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ABSTRACT

Xu, Yixi Ph.D., Purdue University, August 2019. Understanding Deep Neural Net-
works and Other Nonparametric Methods in Machine Learning. Major Professor:
Xiao Wang Professor.

It is a central problem in both statistics and computer science to understand the
theoretical foundation of machine learning, especially deep learning. During the past
decade, deep learning has achieved remarkable successes in solving many complex
artificial intelligence tasks. The aim of this dissertation is to understand deep neural
networks (DNNs) and other nonparametric methods in machine learning. In partic-
ular, three machine learning models have been studied: weight normalized DNNs,
sparse DNNs, and the compositional nonparametric model.

The first chapter presents a general framework for norm-based capacity control
for L, , weight normalized DNNs. We establish the upper bound on the Rademacher
complexities of this family. Especially, with an L; o, normalization, we discuss prop-
erties of a width-independent capacity control, which only depends on the depth by
a square root term. Furthermore, if the activation functions are anti-symmetric, the
bound on the Rademacher complexity is independent of both the width and the depth
up to a log factor. In addition, we study the weight normalized deep neural networks
with rectified linear units (ReLU) in terms of functional characterization and approx-
imation properties. In particular, for an L, o, weight normalized network with ReLU,
the approximation error can be controlled by the L; norm of the output layer.

In the second chapter, we study L; .-weight normalization for deep neural net-
works with bias neurons to achieve the sparse architecture. We theoretically establish
the generalization error bounds for both regression and classification under the L; -

weight normalization. It is shown that the upper bounds are independent of the



xii

network width and vk-dependence on the network depth k. These results provide
theoretical justifications on the usage of such weight normalization to reduce the
generalization error. We also develop an easily implemented gradient projection de-
scent algorithm to practically obtain a sparse neural network. We perform various
experiments to validate our theory and demonstrate the effectiveness of the resulting
approach.

In the third chapter, we propose a compositional nonparametric method in which
a model is expressed as a labeled binary tree of 2k+1 nodes, where each node is either
a summation, a multiplication, or the application of one of the ¢ basis functions to
one of the my covariates. We show that in order to recover a labeled binary tree from
a given dataset, the sufficient number of samples is O(klog(m1q) + log(k!)), and the
necessary number of samples is Q(k log(mq) —log(k!)). We further propose a greedy
algorithm for regression in order to validate our theoretical findings through synthetic

experiments.



1. INTRODUCTION

1.1 The General Prediction Problem

In this section, we define the general prediction problem. Assume that x,...,x,
are n independent random variables on X C R™  yj,...,y; are on Y* C R™2,
Y1,...,Yn are on Y C R, and the noise ¢1,...,¢, are independent while satisfying

that E(e;) = 0. The general prediction problem is defined as

(1.1)

where t : Y* — ) is a fixed function related to the prediction problem, and f: X —
Y* is an unknown function. We provide two examples in order to illustrate how to
adapt Equation (1.1) to different settings. For regression, we have my = 1, Y* = Y,
and t is the identity mapping. While for classification, we could define my as the

number of classes, Y = {1,2,--- ,;my}, and t = argmax.

1.2 Selected Frameworks for Model Estimation

1.2.1 The Linear Model

Consider the regression case, where t is an identity function, and my = 1 in

Equation (1.1). The linear model in addition assumes that

f(z) =2"B" + 5,



where 8% € R™ and 3§ € R. Furthermore, assume that the noise {¢; : i =1,--- ,n}
are independent and identically distributed normal variables. The maximum likeli-

hood estimate of 8" and [ is obtained by minimizing the least squares error

min l Z(yz - %TB - 50)2-

/67,80 n i=1
However, the ordinary least squares estimate suffers, when the explanatory variables
are highly correlated with each other, or the input dimension is high. To tackle this

problem, we could use the ridge regression by minimizing a penalized loss

n

1 T 2 2
min— Y (y;—x; B8—Fo)" + MB35,
/3760 n ; ’

where A\ is the tuning parameter. If A = 0, it is equivalent to ordinary least squares.
If A = oo, it forces B = 0.
Lasso regression is another popular method to handle overfitting by minimizing a

penalized loss

min =Sy — a8~ o)’ + 181,
B M
where A is the tuning parameter. If A = 0, it is equivalent to ordinary least squares.
If A\ = o0, it forces B = 0. Furthermore, lasso regression could be used for variable
selection, as it exhibits sparsity.
As a summary, linear regression is straightforward to interpret and easy to imple-

ment. However, real data might fail to support the assumption of linear models in

practice. In this case, linear model will severely underfit the data.

1.2.2 Spline-based Models

Consider the regression case, where t is an identity function, and my = 1 in
Equation (1.1). For simplicity, assume that the input dimension m; = 1, though

spline-based models could be extended to high dimensions.



Regression Splines. Assume that

flz) =ao+ Zai¢i(x):

where ¢; is a spline basis, for ¢ = 1,--- 1. Besides, assume that the noise {g; :
i=1,--- ,n} are independent and identically distributed normal variables. Popular
choices of splines include cubic splines and B-splines. The model is estimated by

minimizing the least squares criterion:

n 1
1 Pp— j— . . 2
nin_ z;(y a 2; aigi(2))’.

Note that the knots of the splines {¢y, - - - , ¢;} are usually pre-determined in practice.
One important extension of regression splines is the adaptive free-knots splines [1-3],

where the knots are estimated simultaneously along with the coefficients ag, - - - , ay.

Smoothing Splines. Assume that the noise {¢; : ¢ = 1,--- ,n} are independent
and identically distributed normal variables.

The model is estimated by minimizing the penalized likelihood score:

n

mian(yi—f(:c,-))Q#—)\/X (@) dr.

n
f i=1

where the penalty term is introduced for lack of smoothness, and A is the smoothing
parameter. A smoothing spline estimator [4] has knots at each data point. As A
increases, the model becomes smoother. If A = 0, the fitted model interpolates the
data. If A = 0o, the model is equivalent to linear regression.

When the input dimension is small, spline-based models have not only enjoyed
sufficient theoretical guidance but also demonstrated their effectiveness via adequate
simulation studies and real-world experiments. However, it turns out to be extremely
expensive to include all high order interactions between the explanatory variables,

when dealing with high dimensional data.



Fig. 1.1.: A decision tree for classification.

1.2.3 Tree-based Methods

Decision trees could be adapted to both regression and classification setting,
known as classification and regression Tree. More specifically, the model could be
represented as a binary tree, as shown in Figure 1.1. The binary decision tree is
constructed in a greedy manner. In each step, the specific split and input variable are
chosen to minimize the local loss function. A deep decision tree could easily overfit
the data. Common stopping criteria include the maximum depth of the decision tree
and the minimum number of samples required to be at a leaf node. Decision tree
is easy to interpret, however the algorithm is known to be unstable. Even a small
perturbation of input data can cause large changes in the tree.

Random forests are an ensemble learning method for classification, regression
and other tasks. Random forests grow many decision tress and output the class
that is the mode of the classes (classification) or mean prediction (regression) of the

individual trees [5,6]. In addition, the training set of each individual tree is sampled



Input layer Hidden layer 1 Hidden layer 2 Hidden layer 3  Output layer

Fig. 1.2.: A 4-layer fully connected neural network.

with replacement from the original data. Thus, random forests significantly decrease
the variance of the model by increasing the number of individual trees. Although
random forests fail to provide straightforward interpretation as decision trees, they
provide a way to measure the importance of any explanatory variable. The importance
is evaluated by the damage to the model, if perturbations are added to the given
variable.

Another way to improve the performance of decision trees is to combine the weak
learners - decision trees into a single stronger learner in an iterative fashion [7-9)].
The algorithm optimizes the loss function over function space by iteratively choosing

a function (weak leaner) that points in the negative gradient direction [10].

1.2.4 Neural Networks

Neural networks and deep learning currently provide the state-of-the-art solutions
to many complex problems especially in image recognition, speech recognition, and
natural language processing. A neural network is a machine learning framework in-
spired by biological neural networks that constitute animal brains. Figure 1.2 gives

a 4-layer fully connected neural network, and other popular neural networks include



convolutional neural networks [11] and residual neural networks [12]. Surprisingly,
deep neural networks (DNNs) could achieve human or superhuman level performance
on tremendous complicated tasks even without any domain knowledge. One interest-
ing observation is that DNNs could disentangle highly curved manifolds in the input
space into flattened manifolds in the hidden space [13]. Except the breakthroughs in
empirical studies, neural networks are hard to interpret as a black box model, and
their theoretical foundations have been less explored in the literature. Especially,
overfitting is a notorious problem in deep learning, as it is common to have far more

parameters of the model than the training sample size.

1.3 Overfitting

It is easy to perfectly fit the training data, given a large enough model, such as
neural networks. However, this could not guarantee a good fitting on the unobserved
data. Figure 1.3 gives such an example of overfitting. In this example, data are
generated from the orange line with random noise and the model (the blue curve) is
fitted on the green dots. As shown in Figure 1.3, even the model fits the training
samples perfectly, the model fails when applied to the testing data (red dots).

