogenous Poisson
process (NHPP) (N(¢) : t > 0) with rate function (A(¢) : ¢ > 0), at time s.

Given direct observations of the offered load at fixed intervals, our objective is
to estimate the mean offered load E[V (t)] at each time ¢ > 0. The estimated mean
offered load can be used as an input for simulation of a discrete event model as well
as for statistical analysis of a service system.

Let Vi(a,b) := V;(b) — V;(a) represent the increase in the offered load in the
interval [a,b) in the ith independent observed realization. We assume that we can

observe increments of the offered load at fixed intervals of width §,, > 0. For ¢ > 0,

V(t) 4

Vy

1/3]

1)

141
T T2 T3 T4

~+V

Fig. 2.1. Sample path realization of offered load (V'(t) : t > 0) where
7; is ith arrival time and v; is 7th service requirement.



let 1,(t) = L%J 9, be the lower bound of the interval in which ¢ falls such that
In(t) <t <l,(t) + 0,. Then, the natural estimator of the mean offered load at ¢t > 0

is the random variable

Vi (t) == % S V(0,1 (1)) + ! _(;:(t) = > Villa(t), La(t) + 8,).

: n <
=1 =1

We conduct statistical inference for the estimator by establishing a number of asymp-
totic results. We first demonstrate asymptotic consistency for V,,(¢) by proving a
functional strong law of large numbers (FSSLN) result in Theorem 2.1.1. We then
give the rate of convergence through a functional central limit theorem (FCLT) in
Theorem 2.2.4 and a law of iterated logarithm (LIL) in Theorem 2.2.6. We also
provide the order at which ¢,, should shrink in order to minimize a bound on the

mean-squared error in Theorem 2.3.1.

2.1 Asymptotic Consistency

We prove a functional strong law of large numbers (FSSLN) to show the asymp-

totic consistency of the estimator V,,(¢) to the true mean offered load E[V (¢)].

Theorem 2.1.1 (FSLLN) Ifd, — 0 as n — oo, then sup o1 [Va(t) — E[V(?)]] —

0 a.s. as n — 0.

Proof Note that

= LS v+ %Z D+

O, =1

_ %zn:vi(o,t) - %Z%(ln(t) t

Call the latter two terms R,,. Because [,, <t <[, + ¢, it follows that
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Now, for n sufficiently large, we have that for all € > 0, t—e¢ < [,,(t) < l,,(t)+6, < t+e.

Taking the limsup, we have,

2 n
I R| <l SN Vit — et
im sup | |_1msupn; (t—e,t+e)

n—00 n—0o0

— 2E[Vi(t — €, +€)], (2.1.1)

which follows as a consequence of the strong law of large numbers. Next, from the
independence of the service times and arrival process,
(2.1.1) = 2E[n |[E[N(t — €,t + €)]
t+e
= ZE[yl]/ A(s)ds
t—e

—0 a.s. as €l0.

So, we have,

lim sup |V,,(t)| = lim sup
n—oo n—oo

= E[V(1)],

by the strong law of large numbers. We have shown pointwise almost sure con-
vergence. To prove uniform convergence, note that V(t) is a continuous, nonde-
creasing function. Therefore, for all € > 0, there exists m(e) < oo and points
0=1up <up <- - < Uy =T such that V(u;) = V(ui—1) <e V i =1,....,m(e).

For ¢t € [0,T1], let a(t) = a.(t) denote the index i such that ¢ € [u;, u;41). Then,

‘Vn<t> - V(t)‘ = max [Vn(t) - V<t>’ V(t) - Vn(t)]



< max [Vi (ta@ys1) = V (@aw), V(Ua@y+1) — Valtaw)]
< max [Vn(ua(t)+1) - V(Ua(t)+1) + V(“a(t)+1)
—V (ta(n), V (tay1) = V (ta(n) + V (ta(n) = Va(ttage))]
< max [|Va(uagy11) = V(tagey11)| + V(tay1) = V(taw),
V(tagty11) =V (tta(y) + |V (ttagr)) = Va(ta)|]

et max [Vo(u) = V(w)|.

By pointwise convergence, we have |V, (u;) — V(u;)| < € for large enough n. There-
fore, it follows that max [V;,(u;) — V(w;)| < €. So, supyeo 7y [Va(t) = V()] < ete€ = 2e.
Therefore, for large enough n, limsup,, ., sup;ejo ) [Va(t) — V(¢)| = 0, since € is ar-

bitrary. This completes the proof. [ |

Through a FSLLN, we have shown that V,,(t) is an asymptotically consistent, and
therefore an asymptotically unbiased, estimator of E[V (¢)].

2.2 Rates of Convergence

Understanding the rate of convergence of V,,(t), along with its asymptotic co-
variance, is crucial for computing confidence intervals and other statistical measures.

We establish the rates of convergence by proving a functional central limit theorem

(FCLT) and a law of iterated logarithm (LIL).

2.2.1 Functional Central Limit Theorem

We start by proving a pointwise central limit theorem (CLT), under a specific

scaling assumption on 9,,.

Lemma 2.2.1 (CLT) Suppose 8, = o(n~*) and the rate function (\(t) : t > 0) is

Lipschitz continuous in a neighborhood of t with Lipschitz constant K. Then,

Vi(t) :=+v/n (V,(t) — E[V(t)]) = N(0, Var(V(t))) as n — oo.
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Proof First, recall that

Z )+ 0n) = [V(t)])

On =1

}j 8n) — VRE[V(t)].

Then the log moment generating function of the lefthand side is
U, (u) = log E [exp{uv/n(V,(t) — E[V(1)])}]
U t—1,(t) u
exp {%;Vi(o,ln(t)) 7; t) + 0,)
—u/RE[V ()]}]
exp {\if i Vi(0, W))H
Xp{t5 erZV o() + 6, }

=logFE

E [exp {—uyv/nE[V ()] H)

—uV/nE[V(t)]

exp {t —51:(15) % Z Vil (1), 1,(t) + 5n)}

t—1n(
On

+logE [exp { %v (ORNOE %)H . uy/nE[V (#)].

(2.2.1.1)
Consider the first term in (2.2.1.1). Observe that it is the log moment generating
function of a random sum of random variables, V1(0,0,(t)) = v1 + -+ + Uny (00, (0))-

Next, conditioning the moment generating function (MGF) on the Poisson random

variable N;(0,1,(t)), we have,

B [exp { VA0, 0,00 } IN(0.0(0) =
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’§[ ool

, for the second term in (2.2.1.1),
t

0 0.0+ 00}

_E [exp {Nl(ln(t), L (t) + 6,) log E {exp {t _;:(t) %MH H L (2213)
Returning to the log moment generating function ¥, (u), and using (2.2.1.2) and

(2.2.1.3), we have,

(1) = nlog E [ex {N (0,1,(t)) log E {exp{%yl}] }
+nlogE [exp {Nl(ln(t), L(t) + 6,) log E [e

&
1
»

g
—N

|
0’) o~
—~
N

—u/nE[V (). (2.2.1.4)
Recall that if X is a Poisson random variable with mean p, then E[ exp {uX}]
exp {u(e* — 1)}. Also, recall that E [N;(a,b)] = A(b) — A(a) where A(t f A(s
Therefore,

(2.2.1.4) = nlog (exp {A(ln(t)) < exp {1 gk [GXP {%“H } - 1) })
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+nlog (exp {(A(Lu(t) + 0n) (l (1))
—1,

(oo {2 5} )

— uy/nEB[V(t)]

s o o 5]} )

— uy/nE[V(1)]. (2.2.1.5)

Next, using the Taylor series expansion for eX, it follows that

2

(2.2.1.5) = nA(l, (1)) (%Ew + ;—nE[yf] +0 (n_3/2)) 4 (AL () + 6,) — Al (1))

u t—1,(t) u? (t—10)\ . t—1,O\° s
) <% e 5 () E[”l“O((T) " />>
— uVRE AN
= uBln] (Ala(1)) — A1)
+ S EDAAG ) + oy () (40,0 + 61) = AL (0) Bl

n

n 5 (t _;n( >> (A(In(t) + 6n) — A(Lu(t))) E[v{]
O +0 ( <t— ;n<t>)3nl/2>_ (2.2.1.6)

By the Mean Value Theorem, for some ¢, € [l,(t),1,(t) + 6,] and 6, € [I,(t),t], we
know that A(L,(t) + d,) — A(ln(t)) = A(Gn)on and A(t) — A(1,(2)) = N6,)(t — 1.(1)).
Then,

(2.2.1.6) = uv/nE[](—\0:))(t — L, (t))

! _;n(t) )‘(Cn)(snE[Vl]



+ BRAL(0) + 0 <—(t 0P e (1 l"“))sn—lﬂ)

— uy/mE[](t — L) (AG) = AB)) + = EIZIAL(1))

2
(=12, (E=LON
< uy/REm]0,(A(G) = A0h)) + 5 E7IA (1)
Lo <(t —é:(t)) el (%) n—1/2> . (2.2.1.7)

Recall K is the Lipschitz constant for (A(¢) : t > 0). Also note that 6, = o(n™'/4), so

that 62 = o(n~%/?) — 0 as n — co. Then, we can bound as follows,

22.1.7)] < uy/REIIGK (G, — 6, + = EWEIAL(0)

(t_ln(t))Q —1/2 t_ln(t) ’ —1/2
+O<T+n /+<T> n />

< uVREWRK + 4 EHAUL (1)

(t_ln(t))Q —1/2 t_ln(t) ’ -1/2
+O<T+n /+<T> n />.

Also note that (2.2.1.6) is bounded below by “;E (V2] A(1,(t)) since (t — 1,(t)) > 0.
It follows that ¥, (u) — “;E[Vf]/\(t) as n — 0o, which is the moment generating
function for a Gaussian random variable with mean 0 and variance E[VZ]A(t) =

Var(V (t)). u

Therefore, for fixed t € [0,7], we know the rate of convergence and asymptotic
variance for V,(t). However, we are still interested in how the entire process (V,,(t) :
t > 0) converges. The following two lemmas help to prove the FCLT. We start
by showing the finite dimensional distributions (FDD’s) of (V,(t) : t > 0) converge

weakly to a multivariate Gaussian.
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Lemma 2.2.2 (FDD’s) If 6, = o(n'/*) and the rate function (\(t) : t > 0) is
Lipschitz continuous in a neighborhood of t with Lipschitz constant K, then for 0 =
t0<t1<"'<tk§T,

(Va(Va(t) = E[V())), .. (Va(Va(te) — B[V (t)]) = (Z(t1), ... Z(tr))

where (Z(t1), ..., Z(tx)) is a Gaussian vector with mean 0 and covariance matriz ¥ =

(045], with ;5 = Var(V(t; At;)) = E?JA(L A t) V1 <i,j < k.
Proof Consider the moment generating function for k£ = 2.
B [exp {{(ur, ua), (VA1 (Va(tr) — EIV(0)]) V1 (Va(t2) — B[V ()))}]
exp{\/_ZVOZ t1)) \z;l_tl_l (t1) ZV (t1), L (t1) + 0n)
ZVOZ (t2)) + 2 t2 n(lz) ZV (t2), Ln(t2) + 6,)

—upV/nE [V (t1)] — ugy/nE [V(tZ)]H

_ B p{“1+“221/0l (1))
+<%—tl 5 )ZV W(t) + 6,)
ZV (t1) + 0, L (t ))+u—\/2_t2 n(lz) ZV (ta), Lo(ta) + )
—ur/nE [V ()] — ugv/nE [V (t2)]}] (2.2.2.1)

From the independence of nonoverlapping intervals and the i.i.d. observations of

(V(t):t=0),

(2221)=E

exp{u1+u22V (0,1,,(t1) }]

Uq tl -
exp{(%T ) 1‘/; tl ‘|‘5 )}

x F




15

x E |exp {u—\;_ Z Viln(t1) + 0n, ln(tz))}]

x B _exp{\lf_t2 ZV n(t2) + 6y )}]
x E [exp {—uiv/nE [V (t1)] — usy/n [V (t2)] }]

_ B [exp {“1;5“2\4(0, ln(tl))H '

celon{ (50 ) 5
x E :exp{jﬁ‘/(l (t1) + O, Lt ))Hn

ug to — Uy (t2)

x F :exp {% 5 Villn(t2), La(t2) + 5n)H
E [exp {—urv/nE [V (1,)] — ugv/n [V (12)]}] - (2.2.2.2)

Taking the logarithm of (2.2.2.2) and applying the simplification for the moment

generating function for a random sum of random variables as in Lemma 2.2.1, we

obtain
log ((2.2.2.2)) = nA(l,(t1)) (E [exp {Ul\‘/“ﬁUQ ulH - 1)
A 60~ o) (£ [ { () Y, 1))
0 (Al (t2) — Alu(tr) +6,)) ( E -exp{%yl } _1>
/

(7]
+n (A(l,(t2) + 0,) (E -exp{t2 = In 2>—2V1H — 1)
— uiv/nE[V (t1)] — uav/nE[V (ts))]. _ (2.2.2.3)

By the Taylor series expansion for e!¥, it follows that
Uy + Usg 1 (g +uy 2 -
(2.2.2.3) = nA(l,(t1)) ( 7 E |+ 3 ( 7 ) E [vi] + O(n 3/2)>

+ 1 (Al (tr) + 6,) = Alln(t1))) (< : _;n< >7 + ﬂ) E 1]

(75}
n
1/t —1,(t
+§(1 <1>£+2 1 4 O(n s/2>

5n\/5\/ﬁ



+ 0 (AL (t2)) — Al (t1) + 6,)) <2 Eln] + 1 (ﬂ) E ]+ O(n—3/2)>

to — U (t2) us

o (Alla(t2) +82) — Alla(t2))) (

A )

—uVREV ()] — usVnE[V (t)]. (2.2.2.4)

Combining terms, (2.2.2.4) simplifies to

(2.2.2.4) = wiVnE 1] ALy (11)) + usy/nE (] Al (t2))

M Al()) + %315 V2] Alla(ts)) + wrtaE [1] Alln(t1))

2
I ul\/ﬁtl ‘ ;:“1) E[n] (A(ln(t) + 6,) — Al (1))
+ u2\/ﬁt2 _;:(tQ)E [V1] (A<ln<t2> + 6n) - A(ln(tz)))
+ 4 (=) B D2 (a(0) + 0) — A 0)

n %3 (t2 - WQ)) B[] (A(lu(ta2) + 0n) — A(lu(t2)))

gy ;:(tl) E [vf] (A(La(tr) + 6,) — Al(tr))) + O(n™/?)
—w/RB[V (1)) — uaV/mE[V (t2)]. (2.2.2.5)

By the Mean Value Theorem, for j = {1,2}, 0,,; € [l.(¢;),t], and (u; € [1n(t;), ln(t;) +
On),

us /A [11] Al () + /) 1 (A1 () 4 6,) — A (t,)))

571
— u/EV (L)
= g/ ) (A1) = M) + /B (A1) + 62 — A1)
= —uV/nE (] MOns) (t; — la(t;)) + U;\/ﬁtj_dﬂbj [11] A(Gnj) 0

= uV/'n(t; = L (t;)) E [11] (M(Gnj) = Mbnj))
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which is bounded in absolute value by u;y/no, E [11] K¢,, where K is the Lipschitz
constant for (A(t) : ¢ > 0). Since d,, = o(n~/*), the term converges to 0 as n — oo.

Now consider the following terms from (2.2.2.5):

% <%) E [17] (M(In(t1) + 62) — Aln(11)))

! (ﬂ) B 2] (Ala(ts) + 6) — Alln(t2))

2 On
R ] (A1) + 62) — A1)
ui (1 — In(t1))? uj (t2 — ln(t2))?

E [1{] A(Gu) + E [17] AGn)

2 4, 24,
+ U1U2(t1 - ln(tl))E [Vﬂ )‘(Cnl)

2 2
< 160 (V2] A(Gut) + 20 [12] AlGue) + a6 B (1] A(G)

— 0,

where the limit holds since 9,, — 0 as n — oo. Therefore, since [,,(t) — ¢ as n — oo,

it follows that
u? u3
(2.2.2.5) —>71E (V] At) + 7215 (V7] A(ta) + wiuaE [V7] A(ty)
1

= —u’Yu,

2
which is the moment generating function for a Gaussian vector with mean zero and
covariance matrix ¥ = [oy;], with o;; = Var(V(t; A t;)). Now, since V,(t) can be
written in nonoverlapping intervals of 0 =ty < t; < --- < tx < T, then the same

simplifications will hold to prove that the moment generating function of an arbitrary

finite k-dimensional vector converges to this Gaussian vector. [ |

Next, we show that the sufficient conditions of Theorem 1.6.1 are satisfied straight-

forwardly by (V,,(t) : t > 0).
Lemma 2.2.3 Let

Vils) = Vi, 1n(s) + =20 (), 10(5) + 6,).
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If 6, = o(n™Y*) and E [1*] < oo, then for 0 < s <t <u<T, asn — oo,

Proof We first prove (1). As in Theorem 2.1.1, let Vj(s) = V;i(0,s) + R, where
Ry = =Vi(ln(s), 5) + *5Vi(1(s), In(s) + 6,). Note that,

B [((Vitw) = BV ()]) = (Vi(t) = EV()))’]
[(Vi(0,4) + Ry = BIV(w) = (Vi(0,1) + R~ EV(1))’]
[((Vi(0,0) = BV () = (Vi(0,1) = B[V (#)]) + (Ru — R))’]
[((Vi(0,4) ~ B[V(w))) = (Vi(0,) = EV(@)Y] + B [(Ra — R
+ 2B [(Ry — R) ((Vi(0,u) — E[V(w) = (Vi(0,0) = EV@D)]. ()

E
E
E

We will first show an upper bound on the first expectation in (*).

E [((Vi(0,u) = B[V (w)]) = (Vi(0,) = B[V (1)]))’]
[((V; Vi(0, 1) = (E[V(w)] = E[V(®)))’]
[(Vi Vi(0, )] + E [ (Au) — A#))*
= 2E V] (Au) = A(#)) E[Vi(0,u) = Vi(0,1)]
= Var (Vi(t,u)) + E [Vi(t,w)]* + E[v]" (A(u) — A(t))*
— 2B [v] (A(u) = A(t) EVi(0,u) = Vi(0,1)]

E
E

= Var (V;(t,u))
(

N;(t,u)
= Var Z vj
j=1

= (E[N1(t,w)]Var(v) + E[v]*Var(N:(t,u)))
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Now consider the second expectation in (x). We will show that as n — oo, this
expectation is bounded above by 0. Observe that,
E[(R, — Ry)?]

= E [R}] + E [R}] — 2E [R,R/]

<FE

(-~ ) + =2 ). o) + )

+E

(—wn(t),t) + 0y 0,10 + %))2] |

Since l,(s) — s and 0, — 0 as n — oo, this bound converges to 0. The third

expectation in (x) converges to 0 in a similar way.

2E[(Ry — Ry) (Vi(0,u) — E[V(uw)]) — (Vi(0,2) = E[V(1)]))]
=2E [R, (Vi(0,u) — E [V (u)])] = 2E [R, (V;(0,t) — E[V(t)])]
—2E[R; (Vi(0,u) — E[V(u)])] + 2E [R, (Vi(0,t) = E[V(1)])]

=25 | (Vi) + Vil (0, u(0) + 8,)) (V0,00 = BV ()

u— ln(u)

_op ( Vil 00 + "=V ), <>+6>)< (0,) - E[V(tm]
_op ( Villa(0),8) + L= ”wzn(t),zn(t)m)) <vi<o,u>—E[v<u>1>}
Y < Villa(8),6) + _;:“) Villa (), 1n(t) + 5n)) (Vi(0,) — B [V(m)} .

Since [,,(s) — s and 4, — 0 as n — 00, these terms go to 0 in the limit. Now, to prove
(2), we note that the expectations are over nonoverlapping intervals. Therefore, by

independent increments property and the proof of (1), we have

2

E [(Vi(w) = EV(@)]) = (Vi) - E[V(2))
(Vi) = BV () = (Vils) = E[V(s))’]
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where the inequality holds in the limit as n — oo. [ ]

The two conditions from Theorem 1.6.1 [44] complete the necessary lemmas to prove

a functional central limit theorem.

Theorem 2.2.4 (FCLT) If 6, = o(n~'%), (\(t) : t > 0) is Lipschitz continu-
ous in the neighborhood of t with Lipschitz constant K, and E[v*] < oo, then
Vi (Vi(t) = ElV(t)]) = (Z(t) : t > 0), where (Z(t) : t > 0) is a Gaussian pro-

cess with mean 0 and covariance function (p(s,t) : s,t > 0) := Var(V(s A t)).

Proof Lemmas 2.2.2 and 2.2.3 show all the necessary conditions for Theorem 1.6.1,

proving the claim. [ ]

Notice that Theorem 2.2.4 requires a specific order of convergence on é,, and Lipschitz
continuity on (A(f) : ¢ > 0). Lipschitz continuity can be removed in this result but
would in turn require a stronger condition on ¢, specifically ¢, = o(n_l/ 2). However,
we also notice that the condition on 9,, results from an upper bound. This condition

can be relaxed to 9, — 0 as n — oo as seen in the following result.

Theorem 2.2.5 (CLT Relaxed Conditions) Fort € [0,7], if 6, — 0 as n — oo,
then /n (V,,(t) — E [V (t)]) = N (0, Var(V (t))).

Proof Recall the estimator

Valt) = 5 Vi) + S 0,00 + 0

n <
i=1
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for the offered load of a marked point process, observed at fixed intervals of width

0, > 0. Recall that

1 n
==Y Vi(0,t)+R
ni:l

where

%Z t) + 6,).

On =1

Ro= 23 0.0+
From the standard CLT:, we see that
Tilt) = Vi (% >V~ EIV >1) = A (0, Var(V (1))

Recall that if V,,(t) = N (0, Var(V(t))) and E[R?] — 0 as n — oo, then
V.(t) + R, = N (0, Var(V(t))). We will show that E [R%] — 0 as n — oo if 6, — 0.
E[R2] = Var (R,) + E [R,)?

Considering first the squared expectation, we have,

n 2

LS im0+ O LS v 0.0,0 +5)

t—1(t) 1 <&

5, % > Villu(t), 1n(t) + 6,)

1=

= (-EWio.0+ S Em 0.0 + 0
E

t—1,(t)

—E V] (A(t) = A(la(1))) + 5 Ev] (A(ln(t)+5n)—/\(ln(t)))>
JLoht)

ln(t) + 571) - A(ln(t)))

N (t _(sl:(t)) (AL (1) ) (2.2.5.1)

Now, by the Mean Value Theorem, there exists 6,, € [I,,(t),t] and ¢, € [I,,(¢), [ (t)+y]
such that,

225.1) = BV (400 - L) - 26 - ) =2
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(S5) o)

= E V)" (A0n)*(t = 1a(1))* = 2X(00) (t — Ln(1))*A(C)
H(t = 1.(1)*A(G)?)
= E ] (t = 1a(£))* (A(0n)* = 2X(0)M(Gn) + A(G)?)
= B[] (t — L(£)? (M6,) — A G))?. (2.2.5.2)
Since |0, — (| < d,, and t — [,(t) < 6, and 6, — 0 as n — o0, (2.2.5.2)— 0 as

n — 00. Now, we consider the variance of R,, as follows.

Var (R,)
— Var <—% Vi (), 1) + kil S Vila(t) 1) + 5n)>
~ Var ((—% 41 _;:(t)%) > Vil + LS 0 + 5n)>

> E [V?] (A(Lu(t) + 6,) — A(t))
A(t) - < )+ B[] (A (0) +6,) = A®)), (2:25.3)

where the inequality holds because [,,(t) <t < [,,(t) + 6,. Since 6, — 0 as n — o0, it
is clear that (2.2.5.3)— 0 as n — oo. Therefore, F'[R%] — 0 as n — 0o, proving the

claim. [ |

This result removes the Lipschitz continuity and the specific rate of convergence of
5. Because V,,(t) is well-structured, in that it is monotone increasing and continuous

on a compact interval, the uniform convergence results will follow straightforwardly.

2.2.2 Law of Iterated Logarithm

The FCLT provides a rate of convergence for V,,(¢) which can be used to compute

confidence intervals. We also identified the asymptotic covariance of the stochastic
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process. We now show a law of iterated logarithm (LIL) to describe the magnitude
of the fluctuations of V,,(¢) away from the mean and provide a sense for how large n

should be before the estimator is “accurate.”

Theorem 2.2.6 (LIL) Fizt and let V,(t) = nV,(t). Then,

*(t
lim sup Vilt)

B Y —
n—oo /2 loglogn

¥ Va ()= E[Vp
where V*(t) = —(t\)/ar(f[/ (t()t))},

Proof Let D := {Vn(t) >F [f/n(t)} + qb\/QVar(Vn(t)) log log n} The relation
limsup,, , % = 1 is equivalent to showing that for ¢ > 1, with probability
one, the event D occurs only finitely many times, and for ¢ < 1, with probability

one, the event D occurs infinitely many times. Observe that,

(i) There exists a constant ¢ > 0 that does not depend on n, such that
P (Vn(t) > E [f/n(t)D > e

Since a CLT holds for V,,(¢) (Lemma 2.2.1), inequality (i) clearly holds.

(ii) Let = be fixed, and let A be the event that for at least one k (with £ < n),
Vi(t) — E[Vi(t)] > @. Then, P(A) < 1P(V,(t) — E[V,,(t)] > ).

To show (i) is true, let A, be the event that Vi (t) — E[Vi(t)] >  holds for k = v,
but not for k = 1,...,v — 1. So, P(A) = P(A4;) + P(A3) + --- + P(A,). Let U,
be the event that V,,(t) — V,(t) > E[V,(t) — V,(t)]. If both A, and U, occur, then
V(1) = Vo (t) + Voy(t) > E[V, ()] + 2+ E[V,(t)] — E[V,(t)] = E[V,(t)] + 2. It follows
that,

= P(A1)P(Uy) + P(A2)P(Us) + - - - + P(A,). (%)

By inequality (i),
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ZCiP(AU)
:CP(A)7

thereby, proving (ii). Now, let ¢ > 1. Let 1 < v < ¢. Let n, be the integer nearest
to 7". Let B, be the event that V,,(t) — E[V,(t)] > ¢\/2Var(\~/m (t))loglogn, for at

least one n in n, < n < n,;;. Using inequality (ii), we have,

P(B,) < %P (Vnm(t) — BV, (8)] > 6y/2Var(V,, (1)) log log n> .