We will then quantify overfitting by the generalization error. Let L(f(-),-) :
X xY — R be the loss function. Define the expected and empirical risks, respectively,

B () = B, plLU@). ) Bulh) =5 3 L (@).u)

where D is the underlying distribution of (x,y). In practice, the empirical risk is
corresponding to the training error, and the expected risk is corresponding to the
testing error. Generally, a learning algorithm is said to owverfit if it is more accurate
in fitting known data but less accurate in predicting new data. Mathematically,
the difference between the expected risk and the empirical risk, called generalization

error, is a measure of how accurately an algorithm is able to predict outcome values for
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Fig. 1.3.: An overfitting example.

previously unseen data. Generalization error can be minimized by avoiding overfitting

in the learning algorithm. Let

Euf) = | Eclf) —Ec(f) | (12)
Our goal is to control the generalization error £ (f) and make it less sensitive to the
network architecture when adopting a DNN model. This generalization error bound
can be studied using Rademacher complexity by some standard techniques in [14],
which will be introduced later.

Rademacher complexity is commonly used to measure the complexity of a hypoth-
esis class with respect to a probability distribution D or a sample, and to analyze
generalization bounds [15]. The empirical Rademacher complexity of the hypothesis
class F with respect to a data set S = {z;...z2,} is defined as:

1 n
(i)

Ry(F) = E.




where € = {¢; ... €, } are n independent Rademacher random variables. The Rademacher

complexity of the hypothesis class F with respect to n samples is defined as:
R(F) = By pr [Rs(F)]

The following theorem connects the Rademcher complexity to the generalization error

bounds under some mild conditions.

Theorem 1.3.1 Let z be a random variable of support Z and distribution D. Let
S ={z1...2,} be a data set of n i.i.d. samples drawn from D. Let F be a hypothesis
class satisfying F C{f | f: Z —1[0,A0]}. Fiz 6 € (0,1). With probability at least
1 — 6 owver the choice of S, the following holds for all h € F:

Ep[h] — Bg[h]| < 2R.(F) + 4 %

Proof According to [14][Theorem 3.1], fix § € (0,1). With probability at least 1 — &
over the choice of S, the following holds for all h € F:

log (2/9)

2n

Ep[h/Ao] — Eslh/Ag] < 2R%,(F/Ao) +
With probability at least 1 — g over the choice of S, the following holds for all h € F:

log (2/9)

Ep[—h/Ag] — Es[—h/Ag) < 2R,(—F/Ao) + -

By the definition of Rademacher complexity, R, (—F/Ag) = R, (F/Ao) = R (F)/Ao.

Thus we complete the proof. [ |



2. WEIGHT NORMALIZED DEEP NEURAL NETWORKS

2.1 Introduction

During the past decade, deep neural networks have demonstrated an amazing per-
formance in solving many complex artificial intelligence tasks such as object recog-
nition and identification, text understanding and translation, question answering,
and more [16]. The capacity of unregularized fully connected DNNs, as a function
of the network size and depth, is fairly well understood [17-19]. By bounding the
Ly o norm of the incoming weights of each unit, [20] is able to accelerate the con-
vergence of stochastic gradient descent optimization across applications in supervised
image recognition, generative modeling, and deep reinforcement learning. However,
theoretical investigations on such networks are less explored in the literature, and
a few exceptions are [18,21-25]. There is a central question waiting for an answer:
Can we bound the capacity of fully connected DNNs with bias neurons by weight
normalization alone, which has the least dependence on the architecture?

We study a general class of the weight normalized deep neural networks, including
all layer-wise L, , weight normalizations. These networks have a bias neuron per
hidden layer, while prior studies [18,21-25] only include the bias neuron in the input
layer, which differs from the practical application. More discussions of the issues
on bias neurons are presented in Section 2.2. We establish the upper bound on
the Rademacher complexities of this family. In addition, we study the theoretical
properties of WN-DNNs with rectified linear units in terms of the approximation
error.

We first examine how the architecture of L, , WN-DNNs influences their gener-
alization properties. Specifically, for the L; ., WN-DNNs, we obtain a complexity

bound that is independent of the width and has a square root dependence on the
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depth k. Furthermore, the O(v/k) term could be reduced to O(logk), if the activa-
tion functions are anti-symmetric. We will demonstrate later that it is nontrivial to
extend the existing results to the DNNs with bias neurons.

Norm-constrained fully connected DNNs with no bias neuron were investigated in
prior studies [18,21-25]. Especially, spectral norm-constrained fully connected DNNs
with no bias neurons were studied in [22,24,25]. Assume that the spectral norm of
the weight matrix in each layer equals to 1, and the width of each hidden layer is d.
Then the corresponding generalization bound is O(@) [22,24] and O(%) [25],
where n is the sample size, and k£ the depth. On the one hand, our result has a lower
dependence on both the width and the depth of the neural network. Especially, we
derive a generalization bound, which is independent of the width, and relies on the
depth k by at most O(\/E) On the other hand, it is easy to create a matrix, of which
the spectral norm is greater than the L; ., norm and vice versa. Thus it is difficult
to compare our results with the works of [22,24,25].

The L,, , norm-constrained fully connected DNNs with no bias neuron were studied
in [18,21,23,26]. Although we do not restrict ourselves to the L; .. WN-DNNs, we
consider this simple case in order to compare with existing results in the literature.
Assume that the L; o, norm of the weight matrix in each layer equals to 1, and
all the activation functions are 1-Lipschitz continuous. As shown in Table 2.1, we
extend previous works to WN-DNNs with bias neurons by separating the bias neuron
from the hidden layer in each inductive step. In addition, their original results are
included in Table 2.1. Note that if the activation functions are ReLU, one could
achieve exactly the same generalization bounds by treating each bias neuron as a
hidden neuron. However, this trick fails for other activation functions, such as tanh.
Because 1 is not even in the range of the activation function tanh. In comparison,
our generalization bound is O(%) it the activation functions are tanh, since tanh
is anti-symmetric.

For WN-DNNs with ReLLU, we provide the exact characterization of its corre-

sponding function class and examine the approximation properties. It is shown that
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Table 2.1.: Rademacher complexity bounds of L; ., WN-DNNs with/without bias

neurons.

Activation Function | Anti-symmetric ReLU Other

With Bias Neurons Y N Y N Y N
18] O(%) 0(%) 0(%) 0(%) 0(%) O(%)
[21] O(L) 0O(F) | 0(Z) 0(%)| 0(%) O(%)
[23] O(%) 0(%) 0(%) 0(%)| 0(%) O(%)
[26] O(¥E) O(%) | 0(%) 0(%) | 0(¥E) O(¥E)

Our results O(k\’%“) O(\/if;) O(\/ig)

the Ly oo WN-DNN with ReLU is able to approximate any Lipschitz continuous func-
tion arbitrarily well by increasing the norm of its output layer and growing its size.
Early work on neural network approximation theory includes the universal approxima-
tion theorem [27-29]. This indicates that a fully connected network with a single hid-
den layer can approximate any continuous functions. More recent work expands the
result of shallow networks to deep networks with an increased interest in the expres-
sive power of deep networks especially for some families of “hard” functions [30-35].
For instance, [34] shows that for any positive integer [, there exist neural networks
with ©(%) layers and ©(1) nodes per layer which can not be approximated by net-
works with ©(l) layers unless they possess Q(2') nodes. These results on the other
hand request for an artificial neural network of which the generalization bound grows
slowly with the depth, and even avoid explicit dependence on the depth.

The contributions of this chapter are summarized as follows.

1. We extend the L o, weight normalization [20] to more general L, , WN-DNNs,

and relate these classes to those represented by unregularized DNNs.
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2. We include a bias node not only for the input layer but also for every hidden
layer. As discussed in Claim 1, it is nontrivial to extend prior research to study

this case.

3. We study the Rademacher complexities of WN-DNNs. Especially, with any L o
normalization, we have a capacity control that is independent of the width and
depends on the depth by O(\/E) Furthermore, if the activation functions are
anti-symmetric, the capacity control is independent of the both the width and
the depth up to a log factor.

4. When the activation functions are ReLLU, we characterize the function class and

analyze the approximation property of the L, , WN-DNNs.

The chapter is organized as follows. In Section 2, we define the L, , WN-DNNs,
and analyze the corresponding function class. Section 3 discusses the Rademacher
complexities for this class. In Section 4, we study WN-DNNs with ReLU in terms of

functional characterization and approximation.

2.2 Notation and Motivation

In this section, we introduce some notation, which will be used in the remainder of
the chapter. In addition, we motivates the introduction of WN-DNNs with a concrete

example.

2.2.1 Notation

The Lp, g norm of a s; X sy matrix A is defined as

1/q

59 51 q/p
”AHp,q = Z <Z |a"5]|p> Y
j=1 \i=1

where 1 < p < oo and 1 < ¢ < 0. Deﬁnep*by%—i—}%:l. When ¢ = oo,

1 1/p
[ A]l, 00 = sup; (Z |aij]”) . When p = ¢ = 2, the L, , is the Frobenius norm.

i=1
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A function ¢ : R — R is positive homogeneous if o(cu) = co(u) for any ¢ > 0
and v € R, and is anti-symmetric if o(—u) = —o(u) for any u € R. Assume that
two vectors o' and o® have the same length. Then o' < 0* if 0; < 0, Vj. For any
activation function ¢ : R — R and u € R’, define 0 ou = (¢(vy), - -- ,0(uys)). For an
affine transformation 7'(u) = V¥ (1,u”)”, a norm ||-||,, and p,q > 1, define ||T||, =
| V.. Especially for the L, , norm, define ||T'[|, , = [|V][,, and [ T[, j]l[, = V], j]ll,,

where V|, j] is the jth column of the matrix V.

Fully connected neural networks. A fully connected neural network on R%® —
R%+1 with k hidden layers is defined by a set of k+1 affine transformations T} : R% —
R® Ty : R™ — R®% ... Thyp : R%* — R%+1 and a series of activation functions o =
(01,--+,0k). The affine transformations are parameterized by T;(u) = Wlu + B;,
where W; € R4—1*% B, ¢ R% for i = 1.--- ,k+ 1. The function represented by this
neural network is

f=Ty100,0T 000,07 0.

Before introducing the L,, WN-DNNs, we build an augmented layer for each
hidden layer by appending the bias neuron 1 to the original layer. Then combine the

weight matrix and the bias vector as a new matrix.
1. Define the first hidden layer
fil)=Tiox £ (Vy,(La")T),
where V; = (B, W17 ¢ Ro+)xd1,
2. Sequentially for ¢ = 2,--- |k, define the ¢th hidden layer as
fi®) =Tyo0i 10 fi(x) & (Vi,(1oi1 0 fL(2))"), (2.1a)
where V; = (B;, WT)T ¢ R—1+Dxdi,
3. The output layer is
f(@) = Trpr 0 op 0 fi(®) & (Vi (Loy o fi (2))7), (2.1b)
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2.2.2 Motivation

We motivate the introduction of WN-DNNs with a toy example. This example
shows that the product of Frobenius norms of all layers fails to control the output of

a neural network.

Fig. 2.1.: A motivating example: visualization of fj.

As shown in Figure 2.1, define a 4-layer neural network f, : R* - R = Ty o
o30T30090Th 00y 0Ty, where Ty : R* = R®, T, : R® = R°T; : R°® — R®, and
T, : R® — R. We will show that the output of fy could approach infinity even if the
product of Frobenius norms of all layers is constant 1. We first create a 17,75 and T3
such that |1}, = Cio and ||T5||» = || 75/ = 1. As shown in Figure 2.1, the output
only depends on the bias neuron in the last hidden layer. It is easy to verify that
ﬁ |Zi|| = 1 and fo = Cyp. The output is unbounded, as Cy could be any positive
Zn:ulmbelr. The above example indicates the need to introduce weight normalization in
addition to the constrained product of Frobenius norms. Furthermore, the result can

be extended to arbitrary norms.

Claim 1 Fiz k € N, d = (do,dy,- -+ ,d,1) € NE™'a norm ||-||,, and k activation
Nk,d,d

functions o = (01,--+,0%). Define N2

as the collection of all neural networks
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f=Tw100p,0Tpo0---00y 0T 0x such that the affine function T;(u) is defined on
R%t 5 R% fori=1,--- ,k+1 and

k+1
v =TT <.
=1

Then for any sample S = {xy, -+ ,x,} CR™

Proof We first show that for any vy > 0, any activation functions o, any norm ||-||,,
and any Cy € R, there exists a function fr =Ty, 100p0T0---00y01]0x, such that
fr = Cp and kﬁl | Till, < . Assume that ||(1,0,---,0)||, = ap. Note that ay > 0 by
the definition lgfl the norm. Choose the first affine function 73 such that |71, = —22

apCo *

Then for i = 2,--- | k, generate affine functions T; satisfying that ||7;||, = 1. Finally,
define the output layer as Ty, = Cy. Note that fr = Cy, and

k+1 5
[Tz, < ﬁ 1571 % agCo = 0.
i=1 0™0

Based on the above, we have

1 1
=E. sup max | — Z €f(zi),— )y &l f(zl)))
n n
e TG
1 n
“E | s [EYaf(z)
n
e 17 =t
1 n n
=EE| swp |- af(=)|| D«
oo = NS
n 1 n n
> IP’(Z e; # 0)E, sup  |— Y ef(z)|l Z € #0
i=1 reando |TiTT i=1
| Y <y
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1 1 n n
> EEE sup = Y €f(z) € # 0 (2.2a)
n
o 22
> 1IE‘LG _sup 1 5” e;sgn( En €)Co || En € # 0
2 _CO>O n =1 i=1 i=1
= QO’

where the step in Equation (2.2a) follows from the observation that P(} 7 | ¢ # 0) =
1if n is an odd number, and P(3"" 6 #0) =1 — P31 .6 =1) —iP(X 1,6 =

-1) > % if n is an even number. |

Prior studies [18,21-26] included the bias neuron only in the input layer and consid-
ered layered networks parameterized by a sequence of weight matrices only, that is
B, =0foralli=1,---,k+1. While fixing the architecture of neural networks, these
works imply that k]ir[l |IW,||, is sufficient to control the Rademacher complexity of the
function class rep;:slented by these DNNs. The |||, norm of W is the spectral norm
of W7 in [22,24,25], the L; o, norm of W in [18,23], the L; o/ L2 norm in [26], and
the L, , norm in [21], where p € [1,00) and ¢ € [1, 00]. However, this kind of control

fails once the bias neuron is added to each hidden layer, demonstrating the necessity

to use WN-DNNs instead.

2.3 The L,, WN-DNNs

In this section, we introduce the WN-DNN, which includes all layer-wise L, ,
weight normalizations. We begin with the definition of the fully connected neural

networks.
Definition 2.3.1 A k + 1-layer L,, WN-DNN
f(x) =TypoopoTyo---ooi0oTiox

by a normalization constant ¢ is defined by k + 1 affine transformations Ty : R —
RY Ty : RY — R ... Thoq : R% — R%+1 and k activation functions o4, - -+ , 0y,

such that || Ti||,, < ¢ fori=1,--- k.



17

Furthermore, define ./\/';’;i’g as the collection of all functions that could be rep-

resented by an L,, WN-DNN with the normalization constant c and the activation

functions o = (o1, -+ ,0%) such that
(a) It has k hidden layers;

(b) The number of neurons in the ith hidden layer is d; for i = 1,2,--- k. The

dimension of input is dy, and output dj1;
() | Till,q < ¢ fori=1,--- k;
(d) |‘Tk+1[7j”|p S 0j fO’l"j = 17 e adk-‘rl-

Proposition 2.3.1 If all the activation functions are positive homogeneous, Part (c)

of Definition 2.3.1 is equivalent to || T, , = ¢ fori=1,--- k.

) ) . kd,o
Next, we provides some useful observations regarding N, 75

Theorem 2.3.1 Let c,ci,ca > 0, 0,0',0° € Rd’““

., p € [l,0), ¢ € [1,00], k €
N7 d = (d07d1"' adk-i-l) € Ni+2; dl = (dOad% adllgadk?-i-l) € Nli—i_Q; and d2 =

(do,di--- ,di,disa1) € Nﬁ+2~

(a) dea dea if 1 < cs. de kda , if ot < 0°. [fgej\/k’d’a

P,4,C1, P,q,¢2,0 D,4,C, O1 = p q,c,0 P,q,¢,07
kd,o
then ag € Ny, lwo-
kd,o kd,o kd,o kd,o
(b)'/v;nq, C N, geo f1L<pi <pa<oo. N "o CNyofl1<a<g<
0.
(C) p‘L qucO Zfd2>d1 fOT’Z—l k

(d) If f € deoqu € de02; then fo = (f1,f2) € Nido o0r Where ¢o =

P,a,¢, p,q,c, P,q;¢o,

250, 0’ = (0,0%), dS =dy, &) =d} +d? fori=1,--- ,k+ 1. Especially, when

q =00, cg = C.
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Proof Part (a) is straightforward from the definition.

For Part (b), note that [|-[|, > [[-[[,, when pi < po, hence {v : [jv]|, <C} C{v:
|v]|,, < C}. Then the first line of Part (b) follows from this observation above and
the conclusion of Part 1.

Regarding Part (c), for any g € /\/p weor We could add d? — d} neurons in each
hidden layer with no connection to other neurons, thus not increasing the norm of

each layer, and this neural network belongs to N, ch o- Regarding Part (d), assume

IreN

WX

Fig. 2.2.: Concatenate two neural networks.

Y2

\/\

fi(u ) k+1oakoTj~~~oaloTjou for j = 1,2, where Tij(u) = (Wf)Tu—l—B{.