The event D can only occur infinitely many times if infinitely many B, occur. Note
that V,,(t) is a sum of n random variables with finite variance, and V*(t) = N(0,1)

for each t € [0,7] by Lemma 2.2.1. Then,

PUB) < 2P (Voo () = Bl (0] > 6y/2Van(V, (0) log o, )
= % (V;T+l(t) > gﬁ/?% loglogm) : (2.2.6.1)

Var(Vo, (1) _n, ; ; ; T ~ AT
Now, VarVe ) S rt Also, note that since n, is the integer nearest to 4", n, ~ ~y

~ v < ¢. Continuing, we have,

and n,41 ~ 4"+ So, "

1 (. [T
(2.2.6.1) =~ EP (Vn,.ﬂ(t) > ¢ 2; log log nr>
1 (. i
< EP Vo (t)>¢ 2<—blog log n,
1 *
=P (Vir o (0) > 20 Toglogn, ) (2.2.6.2)

Using Lemma 2.2.1 |, we have

1 1 1
¢ 24/ \/2¢loglogn,

1
(logn,)?
1
(logy)?
1

(rlog7)”

(2.2.6.2) ~

exp { ~1/2(v/20Toglog n,)* }

Q IN

Q= ol ol



25

<

ol

1
re’
Since ¢ > 1, > B, converges. By the first Borel-Cantelli Lemma [45], it follows
that P(lim, o B,) = 0. Now we will show that for ¢ < 1, with probability one, the
event D occurs infinitely many times. By the second Borel-Cantelli Lemma [45], we
need to define mutually independent events such that if their sum diverges, then with
probability one, infinitely many events occur.

Let 77_1 >n > ¢. Let n, =~". Let {A, : r > 0} be a sequence of independent

events, where

(Ve (8) = Vi, () = ElVa, (8) = Vo, (0] > my/2Var(V,, (0)) g log m,.

1 ; Var(f/nr(t)) ~

We need to show that ) P(A,) diverges. First, note that T
'I‘Lr—n;’,',l :

P(4,)

—p (( Vo, (1) — Vnr,l(t)) — BV, (t) = Vi, _ ()] > ny/2Var(V,,, (t)) log log n)

% % * Var(V,,, (¢
_p (vm(t) . Vn_H(t)> pfo YarWVa®) 4y,
Var(Vn, (t) = Va1 (1))
~ P ((Vm(t) - Vnr_l(t)> > U\/Qnr E— log log nr>
> P <(~nr(7f) - Vnr_1<t)>* > n4/2—log lognr>

—p ((ffm(t) - f/m_l(t))* > \/W) . (2.2.6.3)

And by Lemma 2.2.1,

1 1
(2.2.6.3) ~ exp {—1/2(\/27710g lognr)Q}

V21 v/2nloglogn,
1 1 1
V21 v2nloglogn, (logn, )
S 1 1 1
V27 2nloglog n,. (logn,. )"
1 1 1

~ Vo 2nloglogn, (rlog~)n
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2T 2

So, >, P(A) > 2\/15 >, 1 diverges. u

Showing an LIL allows control on the fluctuations from the mean. The LIL can
be leveraged to obtain limits on the entire sequence of V,,(t) as well as probability

inequalities in confidence intervals and statistical tests [46].

2.3 0, Performance Analysis

We may be interested in understanding how large the intervals should be based
on our sample size. We choose to analyze the mean-squared error (MSE) and show

that there exists an asymptotically optimal d,, as n — oco.

Theorem 2.3.1 (Optimal §,, to minimize MSE) If X is continuously differentiable
in a neighborhood of t and X is Lipschitz continuous with Lipschitz constant K in the
netghborhood of t, then for n sufficiently large, a bound on the mean-squared error of
Via(t) is minimized by taking 6, = 9, where

. (ERING)E — L)\
on = ( InE ]2 K? ) '

Proof Recall the mean-squared error,
E [(Va(t) = E[V(#)])*] = Var(V(1)) + (E[Va()] = B[V (1)])*.

We first consider the variance term. Note that V;(¢) has independent increments, so

the variance of the sums is the sum of the variances.

Var(V,,(t)) = Var (% Z Vi(0,0,(t)) + ! _(;:(ﬂ % Z Vil (), 1n(t) + 5n)>

— Var (% Z V(0. zn@))) + Var (t_éﬂ% Z Villn(£), In(t) + 5n)>

i=1

= LVar (V(0,1.(1) + (ﬂ) Var (Vi (1), (1) + 6.))



27

Note that

Var(Vi(0, 1,(1))) = EIN (1 (6))[Var(v1) + E[v]?Var(N (1, 1))
AL, (t))Var(vy) + E[v* AL, (1))
A

(I () Elo].

So,

Var(Vi (1)) = AL (0) Bl + (t - l”“)) L OAa(t) + 6,) — ALa(t)) B2,

n On n

The bias term is bounded in the following way, with (, € [I,,(¢),1.(t) + J,] and
0, € [ln(1), ).

BV (t)] - EIV(1)))?
(A (B[] + (t - ;:“)) ] (A1) +8.) — A(zn<t>>>)2
_ ((’f ) NGa)dn — Elv ]A<9n><t—ln<t>>)2

(t = L(O)E 1] MGa) = E 1] A0a) (¢ — 1 (1)))?
la(6)*E[a]” (A(Ga) = A0)) - ()

((

(t—

Recall that K is the Lipschitz constant for (A(¢) : ¢ > 0), so that (A(C,) — A(6,))* <

K2|¢, — 0,)2 < K262, Also, since 1,(t) < t < 1,(t) 4 6,, (t — 1,(t))* < 62, such that
(%) < En > K62

The mean-squared error is therefore bounded above by

SALO B + () A0+ 8) - AG0) W + B,

< %A(ln(t))E[uf] + %E[yf])\(g“n)én + Bl K,

which is minimized at
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BN G) \
— 0 = ——% :
" <4nE (112 K2
Choosing 6, to be of the order n~'/3 asymptotically minimizes the bound on the

mean-squared error. [ |

Through proofs of a FSSLN, FCLT, and LIL, we demonstrated the consistency, rate
of convergence, and asymptotic covariance of V,,(t) as a nonparametric estimator of
(V(t) : t > 0). We also considered the choice of 6, to asymptotically minimize a
bound on the mean squared error. Through these analyses, we can see that V,,(t) is

an appropriate nonparametric estimator for large n.
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3. M;/G/oo MEAN BUSY SERVER ESTIMATOR

Recall the number of busy servers in an M;/G /oo queue at time t, (Q(t) : t > 0),
where Q(s) := Ziv:((l)’s) 1{t < 7. + i}, where N(0, s) is the NHPP (N(¢) : t > 0) with
rate function (A(¢) : ¢ > 0) at time s, 7 is the arrival time associated with individual
k of the NHPP, and {v}¢2, are ii.d random variables from common distribution
function F'(t) representing the service requirement associated with individual k of the
queue.

Suppose we are interested in estimating the mean number of busy servers in an
M;/G /oo queue at time ¢ > 0 based on either fully-observed samples of an M;/G /oo
queue or based on direct observations of the busy servers at fixed intervals. We
consider two nonparametric estimators and establish asymptotic consistency and rates

of convergence.

3.1 Notation and Key Insights

Before demonstrating the consistency and rates of convergence for the nonpara-
metric estimators, we review key insights that will be used throughout the following
proofs. We will use the fact that the arrival and service times of the M;/G /oo queue
generate a Poisson random measure in order to exploit the independent increments
property of Poisson random measures [47].

First, recall that E [Q(t)] = m(t) := [, \(s)F(t—s)ds, where F(t) := 1—P(v < t)
[47]. Note that Q(t) is the number of individuals arriving before time ¢ that are still
in service at time ¢. Consider plotting points (7%, 1), then the number of points above
the line v = ¢t — 7 and to the left of the line 7 = ¢ represents Q(t) and is Poisson

distributed with mean m(t) (Figure 3.1) [47].
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Fig. 3.1. Poisson Random Measure for Q(t)

Now, note that the number of points (7%,1%) in disjoint areas are independent
Poisson random variables because independently splitting Poisson processes produces
independent Poisson processes [47]. Therefore, we can write Q(¢) as the sum of

independent Poisson random variables X, Y, Z as in Figure 3.2,

Fig. 3.2. Q(t) Constructed of Disjoint Areas
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where

BIX] = /0 Mu) (F(ty — u) — F(t — ) du.
EY] = /0 AMu) (F(ty —u) — F(t; — u)) du,

B[Z] :/0 M) (1= Flty — ) du.

Throughout the following analyses, there are many instances in which we analyze
(Q(t1),Q(t2),...,Q(tx)) for any 0 < t; < ty < --- < ;. Consider k = 3, then Figure

3.3 demonstrates how to construct Q(t1), Q(t2), and Q(t3) in terms of independent

Poisson random variables, where
Q(tl) = X11,2 + X21,3 + X§,4
Q(t2) = X21,3 + X§,4 + X2273 + X§,4

Q(ti%) = X§,4 + X§,4 + X§’74,

I/I\

1 2
to 9X5 30 X3 4

1 2 3
b1 $X7 27 X5 30Xy

= 4

t1 ty i3

Fig. 3.3. Poisson Random Measure Example for Q(¢;), Q(t2), Q(t3)

with

E[X! 0] = / AW (F(tmss — 1) — F(ty, — ) du.

ti—1

Therefore, for any j = {1,...,k}, Q(¢;) = {:1 an:j X!, my1- We use this concept

throughout the following analyses to exploit the independent increments property of

Poisson random measures.
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3.2 Nonparametric Omniscient Estimator

Suppose we observe both the arrival epochs and service requirements, (Tix, Vi),
of individual k£ of observation i = 1,...,n of an M;/G /oo queue. Then the natural
estimator at t > 0 of the mean number of busy servers is the random variable

n  N;(0,t)

Z Z ]]_{t<V2k+Tzk}

We conduct statistical inference by showing asymptotic consistency and rate of con-

vergence of this estimator.

3.2.1 Asymptotic Consistency

We prove a functional strong law of large numbers (FSLLN) demonstrating the

asymptotic consistency of m,,(t).

Theorem 3.2.1 (FSLLN) For A(t) = AV t € [0,T], supepo ) [Mn(t) — m(t)| — 0

a.s. as n — OQ.

Proof Note that Q;(t) = szvi(lo,t) 1{t < v + 7t} is Poisson distributed with mean
fo F(t — s)ds. Applying the strong law of large numbers to 7, (t) gives a

strong law for each t. We will use the Borel-Cantelli Lemma to show that the event

{ > ne}
< HIX g

occurs only finitely often. Recall Chebyshev’s Inequality P(|X| > a) < =5

—nm

follows that,

p( Y ) 2n6> gﬁE (i@i(t)—nm(t)> S (3211)

Using the fourth centralized moment of a Poisson random variable, it follows that

(3.2.1.1) =

1
(ne) (nm(t)(1 + 3nm(t)))
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_ m(1) N 3m/(t)?

n3et n2et -

Thus,

Z Qi(t) —nm(t

=1

ol

m(t) = 3m(t)?

< Q.

Therefore, by the first Borel-Cantelli lemma [45], P (|Y°1, Q;(t) — nm(t)| > ne i.0.) =
0. It is left to establish the uniform part of the result. Through pointwise conver-
gence, we know that for each t € [0,7] and € > 0, there exists an n(e) such that
|7, (t) — m(t)] < € for n > n(e). Now, consider integers k > > n(e), then,

<% _ %) i@i(t) + % Zk: Qi(t)

[ (t) — riu(t)| =

=1 i=l+1
k-1 1 &
S ZQi(t) T Z Qi(t), (3.2.1.2)
=1 i=l+1

where the inequality holds by the triangle inequality. (3.2.1.2) is bounded below by
0. Observe that by pointwise convergence, %Zizl Qi(t) < m(t) + e. Considering the

supremum over ¢ € [0, 7] for the first term in (2), we have,

sup % ZQi(t) < <1 — é) sup (m(t) +e). (3.2.1.3)

t€[0,T]

For an M/G /oo queue, m(t) is a nondecreasing, continuous function, converging

to W [48]. Now, choose a subsequence such that [ = [k(1 —€)], then (3.2.1.3)<
%E)[\V} ~ E[ . Next, recall that Q;(t) < Nj(t) where (N(t) : t > 0) is the cumulative

number of arrivals by time ¢, which is nondecreasing. Therefore, the second term in

(3.2.1.2) is bounded above as follows:

1< 1<
(1) < = ,
tg;é};] - Z;l Qi(t) < kzzz; tg[%l;] Qi(t)
1 k
< z sup N;(t)
imi+1 t€[0,T]
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1 k
<o >N (3.2.1.4)

i=l+1

Since N;(T) < oo Vi, l = |k(1 —€)], then as k — oo, (3.2.1.4)— 0. Therefore,

. . A
sup_|[riu(t) — nu(t)| < e

+ €. 3.2.1.5
te[0,7T) E v ( )

Since, € is arbitrary, the subsequence |1y (t) — 7y (t)| with | = | k(1 — €)] is uniformly
Cauchy. Next, since the subsequence with k > [ > 7i(e) has a further subsequence

that is uniformly Cauchy;,

sup |r(t) — ()| — 0
te[0,7

for all t € [0,7] as k,l — oo. Since a uniformly Cauchy sequence of functions is

uniformly convergent, the claim is proved [49]. u

Through a FSLLN, we have shown that m,(¢) is an asymptotically consistent,

and therefore an asymptotically unbiased, estimator for m(t).