I (WHT H <cfori=1,---,kand j = 1,2. As shown
in Figure 2.2, the idea is to combine f; and f; with no connections between their
hidden layers. We then provide the rigorous proof to construct (fi(u), fa(u)) =

Tpy100p 0Ty - 00y 0T ou, where Tj(u) = W’ u + B,. Define

B

and
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Fori=2,--- k41, define

B!
Bi: ‘ )
B2
and
1
W, € R@ 2 pxaivey _ [ Wi 0
0 W?

1
Note that |Tll,,, = (|[TH2, + |T2]7,)" < 20¢ for j =1, &, and || T[], <

o forl=1,--,dp,, +di,,, where o = (o', 0%). |

In Theorem 2.3.1, Part (a) shows the increased expressive power of neural networks
by either a larger normalization constant or norm constraints of the output vectors.
Part (b) discusses how the choice of L,, normalization influence its representation
capacity. Part (c) describes the gain in representation power by widening the neural
networks. However, deepening the neural network does not essentially enlarge the
function class of WN-DNNs. It is not guaranteed that o oo o f(x) = oo f(x), where
f(x) : R® — R" is a function and & € R®. Thus it could be impossible to get the
o o f(x) with one additional hidden layer. One exception is ReLU. As long as the
normalization constant ¢ > 1, the increase of the depth will lead to a larger function
class of WN-DNNs. Part (d) indicates that the concatenation of two WN-DNNs is
still a WN-DNN.

2.4 Estimating the Rademacher Complexities

In this section, we will provide bounds on the Rademacher complexities of ./\flﬁ’qc’ig.

We makes the following assumptions for all the theorems in this section.

e The number of hidden layers is k € N, the normalization constant is ¢ > 0, and
the constraint of the output layer is o > 0. The widths are dy = my, d; € N
fori=1,--- k, and dg,q = 1.
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e The activation functions are & = (04, -- ,0x). The ith activation function o;

is p; Lipschitz continous, and ¢;(0) =0 fori=1,--- k.

It is shown that the complexity bound is independent of the width when p = 1 in the
k1
following theorem. Otherwise it depends on the width by O (H dr > This depen-
i=1

k 1

11
dence could be reduced to O <H d;” "]+> if the activation functions are positive
i=1

homogeneous, which will be addressed in Theorem 2.4.3.

Theorem 2.4.1 For any set S = {xy,--- ,x,} C X , we have

(a) forp e (1,2],

k+1 k
- k+1)log 16 B 1
R < o[BS (ch e >+

n - :
=1 =i

k
1, s
- id?< %+ 1)log 16
Jro Lot? (VIS Dog omas o, +

1
min{y/5 L], mf"v/Zloglmmax el } ).

(2.3)

(b) forp e 1U(2,00),

k+1 k k
5 k+1)log 16 — % ock %
Rs(NHAT) < (k+1)log 16 <§ e | > + %Hpidi %
l=i =1

n -
=1

i Vg mx e+ VT Dlog Tomax ],

(2.4)

Theorem 2.4.1 indicates that the generalization bound depends explicitly on the depth
by O(Vk + 1). However, the dependence could increase up to O((k 4 1)2), if cp, > 1
for | = 1,--- k. As a comparison, [26] investigated the Rademacher complexity
of the Ly  and Loy WN-DNNs with the rectified linear units (ReLU) and no bias
neurons, which depends on the depth by O(\/k——l—l) ReLU could map 1 exactly to
1, thus we could treat the bias neuron as a hidden neuron and obtain the similar

result by applying the conclusion of Theorem 2 in [26]. But we fail to apply the same
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trick for other activation functions, such as tanh. Because the bias neuron 1 is not
even included in the range of tanh. Then there is a question: Is the inclusion of
bias neurons lead to extra dependence of generalization bounds on the depth? We
will address this question in the following theorem. Furthermore, we will provide a
complexity bound for L; . WN-DNNs that matches [26], not only for ReLU, but also

for other activation functions.

Corollary 1 Assume that cp; > 1 fori=1,--- k. For any set S = {x1, -+ ,x,} C

X and g > 1, we have
kdO' 1 k
(N,q,co) \/ﬁOC szmaXH ]- w H ( k+3 IOg + 210g 2m1)>

In particular, when cp; = 1 for i = 1,--- |k, the output layer constraint is o = 1,

and |la;]| < 1for j =1,--- n, the above bound becomes

% <\/(k +3)log4d ++/2 log(2m1)>7

which could be further reduced if the activation functions are anti-symmetric as shown
in Theorem 2.4.2 and Corollary 2. Furthermore, there will be no explicit dependence
on either the depth or the width outside of the log factor for L; , WN-DNNs, where
g>1.

Theorem 2.4.2 Assume that all the activation functions are anti-symmetric. For

any set S ={xy, - ,x,} C X , we have

(a) forp e (1,2],
d /10g16 s
(N:ch)_ (Z kz-Hdep)
L ok i (VET DI
ﬁoc Hpi ! ( (k+1) 0g16mlax|]w7; -
i=1
+ min{\/p* — 1 max ||x;

1
ol IR max ..}

(2.5)
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(b) forp e 1U(2,00),

R (NEAOY < 10g16 Az k—i+1 d” ock 1 dpi*
( pq,co)— Z Hp ngplz *

1
i Vg ma i + /0 ) og Tom ]

(2.6)

Although there is no explicit dependence on the depth, the term

k+1

ch z—‘ral

in Theorem 2.4.2 equals to k+1 when p =1 and cp, =1 for £ = 1,--- , k. In compari-
son, [21] derived an architecture independent upperbound of Rademacher complexity
of Li  WN-DNNs without bias neurons under the same assumption. Then there is
a question: Is it possible to derive a architecture independent generalization bound
for Ly .o WN-DNNs with bias neurons? In the following theorem, We focus on L;
WN-DNNs and provide an upperbound of the corresponding Rademacher complexity,
which is independent of both the depth and the width outside of the log factor.

Corollary 2 Assume that all the activation functions are anti-symmetric. For any

set S ={x1, -+, x,} CX and ¢ > 1, we have

’q7c o

\j_ockaZmaxH (1, a: || log(4k + 6) 4+ y/21og(2my)).

When p > 1, all the above theorems suggest a ﬁ di’%* dependence of the gener-
alization upper bound on the width. In the followlizlg theorem, this dependence is
reduced to H d; el , assuming that the activation functions are positive homoge-
neous. Espelmlally, the complexity bound is independent of the width when ¢ < p*.

Theorem 2.4.3 Assume that all the activation functions are positive homogeneous.

For any set S = {xy,--- ,x,} C X , we have
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(a) forp e (1,2],

k+1 k
-~ k+1)log16 , L1
%S(N:}fi:g) <o ( ) 0g <Z kit Hpﬁdz[zp q]+) i
=i

n -
=1

p*+

k

I -1+

—=oc pid,” 1 ( (k +1)log 16 max ||x;
o
min{+/p* — 1 max ||x;

1
ol VEogEm ) max .} ).

(2.7)

(b) forp e 1U(2,00),

k+1 k k
~ [(k+1)log 16 » (& -1 ock L -1
9“{5(/\/;&%’5) <o —n Z Foitt prdzp " T % Hpidip o
=1 (=1 =1
1
‘ [m V/ZTog@m)) max |1zi||. + v/{k ¥ 1) Iog 16 max||z } |

(2.8)

Although the main results in this section focus on the Rademacher complexity,
it is easy to derive the generalization error bounds. It is common to assume that
the loss function is Lipschitz continuous on each element of the response variable. If
di+1 = 1 or the loss function could be decomposed over the elements of the response
variable, generalization error bounds are straightforward from the bounds on the
Rademacher complexity [15]. Otherwise, one may apply the result of [36] to derive

the generalization bound.

2.5 Function Class Characterization and Approximation Properties of

WN-DNNs with ReLU

In this section, we focus on WN-DNNs with ReLLU, and write ¢ = o for

ReLU

convenience. We characterize the function class and provide the error bounds for the

approximation error of Lipschitz continuous functions.
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2.5.1 Exact Characterization of WN-DNNs with ReLU

The exact characterization of functions representable by neural networks with
ReLU has been studied in the literature [30,37]. On the one hand, any function
represented by a neural network with ReLU is a CPWL function. On the other hand,
any CPWL function could be represented by a neural network with ReLU. We will
then show a similar result for WN-DNNss.

We provide a technical lemma before introducing the main theorem, which might
be of separate interest. For any max affine function g : R* — R, there exists a L,
WN-DNN f : R® — R such that f = g. Max-affine functions [38] are widely used
as piecewise linear approximations for multivariate functions to fit multi-dimensional
data, especially in convex optimization.

Lemma 1 Assume that g(u) = max{a] u+by,alu+by, - ,alu+b;} is defined on
R*, and ||a;||, + |b;| < L fori=1,2---,J. Then g € qu(igLReLU, where k = [log, J],
d; =227 fori=1,2,--- ,k, and c = 2P+k+3

k= [logy J], d;y = 2271 fori=1,2,-- k.