3.2.2 Rate of Convergence

We show the rate of convergence and asymptotic covariance of m,,(t) by proving

an FCLT. We first establish a pointwise CLT.

Lemma 3.2.2 (CLT) For eacht € [0,T], /n(m,(t) —m(t)) = N(0,m(t)) asn —

Q.

Proof Recall that Q;(¢) is a Poisson random variable with mean m(¢). Consider the

log moment generating function of v/n (1, (t) — m(t)),

W, (u) = log B | exp {m (% SCIGE m<t>> H

=log E |exp {% Z Qi(t)}] — uy/nm(t). (3.2.2.1)
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Recall that Y., Q;(t) is Poisson distributed with mean nm(t). Using the MGF of a

Poisson random variable, it follows that,

(3.2.2.1) = nm(t)(exp {u/v/n} — 1) — uy/nm(t). (3.2.2.2)

Next, using the Taylor expansion for e!, we have,
u oo ~3/2
(3.2.2.2) = nm(t) NG to.t O(n=°?) | — uy/nm(t)
2

= ?m(t) +0 (n%7?).

It follows that ¥, (u) — “;m(t) as n — oo, which is the log MGF of a Gaussian

random variable with mean 0 and variance m(t). u

For fixed ¢ € [0,T], Lemma 3.2.2 shows that the estimator is O(\/Lﬁ) Next, we show
that the stochastic process (m,(t) : ¢ > 0) has the same order of convergence to a
Gaussian stochastic process. First, we consider the FDD’s and then tightness of the

estimator.

Lemma 3.2.3 (FDD’s) If (A(t) : t > 0) is integrable, then for 0 =to < t; < --- <
tk S T}

(Vi (i (tr) = m(t1)) s oo V1 (00 (t) — m(t))) = (Z(t1), -, Z(t1))

where (Z(ty1), ..., Z(t)) is a Gaussian vector with mean 0 and covariance matriz ¥ =

0], where 0;; = OtiAtj AMu)F(t; Vit —u)du V1 <i,j<k.

Proof Fix k = 2. For convenience, let X = Xfo, Y = X§}3, and Z = Xéfg. Note
that Q(t1) = X +Y and Q(t2) =Y + Z (Figure 3.4). Recall the expectations

t1
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VI\

to

tLie X N\ Z

Fig. 3.4. Poisson random measure for Q(t1), Q(t2)

Next, recall the log MGF of the random vector

(Vn (i (t) — m(t1)) . v/n (i (tz) — m(t2))) |

U, (u) =log & [exp {< U, Usz), (\/ﬁ(mn(tl) —m(t1)), V(i (tz) — m(@))))}]
=logFE [exp {\/_ n(uymg (t) + uagmy, (t2)) — vn(uym(ty) + uQm(tQ))}]
[

= log E [exp {V/n(urmn(t1) + ugmn(ta)) }] — vn(urm(ty) + ugm(ts))

=logk

exp{ <U12ta1 +U2ZQz tz)}]
— Vn(ugm(t) + ug,m(ty)). (3.2.3.1)

Recall that @;(+) is a Poisson random variable with mean m(-), but Q;(t1) and Q;(t2)

are not independent. However,

n

=1
= u ZXi+ (u1 +UQ)ZY;+U2ZZD
=1 =1 =1

where X;,Y;, Z; are independent Poisson random variables. Therefore, it follows that

(3.2.3.1)

= log (E

o 2} o o Sl o L 22575
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— Vn(uim(ty) + uam(ts))
exp{%g)(i} exp{%glﬁ}
tnlogE exp{%g@}

=logFE +nlogE

— Vn(uim(ty) + ugm(ts)).

(3.2.3.2)

Let the expectation of X;,Y;, Z; be ux, py, p1z, respectively. By the MGF for a Poisson

random variable, it follows that

(3.2.3.2) = npux (exp {%} - 1) + gy (exp {“1\%“2} - 1)

+ npy (eXP {%} - 1) — Vn(uim(ty) + ugm(ty)),
(3.2.3.3)

where we have used the fact that the mean of )" | X; = nuy (and similarly for YV’

and 7). Next, using the Taylor series expansion for €', it follows that

2 2

_ K ~3/2 (ur +ug) | (us +up) _3/
(3.2.3.3) = nuy (\/ﬁ tg, T O(n )) + npy ( o + - +O0(n%)
2
+npz <% + 5_721 + O(n3/2)> — Vn(uym(ty) + uam(ts))
2 2

= wi/n (i + piy) + un/i (e + 12) + 5 (nx + ) + 2 oy + pz)

+ 2uguspy — Vi (wim(ty) + ugm(ts)) + O(n~'/?).

(3.2.3.4)

Recall that by construction, XY, Z satisfy ux + py = m(t1) and py + pz = m(ts).

Therefore,
U2 u2
(3.2.3.4) = Elm(tl) + ém(tg) + 2uyugpty + O(n1/?). (3.2.3.5)

It follows that as n — oo,
u? u?
1

= —ulXu,
2
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which is the log MGF for a Gaussian random vector with mean 0 and covariance

BN X (u) F (1 V t; — u)du. Now, since Q;(t1), ..., Q;(tx) can be

matrix X, with oy = [

constructed from Z j—1J independent Poisson random variables, the moment gener-
ating function can be simplified in the same way for arbitrary finite k, proving that

the finite dimensional vector converges to a Gaussian vector. [ ]

Next, we show that the sequence {m,,(t)} is tight following Theorem 1.6.3 [40].

Lemma 3.2.4 (Tightness) (i) For each positive 1, there exists an a such that
P (my,(t) : |m,(0)] >a) <n, n>1.
(ii) For each positive € and n, there exists a §, with 0 < 6 < 1, and an integer ng

such that P (supj,_s [n(t) — ma(s)| > €) <n, n > ng, where 0 < < 1.

Proof First, since m,(0) = 0, {m,(0)} is tight, proving condition (i). To prove
condition (ii), we show that for each € > 0,

lim lim sup P ( sup |mp(t) — mu(s)| > e) =0.
6—0

n s<t<s+4

We have,

( sup | (t) — mn(s)| >e)
s<t<s+é

n

> Qi) - Z Qi(s)

=P | sup
s<t<s+4d i—1

As in Lemma 3.2.3, let Q;(s) = X; +Y; and Q;(t) =Y; + Z;. It follows that,

> ne) . (3.2.4.1)

=P

3.24.1)=P su Y.+ Z;) — X;+Y))| > ne

5241 (p S0+ 2)- 3 0¥ )
=P su Z; — X;| > ne
<s<t<£)+6 Z Z )

sup max (Z Z; — ZH:XZ-, Zn:Xi — 2”: Zi> > ne) . (3.24.2)
=1 =1 i=1

s<t<s+4

Because X; > 0 and Z; > 0, we have,

(3.24.2)< P ( sup max (Z ZZ,ZX> > ne) : (3.2.4.3)

s<t<s+d
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Next, recall the construction of X; and Z;. Z; is the number of arrivals to the NHPP
(N(t) : t > 0) in the interval [s,?] with service time greater than t — 7. X; is the
number of arrivals to the NHPP (N (¢) : ¢ > 0) in the interval [0, s) with service times

in the interval s — 7, < v <t — 7. Using these definitions, it follows that,

(3.2.4.3)
n Ni(S t)
=P | sup max v 2t —m ;
s<t<s+6 zz—l: kz; { : k}
n Ni(078)
Z ﬂ{S—Tik < Vi <t—7’1k} > ne
=1 k=1
<P| sup max ZNi(s,t), Z s — 1 <vip <t — T} > ne
s<t<s+d i=1 i=1 k=1
n n N;i(0,s)
< P | max sup ZNi(s,t), Z s — 7 < v <t — T} > ne
s<t<s+6 \ 4 i=1 k=1
(3.2.4.4)

Because N(t) is a nondecreasing function, sup,<,<,,5 N(s,t) = N(s,s+9). It follows

that,
2002 o (00510
i=1
n N;(0,s)
Z Zl{g_TikSVik§3+5—Tik} > ne
=1 k=1
=1—-P ((ZN1(878+5)7
i=1
n N;(0,s)
Z Zl{s_TikSVik§3+5—Tik} < ne
1=1 k=1

=1-P (iNi(s,s%—é) Sne)

i=1
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n Ni(O,s)
P Z Z]l{s—nkgl/ikgsjtc?—ﬂk} <nel,
i=1 k=1

(3.2.4.5)

where the last equality holds because the two Poisson random variables are over
nonoverlapping intervals. Next, consider the first probability in (3.2.4.5). Recall the
expectation F [N;(s,t)] = A(t) — A(s). It follows that,

P <i Ni(s,s +9) < ne)

[ne]

(5 — A(s))?
= |[exp{—n(A(s+9) — }Z Als + (5)) (3.2.4.6)
Let 6, € [s, s + 0]. By the mean value theorem, it follows that
Lne]
NCAN
(0.0 (3.2.4.7)

jl

(3.2.4.6) = exp {—nA(0 5}2

For fixed € > 0, as n — 00, (7)— exp {—nA(6;)0} exp {nA(0s)6} = 1. Next, consider
the second probability in (3.2.4.5).

n NZ'(O,S)
P Z Zﬂ{s—rikguik§s+5—nk} < ne
i=1 \ k=1

_ <exp{—n/os Mu)(F(s + 6 —u) — F(s —u)du}
Z( JEAW)(F(s + 6 —u) — F(s — u))du)’

§=0 '

(3.2.4.8)

Again, by the Taylor expansion for ef, as n — oo,
(3.2.4.8) = exp {—n /0 AW)(F(s 46— u) — F(s — u)du}
exp {n/s AMu)(F(s+0 —u) — F(s — u)du}
0
=1

Therefore, by the convergence of (3.2.4.7) and (3.2.4.8), it follows that (3.2.4.5)— 0

as n — 0o, proving condition (ii). n
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Lemmas 3.2.3 and 3.2.4 complete the sufficient conditions to prove the FCLT for
My, ().

Theorem 3.2.5 (FCLT) (y/n (m,(t) —m(t)) :t >0) = (Z(t) : t > 0) as n — oo,

where (Z(t) : t > 0) is a Gaussian process mean 0 with covariance function p(s,t) =

fOSAt AMu)F(sVt—u)du.

Proof First, Lemma 3.2.4 proves the conditions to [40, Theorem 1.6.3]. Then to-
gether, lemmas 3.2.3 and 3.2.4 prove the sufficient conditions to Theorem 1.6.2 [40],

proving the claim. [ ]

Through functional asymptotic analysis, we see the asymptotic consistency and
rate of convergence for the estimator 1, (t). However, as in Section 2, we note that in
practice it is more likely to observe the state of the system at fixed intervals. Section
3.3 considers a nonparametric estimator for the mean number of busy servers with

observations at fixed intervals.

3.3 Nonparametric Aggregated Estimator

Consider the case in which we do not observe all arrival epochs and associated
service times. Instead, assume we directly observe the number of busy servers at
fixed intervals of width §,, > 0. For ¢ > 0, let [,(t) = LéJ 0, be the lower bound of
an interval in which ¢ falls, as in the estimator V,,(¢) in Section 2. Then the natural

estimator for the mean number of busy servers at time ¢t > 0 is the random variable

malt) = = 3 Q) + S Q1) +52) — @0,

Again, we are interested in proving asymptotic properties regarding the consistency

and rate of convergence of this nonparametric estimator.
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3.3.1 Asymptotic Consistency

Through FSLLN, we show that m,,(¢) is an asymptotically consistent and unbiased

estimator of m(t) at a specified rate of 9.

Theorem 3.3.1 (FSLLN) IfFE [(27:1 Q;(t) — nm(t))*| < +o0 and s, — 0 asn —

00, then sup, |my(t) — m(t)| = 0 a.s. as n — oo.
Proof We use the first Borel-Cantelli lemma [45] to show that for every e > 0,
P (|lnmy,(t) —nm(t)| > ne i.0.) =0.

Counsider the event above and note that

(3.3.1.1)

Now, we add and subtract . | Q;(t), yielding,

(3.3.1.1) = ( ) — nm(t +ZQ1 a ZQ

Z@l . — Qi(la(1)) _ne>
P(} — nm(t ZQ

ZQZ = Qi(ln(t)) _ne>
(ZQz — nm(t >ne>+P<;Ql )—ij@i(t) 2ne>
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where the last inequality follows from the union bound. The first probability in

(3.3.1.2) can be bounded using the Chebyshev inequality as in Theorem 3.2.1:

) B[, Qi) =)
> ne

Z Q;(t) — nm(t)| >

ne

_m(t)  3m(t)?

n3et n2et -

(3.3.1.3)

Clearly, as n — o0, (3.3.1.3)— 0. Next, consider the second term in (3.3.1.2). Con-
struct Q;(1,(t)) = X; +Y;, Qi(t) = Y; + Z;, where X;,Y;, Z; are Poisson random

variables with respective mean

r([Bawo-goo
= P | max (Z Qi(ln( Z Qi(t), ZQi(t) - Z Qi(ln(t))> > né)
< P | max ( i Qi(t)> > ne

=1

= P | max Z Z L{l,(t) — i < vip <t — Tip},

Z Z I[{I/Zk t—Ti} | > ne
i=1

n Ni(ln(t))

< P | max Z Z {1, (t) — mip < v <t — Tik},ZNi(ln(t),t) > ne

=1 =1
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Next, using the independent increments property of Poisson random variables, it

follows that

n  Ni(ln(t)
(3.314)=1—P (Z Z {1, (¢t Tik<y,;k<trik}<ne)
=1 k=1

B e ;
=1- (exp{ nE[X]}Z (nEjf(]) )
e J
(exp{ n(A(t) A(ln(t)))}z (n(A(t) —j/!\(ln(t)))) )

(3.3.1.5)
As in Lemma 3.2.4, we use the Taylor expansion to see that (3.3.1.5)— 0 as n — oo.

Consider the third term in (3.3.1.2). As in the previous simplification, we construct

Qi(1,(t)) = X; + Y; and Q;(,(t) +6,) = Y; + Z; where
n(t)
E[X;] = /0 Aw) (F(lo(t) 4+ 0p — u) — F(l,(t) — u)) du
_ n(t) _
ElY]] = /o Aw)F (L, (t) + 6, —u)du
I (£)+6,
EZ] - /l M) F(Ln(t) + 6, — w)du.

n(t)
Again, noting that Q;(-) > 0, it follows that
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L (1))
Z Z {1, (1) — Tor < iy < Ln(t) + 6 — i | > me | . (3.3.1.6)
=1 =

Because of independent increments, it follows that

(331.6)=1—P (ZN +5)<n6>

n Ni(0,ln(t

Z Z ﬂ{l ) — ik < Vigg < 1n(t) + 05 — T < e
=1

[ne]

— 1 [ exp (A () + 82) — At} 3 AL+ 00) = Al (D))

=0 J'
[ne] j
exp {—nE [X]}Z(nE]ﬂ . (3.3.1.7)

Again, as n — oo, (3.3.1.7)— 0. Therefore, it follows from (3.3.1.3), (3.3.1.5), and
(3.3.1.7), that Y_>° ,(2) < 400. By the first Borel-Cantelli Lemma,

P (Inm,(t) —nm(t)| > ne i.0.) =0, proving the claim. u

We have shown that m,, () is an asymptotically consistent estimator for m(¢) at ¢ > 0.

3.3.2 Rate of Convergence

We now consider the rate of convergence of (m,(t) : t > 0) to (m(t) : t > 0).

Before proving an FCLT, we first show a pointwise CLT for fixed ¢.

Lemma 3.3.2 (CLT) If 6, — 0 as n — 0o, and 6, = o(n"'/?), then fort € [0,T],
Vv (m,(t) —m(t)) = N (0,m(t)).
Proof Let X ,Y, Z be independent Poisson random variables with respective mean
In(t)
fhx = / AS) (F(Lu(t) 4+ 6 — ) — F(l(t) — 8)) ds
0
In(?)
iy = [N (1= Pt - o) ds
0
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Fig. 3.5. Construction of Q(1,,(t)), Q(l.(t) + d,)

In(£)+0n
pz = / A(s) (1 = F(l,(t) + 0, — s)) ds.
In(t)

Construct Q(1,(t)) = X +Y and Q(I,,(t) + d,) =Y + Z as in Figure 3.5.
Consider the log moment generating function of \/n (my,(t) — m(t)),

log E [exp {uy/n (m,(t) — m(t))}]
=logFE [exp {u\/_mn( )}] — uv/nm(t )

exp{ (ZQZ . ZQZ " — Qilln(t >>> }]
— uy/nm(t). (3.3.2.1)

=logF

Using the construction of Q(1,(t)) and Q(l,(t) + d,) (Figure 3.5),

(3.3.2.1)
=logFE exp{%(ZX%—Y%— t>2n:Y}+Zi—YZ-—XZ~>}]
— uy/nm(t)
[ u t—1,(0) < u t—I(t) &
=log F -eXp{ﬁ(l— 5n(>>;Xi+ Z 7 5n();Z2}

— uy/nm(t). (3.3.2.2)
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Applying the MGF for a Poisson random variable followed by the Taylor series

expansion for e, it follows that

L(l_m u_t=ln(t)

) _ 1) + npy (e% — 1) + npy (eﬂ o — 1) — uy/nm(t)

= njx (% (1 - t_él:(t)) + %%2 (1 - t_;:(t))Q + O(n—3/2)>

2

+ npy (i +— O(n_3/2))

N
+ npy (%t _;:(t) + % (%)2 + O(n‘3/2)>
—uy/nm(t)

= U\/EMX - U\/ﬁt _(Sln(ﬂux + U;MX - UQt _;n(t)ﬂx

u (t—1,(t)\> u? t—1,(t
+5( 5()> Mx+u\/ﬁﬂy+?/iy+u\/ﬁ (5(),uz

n u? (t - l”<t)>2 piz + O(n~Y?) — uy/nm(t)

2 On
=+ ) G+ ) a2 )
— u2t_5ﬂux % (t _;"(t)) (1ix + piz) — un/nm(t) + O(n=Y?). (3.3.2.3)

By the construction of Q;(1,,(t)), Qi(l,(t) + 6,), we have that px + puy = m(l,,(t)) and
py + pz = m(ln(t) +d,), giving,

(3.3.2.3) = u/mm(lu(t)) + “;m(ln(t)) +uyit —;n(@ (r — ) — 2 _;”(t)ux
+ % <t _(Sl:(t)> (1ix + piz) — un/nm(t) + O(n=1/?).

(3.3.2.4)
Now, since 1,,(t) <t < ,(t) + 0, we have that

t—1(t u? (t—1,(1)\>
—UQT()MXJFE( (5n()) (nx + piz)

w2t — L,(t) u? (t— 1)\
2., MX+7(—5n > (1x + piz)

= -2
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Wt =) (=1t N L)
=3 5 5 Ux — px 5 Mz — kX
u?t — 1, (t) [t —1,(t
< _
=7 5. ( 5. Kz ,UX)
u?t — 1, (t

Also, consider the following inequality. We have that,

Mz — phx < fiz
In(t)+6n
_ / ) (1= F(n(t) + 60 — 5)) ds
In(t)
In(t)+0n
< / A(s)ds
In(t)
= AL (t) + 6,) — AL (8). (3.3.2.6)

Therefore, by (3.3.2.5) and (3.3.2.6),

(3.3.2.4) < u/mm(l()) + u;m(ln(t)) +uni = ;"(t) (A(Lu(t) + 6,) — AL (1))
4 %t - (;:(t) (A(n(t) + 6.) = Aln(L))) — u/mm(t) + O(n~12).

(3.3.2.7)

Next, let 0,, € [I,(t),1,(t) + 0,]. Then by the Mean Value Theorem, A(l,,(t) + 6,) —
AL, (1)) = A (6n)0n-

(3.3.2.7) = wy/mm(la(t)) + u;m(ln(t)) +uynt = (;:(t)wn)(sn Lutts ;:(t) A6)5
— uy/nm(t) + O(n='?)
< uim(l(0) + Sm(l(0) + /NG, + 0,5,
—uy/nm(t) + O(n='?). (3.3.2.8)

Since 1,(t) — t as n — oo and 8, = o(n~'/2), (3.3.2.8)— “m(t), which is the log

MGF of a Gaussian with mean 0 and variance m(t). |

We continue the rate of convergence analysis with the following two lemmas to prove

an FCLT.



49

Lemma 3.3.3 (FDD’s) If 8, = o(n™Y2) and \(-) is Lipschitz continuous with Lip-

schitz constant K, then asn — oo, for 0 =ty <ty < --- <ty <T,

(ﬁ(mn@l) - m<t1)>7 ) \/ﬁ(mn(tk) - m(tk>>) = (Z(t1)7 e Z(tk)) )

where (Z(ty), ..., Z(ty)) is a Gaussian vector with mean 0 and covariance matriz ¥ =

o] with o3y = [0 M) F(t: v t; = w)du ¥ 1 <0, j < k.

Proof Consider k=2. As in the previous analyses of m,(t), we will construct Q;()
as a sum of Poisson random variables. Consider the Poisson random measure decom-

position of the following terms (Figure 3.6).

N
ln(ta) + 0,4 D

l(t2) g C G
lp(t1) +0n g B F I

I(t1) . A E H J

Lo(t) Ln(t) +0n Lo(ts) ln(ts) +6n T

Fig. 3.6. FDD’s Poisson Random Measure Decomposition

) = Ai+ B + Ci + D;
+0,) =Bi+Ci+ D+ E; + I+ G;

)=Ci+ D+ F,+ G+ Hi+ I

O O L& O
S{\A

~~ o~ o~
=+

~— N N~

+0n) =Di+ Fi+Gi+ L+ J;
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We will analyze the log moment generating function as in Lemma 3.3.2. It simplifies

similarly to the following:
log E [€<(u1,u2),<\/ﬁ(mn(tl)—m(tl)),\/ﬁ(mn(tg)—m(tg))»}

= upv/nm(l,(t1)) + uav/nm(l,(ta)) — uiv/nm(ty) — ugy/nm(ts)

(1, (1) + L1, () + R 3:33.1)

Clearly, as n — 0o, the above expression converges to UQ—%m(tl) + %%m(tg) + lim,, o R.
We break down R separately. For simplicity, let A, B,C, D, E, F,G,H,I,J be the

expected value of their respective Poisson random variables. We have that

R:uw%ci%#2>@+F+G—A%Hﬁci%#ﬂ)hm

(My (A+ E+F+G)+us/n (—t2 —515(152)

=N

u
+ —

2 On,

2 . 2 _
+%<—t2 ;"(t2)> (C+F+H+J)+u§(—t2 ;"(tz))(—O—F—H)

%mmﬂo+m+mm(2%?@)em+mm(i%%@)w+G)

e (1) (B o0

First, we analyze the following two terms of R. Let 6; € [l,(t1),1.(t1) + 0,] and

)U—C—H—m

0y € [1,,(t2), 1, (t2) + 9,). By the Mean Value Theorem,

zmm<2:ﬂ@)w+F+G=m+Ww(2LM@>u—c—H—m

guw%(gégﬁg(E+F+GHu%m<9%géggn

< ui (M) (Ao + ) - Al
#2220 ) () 4 61) - Al )

o (O s, (Y

< upv/nA(01)6, + uz/n(602)4,. (3.3.3.2)
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Since 6, = o(n~/2), (3.3.3.2)— 0 as n — oo. Now, consider the following two terms

of R. We have,

ud ([t =L (t))
2 On

~—~

A+E+F+G)+u] (h_éﬂ) (—A)

:§<mi£mv<migmhA+E+F+@_zg

< “; <—t1 _(;:(tl)) (E+F+QG)

< % (%) (A(ln(t1) +6n) — Alln(t1)))

p “;A(Gl)én, (3.3.3.3)

where the last inequality holds again by the Mean Value Theorem. Clearly, since
dp, — 0 as n — oo, (3.3.3.3)— 0 as n — oo. We analyze the following term of R in

the same way. Let 0y € [l,,(t2),,(t2) + 0,]. It follows that,

U_% (t2 — 1n(t2) toy — U, (t2)

2
5 ) (C+F+H+J)+u§( 5

to — 1, (t2)

)(—C—F—H)

(m —5ln(tz) (C+F+H+J)— 2(C+F+H))

<
<

< —L(6,)5,. (3.3.3.4)

Mngl\? wllo:w le:m N)|w:w

Again, (3.3.3.4)— 0 as n — oo since 0, — 0 as n — oco. We are now left with four

remaining terms of R,

uus (C' + D) + uyug (%) (—C) + uyug <%> (F+G)

o () (B
s (p+ =)

On
+ UL U (C + tl — ln<t1)F - t2 - ln(t2)0 N tl - ln(t1> t2 - ln<t2) F) ‘

57], 611 571 6TL
(3.3.3.5)
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Recall the expectations,

In(t1)+0n B
G= / Muw)F (L, (t2) + 6, — u)du
In(t1)

In(t1)
C = /0 M) (F(ln(ts) + 60 — 1) — F(ln(t2) — ) du

In(t1)+6n
P /l M) (F(In(t2) + 6 — 1) — F(iy(ts) — u)) du.

n(tl)

Because 1,,(t;) — t; as n — 00, (3.3.3.5)— ujug lim, o, D, where

D= fgn(tl) Mu)F (L,(t2) + 8, — u) du. Therefore,

2) > % (ufm(tl) + 2urus /0 "MW F (ty — ) du + ugm(t2>> |

which is the log MGF of a Gaussian vector with mean 0 and covariance matrix X

with o;; = gi/\tj AMu)F(t; V t; — u)du. As in Lemma 3.2.5, Q;(l,(t1)), Qi(ln(t1) +
On) ooy Qi(ln(tr)), Qi (1 (tx) + 9,) can be constructed from independent Poisson random
variables. Therefore, the log MGF can be simplified in the same way for arbitrary
finite k, proving that the finite dimensional vector converges to a Gaussian vector as

long as 6, = o(n~1/?). |

We now show the tightness of (m,(t) : ¢ > 0), which is the second condition necessary

to proving an FCLT for the stochastic process.