. Especially, g € /\/ 235‘5%, where

In the following theorem, it will be shown that the function class of WN-DNNs with
ReLU is exactly the class of CPWL functions.

Theorem 2.5.1 Every R™ — R L,, WN-DNN with ReLU represents a CPWL
function. What’s more, every CPWL function g(x) : R™ — R could be represented
by a L,, WN-DNN for any p € [1,00) and q € [1,00].

Proof It is clear from the definition that every L, , normalized neural network with
ReLU represents a CPWL function.

It follows from [Theorem 1]wang2005generalization that every CPWL function
could be represented by the difference of two max affine functions. Equivalently, for
any CPWL function g(x) : R™ — R, there exists Ji,J; € N, a;,b, € R™ and
a0, by € R, wherei=1,--- Jyand [ =1,---,.Jy, such that

g(x) = max (a]xz+ap) — , max, (bz x + by) -

i=1,--,J1
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Finally the conclusion follows from Lemma 1 and Theorem 2.3.1 (d). n

2.5.2 Approximation Properties

We will show that any wide one-hidden-layer neural network with ReLLU could be
exactly represented by a deep but narrow normalized neural network with ReLU. In

addition, Lemma 2 indicates that

1,(m1,r,1) k,(m1,([r/k]+2m1+3)1,1)
% N k

1,00,-,0 ,00,1,20

for any r > 1, k,0 > 0, where [z] is the smallest integer which is greater than or equal

to z, and 1 = (1,--- ,1) € RF.

Lemma 2 Assume that a function

glx) :R™ - R = Z cio(w] T +b;),

i=1

satisfies that Y |¢;| < o and H(bi,w?)Hl = 1. Then for any integer k € [1,7],
i=1

p,q,widi/qﬁo’

where widy, = [r/k] + 2my + 3, d§ = my, d¥

P =widy fori=1,--- kK, andd’;i+1=1~

Based on Lemma 2, we establish that a WN-DNN with ReLU is able to approxi-
mate any Lipschitz continuous function arbitrarily well by loosing the constraint for
the norm of the output layer and either widening or deepening the neural network at
the same time. Especially, for L, .. WN-DNNs with ReLU, the approximation error
could be only controlled by the norm of the output layer, while the L, ., norm of each

hidden layer is fixed to be one.

Theorem 2.5.2 f : X — R, satisfying that ||f|, < L, and |f(z) — f(y)| <

Lz —y| .- Then for any p € [1,00), q € [1,00], and any integer

)

2(m1+3)/ (m1+4)
k€ [1,Cp(m1)(log %)—2<m1+1>/<m1+4) (%) e/
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if o is greater than a constant depending only on my, there exists a function h €
rd" o

T RelU where
p,q,wzdk/q,Zo
2(my+1) 72(::1+3)
widy, = [k~ C,(my)(log %)7 m1 (% ) 4 2my + 3,
d" = (my,widy, - - ,widy, 1), such that

0.__2 0

sup |f(z) — h(z)| < C(mq)L(+) ™ log —,

||, <1 L L

where C,.(my) and C(my) denotes some constant that depends only on m;.

2.6 Proofs

In this section, we provide the detailed proofs of the main results. Technical

lemmas and their proofs are deferred to the appendix. For simplicity, we define

1
T min{/p* — Tmax; ||| . ,m{" \/2log(2m,) max; ||z  }v/n, p e (1,2].
1

m1,S — L
1 V/21og(2my)nm{” max; ||, , pe{1}U(2,00).
(2.9)

where S = {x1, @2, ,x,} and &¢; e R™ for i =1.--- ,m;y.

2.6.1 Proof of Proposition 2.3.1

Proof We prove by induction on the depth k& + 1. It is trivial when & = 0. Let

k = 1. Consider an arbitrary neural network

1.doy _
feN, o =ToooTox,

where Tj(u) = Wiu + B; for i = 1,2. If IT1]l,, > O, define the new affine trans-
formation 77 by Ty = sTy, where s = ¢/ || T1|,,- Then | T7]|,, = c. Define the new
output layer by 75 (u) = (W35)Tu + B}, where

W; = WQ/S,B; = BQ.
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Since s > 1, |T5[, jlll, < 0;, Vj. If ||T1]l,, = 0, choose an affine transformation 77

I,
satisfying that [|77||,, = ¢, and define 75 (u) = Ou + B,. It is easy to verify that
f=Tsom 0T o and T3 jll, < o), ¥.

Assume that the result holds when £k < K. When k = K, consider a neural
network f(x) € Npﬁg’g =Tki1000Tko---og10Tiox, where d = (do,dy -+ ,dg41)

and o = (01, -+ ,0k). By the inductive hypothesis, its Kth hidden layer

“1,dy,
fK(w) E'/\[p{f]yc:}O*K G'K’

where dyc = (do,dy -+ ,dk), o = (01, ,0x-1) and o] = [|Tk[,j][|,- Thus, there

exists a series of affine transformations {7 };—; ... k, such that
fk(@)=Tgoog10T)_qo0---00101] o,
|T7]l,, = cfori=1,--- K —1, and ||Ti[, j]|| < 0} Vj. It indicates that
f(x)=Tkxp1o0kgoTlgoog 10T yo0---0010Tf ox.

If || T%ll,, > 0, create the new affine transformation 7" = sT}, where s = ¢/ || T[],
such that || 75|, , = ¢. Define the output layer by Ty, (u) = (Wi, ) u+ Bi,,
where

* *
WK+1 = WK+1/S,BK+1 = BK+1.

Since [lo*[|, < ¢, s > 1 and ||Tf(+1[,j]Hp < o0; Vj. If | T¢|l,, = 0, create an affine
transformation T%" satisfying that |73, = ¢, and define the output layer Tj ; =

Bgy1. Such Ty | satisfies that HT]*(H[,j]”p < o0; Vj. [

2.6.2 Proof of Theorem 2.4.1

Proof Fixing the sample S, p,q > 1, the activation functions o, and the architecture

of the DNN, define a series of random variables {Zy, Z1,--- , Z;} as

n

E €;T;

=1

Zy =

)

p*
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and
n
Zj= sup Zeiaj o fi(x;)
fe/\/’“qdig =1 p*
forj=1,---  k, where {€1,--- ,€,} are n independent Rademacher random variables,

and f; denotes the jth hidden layer of the neural network f. The proof has two main
steps. In the first step, we prove by induction that for j =1,--- ,k and any t € R

o)

E.exp(tZ;) < 4exp (

where A ¢ is defined in Equation (2.9), and

j j )
— E d‘”lnpgdf* + max [|x;]| .
i=1 (=i '

J 1

L

=1

1
Note that Sj+1 = ij+1d;+1(8j -+ 1)
The case when j = 0 is straightforward from Lemma 6.

When j > 1,

n

Y a0y 0 (V) (1031 04 (@)

i=1

Ecexp (tZ;) =Ecexp | t  sup
v,

<c
P,q

C{O

p*

fen,

<Eexp |t sup dp ]ZEUJ (1,051 0 fj_1 ()|
1V, <c

feN,i“qdcg

1 n

<2Eexp |t sup dp Zeiaj (UT(l,aj,l ofj,l(a:i))) (2.10a)
lvll,<c i—1

FENG: ﬂoa

1
< 2Ecexp | tp;df”  sup Z v (1,091 0fi_y(x;)) (2.10Db)
”,UHPSC i=1

rentdo
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1

S 2E€€Xp thJd7 sup Z Ei(l, 0j—10 fj_l(iﬂi))
reatcdo |l

*
P,q,C,0 p

n

Z €i0j—1 © fj_l(a:i)

i=1

1

< 2E.exp | tepd!” |Z€1\+ sup
fequdco
1

p*

1 n 'rj
< 2 |Ecexp (rjtcpjdj"* |Z ei|>] *
i=1
1
1 K
E.exp r;tcpjdjp* sup ZeaJ 1o fi_q1(x) (2.10c¢)
feN;l,‘qdcg i=1 p*
n - 1
1 J 1 r¥
< 2 |2E.exp (rjtcpjdjp* Zei) {Eeexp <rjf"tcpjdjp* Zj1>} " (2.10d)
i=1
. t2c2,02d" siq+1
< 4dexp 2< i )y + tc) ledp .S

i=1

The step in Equation (2.10a) follows from the observation that

1 n
Ecexp [t sup  df |Z€i0j <UT(17UJ'71 ijfl(wi))>| <

lvll,<c i—

felefic‘{

1 n 1 n

Ecexp [t sup  df Zeiaj ('UT(l,Jj,1 ofjfl(wi))> +Ecexp |t sup df Z(—ei)aj (vT(l,Uj,lofjfl(wi)))

vl <e s il <e i=1

ren e rentis

The step in Equation (2. 10b) follows from Lemma 9. Note that Equation (2 10c) holds
for any r; > 1 and r} = Hélder’s inequality E(| XY]) < E(|X|7"J) E( )
The step in Equation (2.10d) follows from E.exp (|X]) < E.exp (X) + Ecexp (—X).

By Lemma 5, for any ¢t € R, we have

- t2n
E. t ) < —).
oY) < ol 5
Then we get the desired result by choosing the optimal 7; = s;_; + 1 while following

the inductive hypothesis.
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The second step is by Jensen’s inequality. For any A > 0,

nf)A‘is(/\Gﬁ;‘i’,g) =E. sup (Z €zf($z)>
fentdo \i=1

1 n
< X logE.exp | A sup (Z eif(wi))
fe./\ff,‘,}f,lc‘g i=1
1 n
< —logE.exp | Ao sup Z & (1, oy o fi(xy))
A wd,o ||
rens @0 li=1 p*
1 A2o’n(sy, +1)3 i %
< X (k+1)log4 + 5 +)\ocki11pidi A sl (2.11a)

where the step in Equation (2.11a) is derived using a similar technique as in the first

£/ (k+1)log 16

main step. By choosing the optimal A\ = S We have

(k+1)log16

Re(NHET) < o -

»q,C,0

k
1 i
(Sk + 1) + EOCk ledlp Afnl,S‘
i=1

2.6.3 Proof of Corollary 1

Proof We provide a complexity bound for the case when p = 1. This bound has a
lower dependence on the depth under some conditions. Fixing the sample S, ¢ > 1,
the activation functions o, and the architecture of the DNN, define a series of random

variables {Zy, Z1,- -+ , Zx} as

n
Zp = Z €iLj )

i=1 00
and

n

Z;= sup Z eiojo fi(x)|
reni & =1 o0

forj=1,---  k, where {€1,- -, €,} are n independent Rademacher random variables,

and f; denotes the jth hidden layer of the neural network f. Similar to the case when
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p > 1, the proof has two main steps. In the first step, we prove by induction that for

j=1,--- kand any t € R

oy
ntQCQ(J—l—i-l) H p?

J
Eeexp(t) < 3 2971#% =
xp(tZ;) < 2 Xp 5
o 9
nt?c? T pj max; |2, j
7 =1 j Al
27 exp 5 + tc HﬁlAml,s

When 7 = 0, by Lemma 6, for any ¢t € R, we have

£2 [l
Ecexp (tZg) < exp ( nma;c”x S —l—tArlnl’S) :

For the case when j > 1,

Ecexp (tZ;) = Ecexp | t sup Z €0j 0 (VJT(l, oi_1 0 fi_1(x;))
HVJ <c lli=1 o0
1,q
rent e
=Eexp [t sup Y eo; (v (1,0 0fii(m:))|
”le§¢ i=1
renp T
<2E.exp |t sup ZGUJ' (v"(1, 041 0 fi_1(x1))) (2.12a)
Ivl<e
reng &g
<2E.exp | tp; sup v (1,01 0f_1(x)) (2.12b)
vl <c i=1
feN,’f;qdc’,g
< 2Ecexp | tcp; sup Z &(1, 04-1 o fj_1(x))

fe N;&g i=1 oo
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= 2E.exp [ tcp; max |Zei|, sup

n
D oo ofii ()
i=1

5 e 12 .
n n
= 2FE. max exp(tcpj|z &), exp sup Z €0j—1 0 fi_1 ()
i=1 rentdo [[i=1 o

< 2E.exp (tcpj\z ei|> + 2E.exp (tcpZi—1)

i=1

=
n(cp;t)?c0V T pj

t202p-2n -1 ;

2 i it =i

< 2%exp (T) + 2 ;QJ exp 5 +
. n(cp;t)*c?=Y [T pf max ||| e

29 texp 1:21 + (tepy)d ™ H piAL s

i=1

(2.12¢)

The step in Equation (2.12a) follows from the observation that

n
Ecexp [t sup |> eo; (UT(170j—10fj—1(m1))>| <
vl,<e =1

feNk,d,U'

p;q,¢,0

n n

Ecexp | t  sup Zeiqi (vT(l,a.j_l o fj_l(mi))) +Eecexp |t sup Z(—ei)qi (vT(l,aj_l o fj_l(mi)))

vl,<ec =1 vl,<ec =1
k.d,o k.d,o
feNPv'(LCJ) feNp,’q‘c‘o

The step in Equation (2.12b) follows from Lemma 9. The step in Equation (2.12¢)
follows from Lemma 5 and the inductive hypothesis.

The second step is by Jensen’s inequality. For any A > 0,

nR(NELT) — B, | sup <Z if (“’i)>

fENk,d,O' i=1

p,q,c,0

1 n
SXIOgEeeXp A sup (Zeﬁ(mﬁ)

wdo \i=
feNp/qc,0 i=1

n

> (1,00 fi(x))

i=1

< —logE.exp | Ao sup

feNk’d’U

p,q,¢,0

> =

o
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VAN
> =

log E,

exp <A0|Z €i|)> + exp ()\OZj)]

i=1

k
o2 \2c2(k—it+1) I1 p%

1 AQOQH K k—it2 (=i
SXlog 2exp( 5 )—1—22 “exp 5 +
i=1
K 2
00 X2 [ pd mas i,
2 exp = 5 +H ] pAbs || (2.13a)
i=1

where the step in Equation (2.13a) is derived using a similar technique as in the first

main step. Especially, if ¢;p; > 1fori=1,--- k&,

k
X 1 no?\?c? 7 p?
k—it2 =1
(.130) < 1 log Z_; 2 | e
k 2
no?\2c? [ p? max; ||@;l| 2, k
& =1 k 1
2%exp 5 + Aoc HPiAml,s
- k
X no?\?c¢? ] p?
<21 ok-+2 =t
=5 0og exp 92 -
i ) 2
no’A\?c? [T pf max; |||, K
k+2 =1 k !
25+ 20xp 5 + loc l_lepiAth
_ . ,
X no?A?c? [T p? max; || (1, wlT)Hoo k
k+3 1=1 k :
< 1 log [2" " exp 5 + Adoc gPiAml,S
- 2\ 2k ﬁ 2 H( T)H2
no-\c py max; ||(1,x; )| k
_ (k+3)log2 4 =il ~|—ockl_[P'A1
)\ 2 ) ml,S'

i=1
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By choosing the optimal A, we have

k

-~ 1

%S(N;;i’g) < ﬁock Hpi max (1, sz>Hoo (v (k4 3)log4 + /2log(2m;)).
i=1

2.6.4 Proof of Theorem 2.4.2

Proof We first show the case when p > 1. The proof has two main steps.
Fixing the sample S, p, ¢ > 1, the activation functions o, and the architecture of

the DNN, define a series of random variables {Zy, Z1,--- , Zy} as

n
Zo = E € )

1=1 p*

and
n
Z;= sup E ¢iojo fi(x;)
renp g llimt P’

forj =1,---  k, where {€1,--- ,€,} are n independent Rademacher random variables,

and f; denotes the jth hidden layer of the neural network f.
In the first step, we prove by induction that for j =1,--- Jk and any t € R

t?ns? . L
Ecexp(tZ;) < 4exp 5 L+ tc Hpidip Anis |

i=1

where A} ¢ is defined in Equation (2.9), and

1

J
P CJ H pgd;* .
=1

i j )
i 2
sj = g o Hpgdf —l—miax||a:,»
i=1 =i

1
Note that s;11 = ij+1dfjr1(5j +1).

When 7 = 0, by Lemma 6, for any ¢t € R, we have

t?n max || x; 123*

Ecexp (tZo) < exp < 5 + tA%,S) .




For the case when j > 1,
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Ecexp (tZ;) = Ecexp [t sup Ze g0 (VJT(l oi—1 0 fi_1 (1))
’Vj <c lli=1 p*
p,q
reng g
<Eexp|t sup dp |ZeaJ (1,05-1 o fi_1(x)))|
lvll,<c
feNé“flc?
L* n
=Eexp [t sup df ZEin (v" (1,041 0 fi_1(x1))) (2.14a)
||’U|| <c i=1
feNzi“qdég
< Ecexp thdp sup vt (1,0 ofi_1(x)) (2.14b)
”’UHPSC i=1
rent e
1 n
< Ecexp | tepd?”  sup Z &(1, 051 o fi_1(xi))
feNé‘(flcg =1 p*
1 n
< Ecexp | tepd) " |Z 6|+ sup Z €0j_1 0 fj_1(x;)
renied o |li=1 p*
1
1 n T
Eexp (rjtcpjdjp* ]Z eﬂ) *
i=1
1
a1 n "
E.exp r;‘tcpjdjp* sup Z €0j—1 o fj_1(x;) (2.14c¢)
Nﬁ,‘(ficg i=1 o
1 1
=< N o i
2E exp (rjtcpjdjp Zei {Eeexp (r}‘tcpjdjp Zjl)] . (2.14d)
i=1
1L t2¢? 2dlD si_14+1)2 k
< 27475 exp & 2( 1t D) + tckl_Ipldp A} s (2.14e)

i=1
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2
t*c?p?d? n(sj_1 + 1)
2

2 k 1
+tc [ [ pd?” AR,

i=1

< 4exp

The step in Equation (2.14a) follows from the assumption that o; is anti-symmetric.