Lemma 3.3.4 (i) For each positive n, there exists an a such that
P (m,(t): |my(0)] >a) <n, n>1.
(ii) For each positive € and n, there exists a §, with 0 < 6 < 1, and an integer ng

such that P (Sup,_ s [mn(t) — mn(s)| > €) <m, n > ng, where 0 <4 < 1.

Proof First, because m,(0) = 0, {m,(0)} is tight, proving condition (i). To prove

condition (ii), we show that for each ¢ > 0,

lim lim sup P ( sup |my(t) — my(s)| > 6) = 0.
0—0 n s<t<s+4
It follows that,

P(sw ) = ma(s)] > )

s<t<s+4
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(Z @)+ =20 S Qi) + 6) - @xzn(t)))

i=1
> ne)

— P <s<s;l<lf+5 max ((Z Qi(l,(1)) + ¢ —5l:(t) Z Qi(ln(t) + 6,) — Qi(ln(t))>

- (Z Qs + =S 0109 +5) - @@-<zn<s>>) ,

i=1

=P sup
s<t<s+4

- (Z Qz(ln(5>) + %:(S) Z Qz(ln(s) + 6n) - Qz(ln<5))>

i=1

(Z @t + =S 010 +6) - @ian(s)))

—(é:@ﬂ%ﬂ%¥ﬁéﬁﬂE:QNMQ+&J—QMAW)>>n%

i=1

<P ( sup max ((ZZI Qi(la(1)) + ! _;:(t) ZQi(ln(t) +6,) — Qi(ln(t))> ,

s<t<s+4

<§:Qﬂdﬁ)+i:£&a§:QA%@)+%)—qu@»>>>. (3.3.4.1)

i=1

Construct the terms as in Lemma 3.3.3. Let Q;(l,(s)) = A;+ B; +C;+ D;, Q;i(l,,(s) +
0n) = Bi + Ci+ Di+ E; + Fi + Gy, Qi(lu(t)) = Ci+ Di + F; + G + H; + I, and
Qi(ln(t) + 6n) = D; + G; + I; + J;. Since [,,(t) <t < 1,(t) 4 On, it follows that,

(3.341)<P ( sup max (Z(E +Gi+H;+ I, + J;),

s<t<s+4 i—1

> (2Ai+Bi+Ci+Ei+ E)) > ne)

i=1

SP(max sup (Z(E+Gi+Hi+]i+Ji)7

s<t<s+¢ i—1
Z(2Ai + B;+ C; + E; + E)) > ne) . (3.3.4.2)
i=1
Let H?, I?, Bf, E? be their respective Poisson random variables with ¢ = s 4 4.
Now, let > (G; + Hf + I} + J;) = X which is a Poisson random variable with
mean nE [G; + Hf + If + J;] and let > (24; + Bf + C; + Ef) = Y which is a
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Poisson random variable with mean nE [2A4; + Bf + C; + Ef]. Let F = " | F; be

the Poisson random variable with mean nE [F;|. It follows that,

(3.3.4.2) = P (max(X,Y) + F > ne)
=Y Pmax(X,Y) > ne — f|F = f)P(F = f)

f

=Y (1= P(X <ne—fIF = )P(Y <ne— f|F = f)) P(F = [)
f

=Y P(F=f)-> (P(X <ne— f|F = f)P(Y <ne— f|F = f))P(F = f)
f f

=1-> (P(X <ne—f|F = f)P(Y <ne— f|F = f)) P(F = )

f
ne—f - ne—f :
~ E[F)! E[X) E[Y)
— 1 — o (BIXI+E[Y]+E[F]) —
> E (S P ).
f =0 =0
Note that for fixed f and fixed € > 0, (ne — f) — oo as n — oo. Therefore,
y Zf EIXY _ _p
1111 Sup — =€
noim !
| mzf EYF gy
im sup — =
L
| g E[F]P E[F]
im sup — =
noim It

So, lims_,o lim sup,, P (Sup,<;<yss [mn(t) — mn(s)| > €) = 0, proving condition (ii). ™

Lemma 3.3.4 proves condition (ii) of Theorem 1.6.2, allowing us to conclude the

following theorem.

Theorem 3.3.5 (FCLT) If§, = o(n"'/?), then as n — 0o, /i (m,, —m) = (Z(t) :
t > 0) where (Z(t) : t > 0) is a Gaussian process with mean 0 and covariance function

p(s,t) = OSM Mu)F(sVt—u)ds.

Proof Lemmas 3.3.3 and 3.3.4 prove the sufficient conditions to Theorem 1.6.2 [40],

proving the claim. [ |



95

The FCLT proves the rate of convergence for (m,(t) : t > 0) to (m(t) : t > 0)
which can be used to compute confidence intervals and other statistical measures.
We have shown two nonparametric estimators for the mean number of busy servers
in an M;/G /oo queue assuming first omniscience and then only observations of the
busy servers at fixed intervals of width 6,. For the omniscient estimator m(t), we
established asymptotic consistency and an FCLT. For the aggregated estimator m,,(t),
we established asymptotic consistency and an FCLT as well, but with the restriction

that d, = o(n™'/?).
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4. ARRIVAL DISTRIBUTION A(;)/G/1 ESTIMATOR

When analyzing service systems, it is often the case that we are interested in the
transitory period of the system over a finite window of time. We consider the tran-
sitory queueing model, A(;)/G/1, where a finite population of m customers choose
arrival times, 7;, as i.i.d. samples from common distribution F'(¢) to a single-server
queue [39]. Our objective is to estimate the arrival process distribution F(t) as an
input to a discrete-event simulation and for further statistical analysis.

Given all arrival times for a finite population m, the empirical sum, (F,,(¢) : t > 0)
with F,(t) := Y7 1{r; < t}, is the natural nonparametric estimator for the number
of arrivals. It is well-known that through an FSLLN and FCLT, F,(t) := LE(t)
is an asymptotically consistent and efficient estimator for F'(¢) [40]. However, we
consider the case in which arrival count data is the only data available for n i.i.d.
observations of the arrival process. We consider two nonparametric estimators and

show their asymptotic consistency, rates of convergence, and asymptotic covariance.

4.1 Nonparametric Omniscient Estimator

Let (A\(t) :t> 0) be a non-negative integrable function and as before, define

(A(t):t>0) as A(t) = fo s)ds. Observe that % is a distribution function.

Recall the hazard function h(t) := 15;20. Let f(t) = % such that h(t) =

A(t)/A(T A L :
175{%/5\()) = A(T)(j)/\(t)' Then, it is well known that F(t) = 1 — exp {fo h(s)ds} =
At)

1-— exp{ fo A(T) A(S ds} = A1) Now, let {NZ} be a sequence of i.i.d. unit-rate

Poisson processes. Then, N;(t) := (N;-A) (t) is a NHPP with rate (A(t)). Then the

Al
A(T)

natural estimator for is the random variable

A I3 N(0,1)
AlT) " I3 N(0.T)
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We demonstrate the asymptotic consistency of the estimator and the rate of conver-

gence by proving a FCLT.
Lemma 4.1.1 For0<s<t<u<T,

() E[((N:(0,u) = A(u)) — (N:(0, 1) — A(£))*] < Au) — A(t)
and
(i) E[((Ni(0, 1) — Aw)) — (Ni(0, 1) — A(t)))
((N3(0, 1) = A(£)) = (N:i(0, 8) = A()))*] < (Alu) — A(s))”

Proof We first consider (i). It follows that,

E [((Ni(0,u) = A(u)) = (Ni(0,8) — A(1))]
= B [(Ni(0,u) = Ni(0,1))*] — (A(u) = A1)’
= E [Ni(t, u)’] — (A(u) — A(t)"
— Var(Ni(t,u) + B [Ni(t, u)]> — (A(u) — A(t))*
= Au) — A(t).

Now, using independent, non-overlapping intervals and the result from (i), we show

(ii) holds. Since (A(t) : £ > 0) is a nondecreasing function, we have,

B [(Ni(0,u) — Alu)) — (N;(0,8) — A()))* (N:(0,8) — A(t)) — (N:(0,5) — A(s)))’]
= B [(Ni(0,u) — Alu)) — (N;(0,8) — A(t)))’]
B [((N:(0,1) — A(t)) — (N:(0,5) — A(s)))]

We have shown that both inequalities (i) and (ii) hold. u

Now, we consider the finite-dimensional distributions of An(t) and their rate of

convergence.
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Lemma 4.1.2 (FDD’s) LetO =ty <t; <---<t, =T, and A, (t) = L 3" N;(0,¢)

be the estimator for A(t), then as n — oo,

(Vihata) = M), o VARalts) = A1) = (Z(0), . Z (1))

where Z(t) is a Gaussian vector with mean 0 and covariance matriz ¥ = [oy;], with

Proof To prove the weak convergence of the finite-dimensional distributions, it is
enough to check the convergence of moment generating functions. It follows for

arbitrary k,
E [exp { (1 o). (V7 (R(t) = M) oo vt (Anlt) — A0)) Y]
=F [exp {\/ﬁ <u1f\n(t1) +- 4 ukAn<tk)) — vV (uA(t) + -+ UkA(tk))}]

=F [exp {\/ﬁ (ulf\n(tl) +- 4 ukf\n(tk)) H
E [exp {—vn (wiA(t1) + -+ wA(t)) }] - (4.1.2.1)

Consider the first expectation in (4.1.2.1). We have,
E [exp {\/ﬁ (ulf\n(tl) + -4 ukf\n(tk)) H
1 n n n
exp {% (Ul Z Nz((), t1> + U9 (Z Nl(O, t1> + Z Ni(tl, t2)>
i=1 i=1 i=1

+ ug (i Ni(0,t1) + -+ + i Ni(tg—1, tk)>> }]

1+ tu 2+t u
exp{ \/_ kZN Otl \/_ kZN tl,tg)

+ \/—%;Ni(tk_l,tk)}]. (4.1.2.2)

Because of the independent increments property for Poisson random variables, it

=F

=k

follows that

(4.122)=E E

exp{u +\/_+Uk ZN tl,tz)}]

=1

exp{u +\/_+Uk ZN (0 tl)}

=1
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X X F

exp {%Zwkm}] .

(4.1.2.3)

Note that > 1" | N;(t;_1,t;) is a Poisson random variable with mean
n(A(t;) — A(tj—1)), letting A(to) := 0. By the MGF of a Poisson random variable,

upt-tug

log (4.1.2.3)) = nA(t) (7 = 1) + 0 (A(t2) = A(1)) (e”*ﬁ”’“ -1)

4+ (A(te) — Ate-1)) <€u7% - 1) :

(4.1.2.4)
By the Taylor series expansion of e¥, it follows,
Uy + g (Ut 4 ) _3
4.1.2.4) = nA /2
(11:2:4) = (e (M L o
g+ +u Us + -+ uy,)? _
+n(A(t2)—A(t1))( 2 7 ks o ) +0(n 3/2))
u uy)?
+ - ~|—n(A(tk) - A(tk71)) (\/—% + (22) + O(n3/2)) . (5)

Exploiting the telescoping sum, it follows that all uy/n terms in (4.1.2.5) simplify to

(ur + -+ up)VnA(ty) + (ug + - + up)vV/n (A(ty) — A(t))

— \/ﬁz u; Z (A(tm) = A(tm-1))

- \/ﬁiuj/\(tj), (4.1.2.6)

Analyzing the leftover terms in (4.1.2.5), we have,

A(h) ((u1+...—|—Uk)2) +(Alts) — AR)) ((u2+"'+uk)2)

2 2
(ux)®
2

+ o (A(tk) — A(ti—q)) ( ) + 0(n~1/?)

(A(tr)(uf 4 2ug(ug + -+ ug)) + -+ -+ At) (uF + 2u(ujpr + - + )

N | —

e Alt)ud) + O, (4.1.2.7)
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Therefore, from (4.1.2.6) and (4.1.2.7),

log ((1)) = \/ﬁZujA(tj) - \/HZujA(tj) + % (A1), A(t), - Altr)),

(u 4 2uy(ug + - - +up)), ..., (uj2 +2ui(ujpr + -+ ug)), - (ui))>
+O(n_1/2)

((A(t1), s A(2)), .. Altr)),

N —

((uf + 2ur(ug + - 4 up)), ooy (U5 + 2uj(ujor + -+ -+ ur)), .oy (uf)))

+0(n '), (4.1.2.8)

where as n — 00, (4.1.2.8) converges to the log MGF for a Gaussian vector with

mean 0 and covariance matrix ¥ = [oy;] with 0;; = A(t; At;) for 1 <i,5 < k. n

We finish the analysis of A,(t) through a FCLT which will be used to analyze the

asymptotics of the estimator Ijx\”—((;))

Lemma 4.1.3 (FCLT) ﬁ([\n(t) —A(t)) = (Z(t) : t > 0) as n — oo, where
(Z(t) : t > 0) is a Gaussian process with mean 0 and covariance function p(s,t) =

A(sNt).