The step in Equation (2.14b) follows from Lemma 9. Note that Equation (2.14c)

holds for any r; > 1 and r} = L=l by Holder’s inequality E(|XY]) < E(|X[7) 5 E(|]Y]7)

rj

and we choose r; = s;_1+1. The step in Equation (2.14d) follows from the inequality
Ecexp (|X|) < Ecexp (X) 4+ Ecexp (—X). By choosing r; = s,_1 + 1, Equation (2.14e)
follows from Lemma 5 and the inductive hypothesis.
The second step is based on Jensen’s inequality. For any A > 0,
nRs(NFLT) =K. | sup (Z e f (%))

et do \i=1

1 n

< X logE.exp | A sup (Z eif(wi))
£ eNé‘qdcg i=1

1 n

< X logE.exp | Ao sup Z & (1, oy o fi(x;))
rentedo |li=1 p*

1 A2o%n(sy, + 1)? E

< X log4 + 5 + Aock E pid{” AL 5| (2.15a)

where the step in Equation (2.15a) is derived using a similar technique as in the first

main step. By choosing the optimal A\ = O(S—m, we have

k
- /log 16 1 =
E}{S(/\/X;gf) <o - (s + 1)+ ﬁock Hpidip Afnl,s-
i=1

2.6.5 Proof of Corollary 2

Proof Fixing the sample S, ¢ > 1, the activation functions o, and the architecture

of the DNN, define a series of random variables {Zy, Z1, - , Zx} as

n

E €L

i=1

Ly =

Y

o0
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and
Zj= sup Ze,aj o fi(x;)
jentdo i
forj=1,---  k, where {€1,--- ,€,} are n independent Rademacher random variables,

and f; denotes the jth hidden layer of the neural network f. Similar to the case when
p > 1, the proof has two main steps. In the first step, we prove by induction that for

7=1,--- kand any t € R

. J o
nt?c20-H T p? nt2c [] pf max; || |2, j

j
Ecexp(tZ;) < 2 Z exp 5 = +exp =1 5 + t H PiAL s

When k = 0, by Lemma 6, for any t € R,

t? j
Ecexp (tZy) < exp < nma;( il + A}, s)

For the case when k > 1,

Ecexp (tZ;) =Ecexp | t  sup Z €0j 0 (VjT(l, oj—1 0 fi_q(x))
HV <c lli=1 o0
1,q
fe qco
=Eexp [t sup Y eoj (v (1,0 0 fiy(m1))]
V]l <c i=1
reng g
=Eexp |t sup Z 60 (V' (1,041 0 fi_1(m1))) (2.16a)
1Vlli<e =4
feijc,q,C70
< Eexp | tp; sup Ze v (1,05-1 0 fj_1(xi)) (2.16Db)
(V[P —

jentdo
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n

Z &1, 011 ofj_q1(x;))

< Ecexp | tcp; sup

pqco

[e.e]

n

Z €i0j—1 © fj—1<mi>

i=1

n
= Eexp | tepymax | | g &l, sup
=1 e Né‘,:f,lc’g

o0

n

Z €i0j—1 © fj,l(wi)

i=1

n
= E. max | exp(tcp;| E &), exp sup
i=1 rentcdo
P,q,c,0

< Ecexp (tcpj|z ei|> + Ecexp (tcpZi—1)

i=1

t2c2p?n — ' -
< 2exp ( QpJ > + Z 2exp 5 = +

n(cpjt) Y sz max; ||,
2

exp + (tepy)d™ 1Hp1 m.s | - (2.16¢)

The step in Equation (2.16a) follows from the assumption that the activation function
is anti-symmetric. The step in Equation (2.16b) follows from Lemma 9. The step in
Equation (2.16¢) follows from Lemma 5 and the inductive hypothesis.

The second step is based on Jensen’s inequality. For any A > 0,

n‘ﬁs(/\/;qcig):]EE sup (Zej(a:ﬂ)
fe/\flfqdcg i=1

1 n
—logEexp [ A sup (Z eif(:vi))
° rendg \is
1 n
< X logEcexp [ Ao sup Z &(1, 0 o fi(xi))
fe/\/ﬁfﬁ? i=1 00
1
XlogE exp <)\O\Z € > + exp ()\OZj)]
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k
no2 \2c2(k—i+1) 11 2

exp 5 = +

<

1
X log

K
no?A\?c¢? [T p2 max; Ha:1H2 K

exp =L 5 + Aock H pifus || (2.17a)
i=1

where Equation (2.17a) is obtained by applying a similar technique as that in the

first main step. Especially, if ¢;p; > 1 fore=1,--- ,k,

k
k41 no’ A% 11 P?
2.17a) < =1 2 —
(2.17a) og ZZI exp 5 +
k 2
no?A\?c? [ p? max; ||@]| 2, K
exp =1 5 + \ock H pA m1 g

i=1

K
n02\2c [ p2
log [2(k + 1)exp + +

1
)\

K
n0? X2 [ p2 max; ||| %, K

exp =l 5 + Aock H il s

K
no’\2c* [] p? max; ||(1, 331T>Hio

log | (2k + 3)exp =l 5 + Aock H PiAL s
i=1

<

> =

no?Act [ p2 mas, || (1, 27)][2

log(2k + 3) =1 k
= 3 + 5 + oc le mi,S

By choosing the optimal A, we have
k

! kalmaxH (1, ] HOO(\/Qlog(2k+3)+\/210g(2m1)).

N

(de0'> S

p,q,c,0
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2.6.6 Theorem 2.4.3

Proof We first show the case when p > 1. The proof has two main steps.
Fixing the sample S, p, ¢ > 1, the activation functions o, and the architecture of

the DNN, define a series of random variables {Zy, Z1,--- , Zy} as

n
Zo = Z €Ly )

i=1 -
and

n

Zj= sup Zeiaj o fi(z)||
sengde limt P

forj=1,---  k, where {€1,--- ,¢,} are n independent Rademacher random variables,

and f; denotes the jth hidden layer of the neural network f.
In the first step, we prove by induction that for j = 1,--- ,k and any t € R

2.2 j

j tnsj i [F—1]+
Ecexp(tZ;) < dlexp | — -+t [[ md™ *7AL 5]

i=1

where A} ¢ is defined in Equation (2.9), and

J .o J 11 . J 11
sp=) prdip* v max [, ¢ HPedLP* "
i=1 =i =1

1

11
Note that s;41 = cijdg-’_’:l q]+(sj +1).
When k£ = 0, by Lemma 6, for any t € R,

t?n max ||x; i* b
Ecexp (tZo) < exp 5 +tAL s | -

For the case when j > 1,

n

~ T
Z €i0; © (VJ (1, 0j—1© fj_l(a:i))

i=1

Ecexp (tZ;) =Ecexp | t  sup
v

<c
P,

p*

q
k,d,O’
fe-/\/‘pyq,c,o



41

11 n
<EBewp |t sup 47 S ey (07 (1,031 0 fa (@) | | (2.18a)
p>€ i=1
rentdo
11y, X
<2E.exp | t ||1S)h1p< d}"* alt ZEin ('UT(l, g1 0 fj_l(mi)))
p>C i=1
seni o
L1 .
< 2Ecexp | tpyd;” * sup vt (1,0 ofi_1(x)) (2.18b)
HUHPSC i=1
jentdo
(- 10+ -
< 2Ecexp | tepd;”  * sup ZQ(L oi—1 0 fi_1(x:))
renda [li=1 b
i_l n n
< 2E.exp tcpjd§p* alt |Z &l +  sup ZEin_l of_i(x;)
i—1 i=1

ren g

p*
1
-4 v K
<2 |Ecexp | rjtepd” \Zei] *
i=1
1
1 n g
Ecexp | ritepd?  sup Zeiaj,lofj,l(wi) (2.18¢)
rentedo |li=1 p*
1 1
(-1 K e alt 7
< 2 [2E.exp rjtcpjdjp d Zei E.exp rj"tcpjdj" R/ '
i=1
(2.18d)
tQCQp?dQ[p%_%Hn(s +1)? oy
< 4lexp 1) 5 = +thHPidip* q+A§11,S
i=1

The step in Equation (2.18a) follows from Lemma 7. The step in Equation (2.18b)

rj
’rj—l

follows from Lemma 9. Note that Equation (2.18¢c) holds for any r; > 1 and r} =

by Hélder’s inequality E(|XY]) < E(]X|%)%E(|Y|"7)"7 . The step in Equation (2.18d)
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follows from E.exp (|X]) < Ecexp (X) 4+ Ecexp (—X). By Lemma 5, for any t € R, we

have
E.e (t - ) <e (—tz )
€X E €i X .
p p 2

i=1

Then we get the desired result by choosing the optimal 7; = s;_; 4 1, while following
the inductive hypothesis.