Proof Lemmas4.1.1 and 4.1.2 prove the necessary conditions for Theorem 1.6.1 [44].

Lemma 4.1.3 along with Theorems 1.6.5 and 1.6.4 allow us to prove a FCLT for the

An(t)
An(T)"

estimator

Theorem 4.1.4 (FCLT) Asn — oo,

ﬁ(f\”@ . A<t>) = (ALZ(t) - AA(—?ZZ(T) 1> 0) - (Z(t) 1> 0),

where (Z(t) : t > 0) is a Gaussian process with mean 0 and covariance function

p(s,t) = A(s At) such that the covariance function of (Z(t) > 0) is p(s,t) =

1 (A(s/\t) _ A(s)A(t))
A(T) ANT)Z |-
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Proof Observe that

B Au(t) A | Al A®)

= n (AR(T) An(T) e T) A(T)>

B An(t) A1) — [ A®)  A@)
=vn ([\n(T) f\n(T)) +n (AR(T) A(T>>

_ v (An() = A®) + Vn ﬁ(A(T}—[\n(T)) (4.1.4.1)

:t>0) = (Z(t) : t > 0). We also know by
)| = 0 [20]. Therefore, by Theorems 1.6.5 and

From Lemma 4.1.3, <\/ﬁ (An(t) —A(
the FSLLN that sup,c(r) |An(t) — A(t
1.6.4,

~
~—
—_—\—

——(Z(t):t>0) as n— 0.

Now we consider the second term in (4.1.4.1). Once again, by the FSLLN [20], Lemma
4.1.3 and Theorem 1.6.5,

Vi A)
A (T) A(T)

(A(T) - f&n(T)) = —%Z(T).

Because the sum operator is continuous on D x R, by Theorem 1.6.4,

<\/ﬁA ! ([\n(t) —A(t)) L vn A (A(T) —f\n(T)> > 0)

A (T) A(T)

= (ﬁza) - AAéf;sz > 0),
proving the claim. [ ]

Through an FCLT, we established the asymptotic rate of convergence for a nonpara-
metric estimator with observed count data in a finite interval [0,7]. Note that the

asymptotic variance of v/n (1{\“((;)) — ﬁ%) is A(lT)F (t)(1 — F(t)). By Donsker’s theo-

rem, we should anticipate that the appropriate covariance of the estimator should be

F(t)(1—=F(t)). Indeed, to see this, we consider a more “natural” estimator, based on

the multinomial structure of the arrival process.
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4.2 Nonparametric Multinomial Estimator

Now, suppose we observe arrival count data at fixed intervals of width 6, > 0 for
n iid. Ag) arrival processes with arrival epoch distribution F'(t). Our objective is
to estimate F'(t) from available data. Let X;(s,t) be the number of arrivals occurring
in the interval (s,t] for observation ¢. Assume a population size of m such that
Z?:l X;(tj—1,t;) = m for i = {1,...,n}, where t;, =0, and k = {%J is the number
of intervals. Also, for t > 0, let [,,(¢) = L%J 0, be the lower bound of the interval for

which ¢ falls. It is well-known that the count data has a multinomial distribution,

m)!

P(XZ(O,tl) = xl,Xi(tl,tQ) = X9, -'-7Xi(tk:717tk) = {Ek) = 'p:fl X+ X pik,
k-

xlx
where p; = F(t;) — F(t;_1), Z?lej = 1, and F(t;) = Y7, p. The maximum
likelihood estimator (MLE) for the multinomial distribution is well-known to be p; =
= for j = {1,..,k} [50]. Therefore, the natural estimator for the arrival distribution

at t > 0 is the random variable

Fult) = = 37 2 X(0.0,(0) +

n -
i=1 i=1

3|'—‘
INgE
3=
E<

bn(t) + 0n).

Let 7; be the arrival time of the {th individual for observation 7. We note that at
interval edges t; := jo,, for j =1, ..., k,

n

Fu(t) = L > %Xi(o, ;)

n
i—1
1 n m

= %;lzlﬂ{m <t;}

D 1 nm
2 N 1{r <t}
o 2L <) (*

where the 7;s are iid random variables from common distribution F'(¢). So (x) is
simply the empirical distribution function. Therefore, we know the asymptotic prop-
erties of F,,(t) at interval edges. What is left to show is the asymptotic properties
for the linearly interpolated portions as the interval size §,, — 0 as n — oo. We start

with a FSLLN to show asymptotic consistency and then establish a FCLT.



63

Theorem 4.2.1 (FSLLN) If 6, — 0 as n — oo, then sup, |F,(t) — F(t)] — 0 a.s.

as n — o0.

Proof Observe that F,(t) = - 3" | X;(0,¢) + R,,, where

R, = —% Zn:X,-(zn(t),t) L1 D Xi(ln (), 1n(t) + b,).

0, nm“

Since 1, (t) <t < 1,(t) + o,

1 n
R < — > Xi(la (), 1(t) + 6,).
=1

Note that since [, (t) — ¢ and 4, — 0 as n — oo, for each € > 0, t — € < [,,(¢t) <

In(t) + 0, < t+ € for n sufficiently large. Therefore,

1 n
lim sup |R,| < lim sup — Z Xi(ln(t), 1,(t) + 65)
=1

n—o00 n—oo NI .

1 n
<1 — N Xi(t—et
< lim sup (t—et+e)

i=1

D‘ 1 n m

= lim sup — I{t—e< 1 <t+e
M 2 2 st

= F(t+¢)— F(t —e),

by the strong law of large numbers. Therefore, lim, o limsup,,_, . |R,| = 0. By the
strong law of large numbers, limsup,,_,., — > | X;(0,t) — F(t). Since F(t) is a
non-decreasing continuous function, the pointwise almost sure convergence implies

the uniform convergence. [ ]

Next, we establish an FCLT to identify the rate of convergence and the asymptotic
covariance. First, we show that the finite dimensional distribution’s (FDD’s) con-

verge.

Lemma 4.2.2 (FDD’s) For f(t) is Lipschitz continuous in the neighborhood of t
with Lipschitz constant K, 5, = o(n™"%), and 0 =ty < t; < --- < t, = T such that
S Xi(ln(tj1) In(tjer +6,)) =m ¥ i=1,..n,

(Vn (Fa(ty) = F(t)) -+ Vi (Fu(te) — F(t))) = (Z(t1), ... Z(tr))
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as n — oo, where (Z(t1), ..., Z(tx)) is a Gaussian vector with covariance matriz ¥ =

04, where o5 = F(t;)(1 = F(t;)), and 045 = (F(t; Nt;) — F(t;)F(t;)) fori# j.

Proof Let £ = 2. Observe the characteristic function of the random vector

(Vi (mEy(t) — mF(t)) , /7t (mFy(ts) — mF(t))), for s € R and i = —1, is

E [exp {is ((u1, uz), (v (mFu(t1) = mF(t1)) , v/n (mFu(t2) = mF (t)))) }]
= E [exp {is (uymv/nF,(t1) + uamv/nF,(t2) — uymy/nF(t1) — usm/nF(ts)) }]
= E [exp {is (uymv/nF,(t1) + uamv/nF,(t2)) }]

exp {is (—uymy/nF (t;) — uQm\/_F( ))}

(A} tl
exp{zs(\/_ZX (0,1,(t1)) + 7 ZX n(t1) +d,)

Zxoz (t)) \l/bz_trl ZX t2+5))}]
exp {zs (—ulm\/ﬁF(h) — Uzm\/ﬁF(h))}

exp {is <u1\7_u2 ZXi(O7 ln(t1))
G ) s

ZX (t1) + 6, Ln(t2))

PR o))
exp {is (—uymy/nF(t1) — uomy/nF(ts)) } . (4.2.2.1)

=F

=F

Next, let Y ~ Mult(m, p), with

Y = [X(0,1n(t1)), Xi(la(t1), ln(t1) + 6n),
Xz‘(ln(t1> + 571’ ln(t2))7 Xi(ln(t2>a ln(t2> + 571)]
and

P = [F(ln(t1)), F(ln(t2) + 0n) = F(l(t1)),
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F(ln(t2)) = F(ln(t) + 0n), F(ln(t2) + 0n) — F(ln(t2))] -

Also, let

vo [t (ue wn b= b(t)) ur us ty = ln(ty)
Lve T\ v ’

v 6,
Observe that we can rewrite (4.2.2.1) as

(4.22.1) = E |exp {wi (v, Yi>}

i=1

exp {z’s (—ulm\/ﬁF(h) — Uzm\/ﬁF(@))}

Y

= F |exp {is Z (v,Y") —isuymy/nF(t1) — iSUQmﬁF(tQ)}

=1

. exp{zs2(<v v “jﬁp( ) - %”F(m)}

where Y7 is the ith i.i.d. observation of the multinomial random variable Y. Hence,

(4.2.2.2)

Y

(4.2.2.2) = E [exp {is (<v, Y) — %F(m %F(b)) H
= (v ()" (4.2.2.3)
oy (s) = eroo e f(y)dy, where Y = (v,Y) — “\}%"F(tl) — 22 F(l2). Recall the second
order Taylor expansion around 0, ¢y (s) = ¢y (0 ) + qu;—/(O) + ﬁqb;;(O) + o(s?), where
_(s) =1 f ye U f(y)dy and ¢y (s) = i* f e’ f(j)dy. Therefore,
by(s) = 1 +iE [¥] - S;E 7] + ofs?)
. . 5 .
=1+ %E [nY] — ;—nE [nY?] + @ (4.2.2.4)

where 7)(s,n) — 0 asn — oo. Using (4) and letting x = LE [nY] — £ B [nY?] +- 22

we have

(4.2.2.3) = (1 + 2) PV |- Blnr?] 252

n(s,n)

— (1 4 2) P (1 4 gy BB (1 4 )" (4.2.2.5)

Next, consider F [n}_f}

— uim

E[nY] =nE |(v,Y) — w3

U2MM

—=F(t:) — NG

F(t2)
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=nE [0 Y] + vYs + v3Y3 + 0,V — VnuymE (t) — VnusmF (ts)
= nuympy + nvamps + nusmps + nugmpy — VnurmE (t)) — /nuymE (t)

t, — 1, (t
= \/ﬁ(ul + ug)mp; + vn (U2 + U11—(1)) mpo

On
ty — 1, (¢t
25—(2)mp4 — VnuymF(ty) — vVnuamF(t,)

= ul\/ﬁ(mpl — mF(tl)) + UQ\/ﬁ<mpl + mpa + mps — mF(tZ))

+ V/nuamps + us

+ U1\/ﬁt1 _5ln<t1)mp2 + UQ\/EtZ _(sln(t2)mp4
= uvnm (F(l,(t)) — F(t1)) +uav/nm (F(l,(t2)) — F(t2))
+u1\/_ ( ) p2+uz\/_t2_l( )mp4. (4.2.2.5)

Next, let 91 € [ln(tl), tl), 62 € [ln(tg), tz), 93 S [Zn(tl), ln(t1)+5n) and (94 € [ln(tg), ln(t2>+
d,). By the Mean Value Theorem, it follows that

TL ?"L

= —ury/nmf(01) (i — Lo(t1)) — uav/nm f(02) (t2 — lu(t2))
+urVn(ts = L(t)mf(0s) + uzv/n(ts — L (ta))mf ()

= wvnm (ti — (1)) (f(0s) = f(01)) + uav/mm (t2 — I(t2)) (f(0a) — f(62)).
(4.2.2.6)

m f(01)0y

Since f(-) is Lipschitz continuous with constant K and 05 — 6, < 6, 04 — 05 < Iy,
(4.2.2.6)< u/nmK62 + upy/nmKs2 — 0 as n — oo. Next, consider E [nY?].
Observe that
[ 2
= uym UM
E [nY?] =nE Y)— —=F(t)) — —F(t
7] =0 | (1) - ) - )|

um U2

i 2
=nk (U1Y1 +u3Ys — —=F(t1) — —F(tz)) +nk [(UQYQ + 043/4)2}

\/QF(tl) %F(Q))] .

Vi Vi

+2nE {(szz +v4Yy) (U1Y1 + v3Ys —

(4.2.2.7)
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Consider the second two terms in (4.2.2.7). Recall that E [Ya] = mpe, E'[Yy] = mpy,
Var(Y) = mpa(1 — pa), Var(¥i) = mpy(1 — py), and Cov(Y;,Y;) = —mpip;. Since
p2 = F(l,(t1) + 0n) — F(l(t1)) — 0 and py = F(l,(t2) + 0,) — F(l,(t2)) — 0 as
n — oo, we have,

nE [(v2Ys + 1)4}/;1)2}

uLm 2T

+2nE {(vzyz + 0,Y)) (U1Y1 ¥y 2LF() — NG F(Q))} 0

as n — 0o. Next, consider the first expectation in (4.2.2.7). We have,

2
nE <v1Y1+v3Y3 B b)) — uQmF(tg))]

Vi Vi

:nEK SEXO.00 (1) + TEX O, (1) + TEX((02) + 6.1 (12)

M) - 2R () ]

=nE[( LX)+ S CEO01(10) + X(12) + (1)

- ﬁF(tl) ﬁF(tQ)) ]

(X(0,1n(t1)) = mF(t1), X (0,1,(t1)) + X (In(t1) + 0n, ln(ta)) — mE(t2)))?] -
(4.2.2.8)

Now, since [,,(t) — t and 6,, — 0 as n — oo, X (0,1,(¢1)) — X(0,t1) and X(0,1,,(¢1))+
X (1(t1) + 0n, Ln(t2)) — X(0,t2) as n — 0o0. So as n — 0o,

(4.2.28) = nE <(%7 %) (X (0,t1) —mE(t1), X(0,t5) — mF(tQ))>2]
— nVar << (\/_ ;2_) (X(o,tl),X(o,t2))>)
=u’Yu,

where u’=[u;, uy] and X is the covariance matrix for X (0, 1), X (0,,), such that

Cov (X(O, tl), X(O, t2)> = Cov (X(O, tl), X(O, tl)) + Cov (X(O, tl), X(tl, tg))
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=mE(t)(1 — F(t1)) — mF(t)) (F(ty) — F(t1))
=mF(t1) (1 - F(t2)).

Therefore, taking limits as z — 0, (n — o0), and using e = lim, o (1 + a:)l/m

n(s,n)

lim (1 + 2) BV (1 4 ) = EY (14 )"
z—

2
_sZuT
= e 211 Xu

which is the characteristic function of a zero mean Gaussian random vector with
covariance matrix X.

Next, we show the two conditions of Theorem 1.6.1, which will allow us to conclude

an FCLT for the estimator F),(t).

Lemma 4.2.3 Let X;(t) := X;(0, () + 52U X (1o (u), o (w)+6,) and 0 < s <t < u
such that X;(0,u) =m for alli =1,....,n. Then,
(i) E [((Xz(U) = mF(u)) - (X(t) - mF(t>))2] < 2m* (F(u) — F(t))
and
i) B [((Xi(w) = mP(w) = (%i() = mF (1))’
((Xi(t) =mF () — (Xi(s) — mF(s)))ﬂ < 8m* (F(u) — F(s))’

Proof We begin by proving (i). First, we note that X;(u) = X;(0,u) + R,, where

R, =—-X;(l,(u),u) + %’;(“)Xi(ln(u), l,(u) + 8,), and similarly for X;(¢). We have,

E|((Ki(w) = mP(w) = (Xi(0) = mF ()]
[(X:(0,u) + Ry — mF(u)) — (X:(0,£) + R, — mF(t)))*]

E
E [((Xi(u) = mF(u)) = (Xi(t) = mF(t)) + (R, — Ry))"]
E [((Xi(0,u) — mF(u)) — (X;(0,) = mF(t)))*] + E [(Ru — Ry)’]

+2E[((Xi(0,u) = mF(u)) = (Xi(0,£) =mF(t))) (Ru — Ry)]. (%)
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We will first show the upper bound on the first term in (x). To reduce notation, we

will drop the 0 in the count interval, letting X;(¢) := X;(0,¢). We have,

E [((Xi(u) = mF(u)) = (X(t) = mF(t)))’]

= E [(X;(u) — Xi(t))z] + (mF(u) — mF(t)* — 2B [Xi(u) — X; ()] (mF(u) — mF(t)).
(4.2.3.1)

Recall that for ¢ > 0, (X;(u) — X;(t)) = X;(¢,u) which has mean m (F'(u) — F(t))

and variance m (F(u) — F(t)) (1 — (F(u) — F(t))). Hence,

(4.2.3.1) = E[(Xi(t,))’] — (mF(u) — mF(t))?

= m (F(u) = F(t)) (1 = (F(u) = F(t))) +m* (F(u) = F(1))° = (mF(u) — mF(t))".

(4.2.3.2)

Because F'(-) is a nondecreasing function taking values in [0, 1],

Now consider the second expectation in (x). We will show that as n — oo, this

expectation is bounded above by 0. Observe that,

E[(R, - R)’]
= E [R)| + E [R}] — 2E [R,R/]

u — Iy (u)
On

<E (—Xi(ln(u), u) + Xi(ln(u), ln(u) + 5n))

t— 1, (t)

E
+ 5

(—Xi(ln(t),t) + Xi(ln(t), 1, (t) + 5n)) ] .

Since l,(s) — s and 0, — 0 as n — oo, this bound converges to 0. The third

expectation in (x) converges to 0 in a similar way.

2B [(Ry — Ry) (Xi(0,u) —mF(u)) — (Xi(0, 1) — mF(t)))]
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=2E[R, (X;(0,u) — mF(u))] — 2E [R, (Xi(0,t) — mF(t))]
— 2B [Ry (X:(0,u) — mF(u))] + 2B [R, (X,(0,1) — mF(2))]
Since l,,(s) — s and J,, — 0 as n — oo, these terms go to 0 in the limit. Therefore,

we have proved inequality (i) as n — oo.

Next, we consider inequality (ii).

B |((Ki(w) = mF(w) = (Xi(t) = mF () ((Xi(t) = mF(0) = (Xi(s) = mF(s)))’]
+ R, —mF(u)) — (X;(t) + Ry — mF(t)))

= B [((Xi(w) =mF(u)) = (Xi(t) =mF(1)))" + (R, — Ry’
+2((Xi(u) = mF(u)) = (Xi(t) = mF(1))) (Ru — Rt))
((Xi(t) = mF(t) = (Xi(s) = mF(s)))" + (R, — Ry)?
+2((Xi(t) = mE (1)) — (Xi(s) —mF(s))) (Ru — Ry))]
= B [((Xi(u) = mF(u)) — (X;(t) = mF(t)))”
(Xi(t) = mP(1)) = (Xi(s) = mF(s))"] + R, (%)

where

R = E [((Xi(u) — mF(u)) = (X,(t) = mF(t)))* (R — R,)’

(
+2((Xi(t) = mF(t) — (Xi(s) = mF(s))) (Ru — Ry))]

+ E [(Ry = R)? ((Xi(t) = mF () = (Xi(s) — mF(s)))”

+(Re = R)? + 2 ((X(t) = mF (1)) = (Xi(s) = mF(s))) (R — Ry))]
+ E[2((Xi(w) = mF(u)) — (Xi(t) = mF(t))) (Ry — Re)

((Xi(t) = mF (1)) = (Xi(s) — mF(s)))* + (R, — Ry)”

+2((Xi(t) = mF (1)) = (Xi(s) = mF(s))) (Ru = Ry))],

which converges to 0 as n — oo since [,(t) — t and §,, — 0.
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Analyzing the first expectation of (%), it follows that,

E [(Xi(u) = mF(w)) = (Xi(t) = mF(1)))* (Xi(t) = mF(1)) = (Xi(s) = mF(s)))’]
= E [(Xi(t,u) — (mF(u) — F(t)))* (Xi(s,t) — (mF(t) — F(s)))’]
= E [(Xi(t,u)* + (mF(u) — mF(t))” — 2X;(t, u) (mF(u) — mF(t)))

(Xi(s,t)* + (mF(t) — mE(s))* — 2X;(s,t) (mF(t) — mF(s)))] .
(4.2.3.3)
Now, we introduce notation in order to simplify the writing. Let p; = F(u) — F(¢)
and p, = F(t) — F(s). Multiplying through and using the linearity of expectation,

we have,

(4.2.3.3) = E [X;(t,u)’ Xi(s,1)°] + E [Xi(t,u)’] m*p3 — 2F [X;(t,u)*X;(s, )] mp,

+m*plE [Xi(s, ] + m“p?p% — 2E [X,(s,t)] m'pip;
—2mp E [Xz )2} —2mPpipaE [ X;(t, u)]
+ 4B [Xi(t, u) X,(s, )] mips. (4.2.3.4)

Recall (X;(0,s), X;(s,t), X;(t,u) is a multinomial random variable and that for

X1, Xg, ..., X, a k-dimensional multinomial random variable with parameters m,

[p17 "'7pk]a for i 7é j7

E[XiX;] =m(m — 1)pip;
E[X?] = m(m — 1)p] + mp;
E[X?X;] = m(m —1)(m — 2)pip; + m(m — 1)p;p;
E[X?X7] = m(m —1)(m — 2)(m — 3)p;p;
+m(m —1)(m = 2)(pip; + pipj) + m(m — L)pip;.

Therefore,

(4.2.3.4) = m(m — 1)(m — 2)(m = 3)pip; + m(m — 1)(m — 2)(pipz + p1p3)

+m(m — )pips + m*(m — D)pips + mPpips — 2m?*(m — 1)(m — 2)p?p3
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—2m*(m — 1)pip3 + m*(m — 1)pips + m’pips + m*pips — 2m*pip;

—2m*(m — 1)(m — 2)pips — 2m*(m — 1)pip> — 2m*pip

+4m*(m — 1)pip3. (4.2.3.5)
Simplifying the terms, it follows that

(4.2.3.5) = pips(3m? — 6m) + pipa(—m® + 2m) + prp3(—m? + 2m) + pipa(m* — m).
(6)
Next, since py, po > 0, it follows that

(4.2.3.6) < 3m*p2p3 + 2mp2py + 2mp1ps + mPpips

= 3m® (F(u) = F(t))* (F(t) = F(s))* + 2m (F(u) = F(1))* (F(t) = F(s))
+2m (F(u) = F(1)) (F(t) = F(s))* +m® (F(u) = F(t)) (F(t) = F(s)).
(4.2.3.7)
Because F(+) is nondecreasing, (F(t) — F(s)), (F(u) — F(t)) < (F(u) — F(s)). There-
fore,
(4.2.3.7) < 3m® (F(u) — F(s))* (F(u) = F(s))* +2m (F(u) = F(s))* (F(u) = F(s))
+2m (F(u) = F(s)) (F(u) = F(s))* +m® (F(u) = F(s)) (F(u) = F(s))
= 3m® (F(u) — F(5))" +4m (F(u) = F(s))” + m® (F(u) - F(s))*.
(4.2.3.8)
Lastly, since F(-) € [0, 1],
(4.2.3.8) < (4m? + 4m) (F(u) — F(s))*
< 8m?* (F(u) = F(s))*,
proving the claim. ]

Now, we have the necessary lemmas to prove an FCLT.

Theorem 4.2.4 (FCLT) If §, — 0 as n — oo such that 6, = o(n™'/*), then
VR (F,(t) = F(t)) = (Z(t) : t > 0), where (Z(t) : t > 0) is a Gaussian process
with mean 0 and covariance function (p(s,t):s,t > 0) := (F(sAt)— F(s)F(t)).
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By Lemmas 4.2.2 and 4.2.3, we have satisfied conditions for Theorem 1.6.1, proving
the claim.

Through Theorem 4.2.4, we see that the asymptotic covariance function of the
multinomial estimator matches the covariance structure for the empirical distribution
function. However, we saw in Theorem 4.1.4 that the asymptotic covariance function
included an extra scaling factor. We note that if the distribution F'(¢) is defined
on a finite interval, then the estimators are the same. Otherwise, by assuming an
underlying NHPP driving the arrival process, the ratio estimator underestimates the

covariance.
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5. CONCLUSION

Non-stationary point processes are naturally modeled in real-world applications such
as healthcare, natural disasters, or traffic patterns. The marked point process is of
interest any time cumulative effects are crucial to understanding a process. We estab-
lished asymptotic consistency and rates of convergence for a nonparametric estimator
from observations of the offered load to a MPP at fixed intervals. We also show that
an asymptotic rate to shrink the interval width exists to minimize a bound on the
mean-squared error.

Another important non-stationary point process is the M,;/G /oo queue, which is
central to many modeling applications. Classically, call centers are modeled with an
infinite-server model, yet the M;/G /oo queue can be leveraged for any multi-server
process with time-varying arrivals. We analyzed the mean number of busy servers
and established asymptotic consistency and rate of convergence for a nonparametric
estimator based on discrete observations of the queue at fixed intervals. Through
further research, the mean number of busy servers in an M;/G /oo queue is to be
used as an estimator for the arrival rate stochastic process in a doubly stochastic
process. We plan to assume observed arrival count data at fixed intervals and apply an
underlying M, /G /oo queue to an arrival process. We are also interested in obtaining
an asymptotically optimal d,, to minimize a bound on the mean-squared error, as in
the offered load estimator. We also note that the offered load estimator and the mean
busy servers estimator can be constructed from the same Poisson random measure.
We are interested in generalizing results for nonparametric estimators of Poisson
random measures.

Lastly, we considered the transitory queueing model, which arises in any finite
time or population situation. Although the empirical distribution function is a well-

known nonparametric estimator that is consistent and efficient, we assume the only
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available data is arrival counts in fixed intervals. By assuming an underlying NHPP
arrival process, we find that the natural estimator underestimates the covariance of the
limit process. Instead, using the maximum likelihood estimator for the multinomial
distribution, we show convergence of the arrival process distribution to the well-
known Brownian motion. We are interested in understanding how the two estimators
compare for various scenarios of the underlying arrival distribution F'(t). We plan to
conduct a simulation analysis to support this analytic comparison. Further research
will also understand how the population size and sample size scale together in the

asymptotic results.
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