The second step is based on Jensen’s inequality. For any A > 0,

nﬂ%s(J\/’;gc’g) =E. sup (Z eif(a:i)>

rengdg \i=1
1 n
< X logE.exp | A sup Z eif(x;)
reni @O \i=1
1 n
< X logE.exp | Ao sup Zei(l, o o fi(x;))
renido lli=1 b
A20? 1)2 A
< X (k+1)log4 + 0 n(zk +1 + Aock Hpidip AY s (2.19a)
=1

where the step in Equation (2.19a) is derived using a similar technique as in the first

£/ (k+1)log16

main step. By choosing the optimal A\ = Yo We have

ﬁs(f\/k’d’a) <o

p7q7c70

k
(k+1)log 16 1 L
(st )+ EOCIC [ [ i A, s
i=1

2.6.7 Proof of Lemma 1

Proof It is sufficient to prove the case when J = 2%, If J < 2*_ we could add 2¥ — J
duplicate a?u+b,’s into the max function. By Lemma 8, there exists a neural network

such that g = Tyy1000T}0---000Tjou, T} (v) : R® — ]RzkH, T; : R22TT L R fop
k+2—1

L= 27 T >k7 Tk+1 : R4 — R? HTlﬂp,q < L21+%7 HT;Hp,q = 2%+ T for i = 27 T 7]€7
and | Ty ]|, = 27", Thus
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k
k+1 3 | k+2—i 2
1+ +i§2(p+ =1+ 2-1]

k
”Tk—H”pH ||ﬂ‘|p7q S L2 S 2L2(%+k27t13_1>k.
i=1

k
Define the normalization constant ¢ = 25+ 2 ' and 0 = 2L. Normalize T; by
k
T/ Tl for i = 1,2,---  k and Tiyy by Tipr [T T3, /" As ReLU is positive
b Z:1 b
homogeneous, the normalized DNN still represents the same function as the original

one. Thus we complete the proof. [ |

2.6.8 Proof of Lemma 2

Proof For simplicty, we assume 0 = o in the remainder of the proof.

ReLU

||(bi,'wiT)H1 = 1 implies ||(bi,2w;ff)||1 < 2, thus by Theorem 2.3.1 Part (a), it is

kd"
sufficient to show that g could be represented by a neural network in N jﬁ‘;w if
p,q,w

instead ||(b;, 2w} >H1 = 1. In addition, by Theorem 2.3.1 Parts (a), (b) and (c), it
is equivalent to show that when > |¢;| = 1, g could be represented by some neural

i=1
network in Nfgff‘ew where d; < [r/k] +2my +3 fori=1,--- k.

Decompose the shallow neural network as

= <Z CT> gi(x) — (ZC‘) g-(z)

Zco )@+ b)) /ch, g (x an Ve +b;) /ch’

for some ¢, ¢; > 0. Note that ||a”AT|| < 1if a € R® satisfies that |la]|; < 1, and

A € R satisfies that || Al|, ., < 1. Additionally

r1 72 T

+ - _ _
E ci—l—g ¢ —E lei| = 1.
i1 i=1 i=1

Thus it is sufficient to show that

where
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kd, .
could be represented by some neural network in N1 o, f etV - where each hidden layer

contains both o o @ and o o (—x), while satisfying that d; < [r1/k] + [ro/k] + 2mq + 2
forie=1,--- k and dp,q1 = 2.

When k£ = 1, it is trivial.

When k = 2, we construct the first hidden layer consisting of [ry /2] + [ro/2] + 2m;4

hidden neurons:
{(’wj_)TZB—l—bj_Z 7"' [TI/Q]} {( ) il?—i—b_ 1,---,[7’2/2]},33,—26.

For the second hidden layer, there are 2+ r — ([r1/2] + [r2/2]) + 2my hidden neurons.

The first neuron

[7'1/2 7‘1/2]

Z ¢fo( To+bf)/ Z cf,
the second neuron

[r2/2] [r2/2]

77222 o ((wi)" @+ 07 /Zl,

i=1
then follows o o & , 0 o (—x) and the left r» — ([r1/2] + [r2/2]) hidden neurons
(w)"

{0 = (wi) s ow — (W) oo (~@) +bf i =[r/2 + 1},

{ny = (w;)'cox— (w; ) oo(—x)+b :i=][r/2] +1,--- 7}

The output layer only contains two hidden neurons (g, , g_), which could be computed
respectively by
/2 ra/2l
¢ T + pONe T2 -

Lo+ Y. wi—o(f) and o)+ Y o).

Soef i=[r1/2+1 Z c; Ser i=[r2/2141 Y €
i=1 i=1 i=1 i=1

2.d.o
Thus, we find a neural network in NE Leodo Y

representing (g, ,g_), where d; < [r1/2]+
[12/2] 4+ 2my + 2.
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When k = K, define i = (K — 1)[r1/K]|,r5 = (K — 1)[ry/K],r* = r1 + ro and

g9'(®) = (97(2), g~ ()

= E cfo (whH Tz +b),
+ =1 — =1

Zcz Zc

i=1 i=1

a:—l—b )

By induction assumption, g* could be represented h* € NlK 0211(11 ’URBLU, where df <
[ /(K —1)]+[r5 /(K —1)] +2my + 2. In order to construct a WN-DNN representing
(9+,9-), we keep the first K — 1 hidden layers of h* and build the Kth hidden layer
based on the output layer of h*. Since the (K — 1)th hidden layer contains both oo

and o o (—z). Thus except the original two neurons, we could add
{(whH ooz —0oo(~x) +b i=r{+1,-- .},
{(w;) (cow—0o(-@)+b ci=r3+ 1 mhoo)oo(-a)
to the K'th hidden layer. Note that ||(bi, 2'w;f)||1 = 1, thus we does not increase the

L, -, norm of the Kth transformation by adding these neurons.

We finally construct the output layer by

.
"1

Thus, we build a neural network in A oodlalRELU representing (g4, ¢-). The width

of the ith hidden layer d; < [r1/K] + [r2/ K] 4+ 2m; + 3. u

2.6.9 Proof for Theorem 2.5.2

Proof Assume f is an arbitrary function defined on R™ — R, satisfying that

|1l <1, |22l <1, f(x1) < Land |f(x1) — f(x2)| < L ||@y — 22| ,. Following
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[39, Propositions 1 & 6], for o greater than a constant depending only on m;, a fixed

v > 0, , there exists some function h(z) : R™ — R = Y ¢;o(wlz + b;), satisfying
i=1

2(mq1+1)

(bi,w?)”l =1land r < ey(mq)y ™+ | such that

,
that Y |¢] <
=1

0, _2 )
sup |f(x) — h(x)| < oy +cr(ma)L(=) ™+ log —,
12 <1 L L

where ¢;(my) and cg(m,) are some constants depending only on m.
By taking v = c1(my)(o/L)"172/(mHt]og 2 we have some function h(x) =

> cio(wlx + b;), satisfying that Y- |e;| < o, ||(b;, 2w])|, =1 and
i=1 i=1

) 2(m1+3)/(m1+4)

S Cr(m1)<10g 2)*2(m1+1)/(m1+4) (

L

Y

L

such that

sup | f(a) — h(m)| < C(my)L(=) ™ log =,
|z, <1 L L

where C,.(my) and C(m;) denote some constants that depend only on m;.
By Lemma 2 for any integer k € [1,r], this h could be represented by a neural

network in /\/ where df = my, df = [r/k] +2m; +3 for i = 1,--- ,k and

,00,1,07
2.7 Technical Lemmas

In this appendix, we provide technical lemmas and their proofs in order to develop

the main results.

Lemma 3 (Massart’s finite lemma) Let A be some finite subset of R™ and €;.€a, - - -

be independent Radermacher random variables. Let r = supge 4 ||al,, then we have

Sup—z ] \/210g|./4|

acA M m

=1
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Lemma 4 [}0] Assume that the hypothesis class F C {f|f : X = R}, andxy, -+ ,x, €
X. Let G : R — R be conver and increasing. Assume that the function ¢ : R — R is

L-Lipschitz continuous, and satisfies that ¢(0) = 0. We have:

1 < 1 <
E. |G| sup | — ezqﬁ(f(ml)))) <E |G (L sup <— elf(azz)>)] )
(fef <n ; feF\" ;
Lemma 5 Assume that €1,€5.--- €, are n independent Rademacher random vari-

ables. Then for any t € R,

E.ex (tEn ) <ex (tz)
€ 61 — .
plt, Pl

i=1

n
Proof Note that » ¢; is also a deterministic function of the i.i.d.random variables
i=1

n
€1, , €, satisfying that E, > e; = 0 and
i=1

|Z€i +€; — (Zq —€)] <2.
1#] i#]
Then by the proof of Theorem 6.2 [41],

n t2
Eeexp(t Z Ei) < exp(Tn%

i=1

for any t € R. [ |

Lemma 6 Assume that S = {x1, 29, - ,x,}, where x; € R™ fori=1,2,--- n.

For anyp € [1,00), 1/p+1/p* =1, and any t € R, we have

2 2
t°n max [|x;|| .
< exp 5 + tApml’S ,

n

E €Ty

i=1

Eexp |t

p*
where Ay, ¢ is defined in Equation (2.9).

Proof Define

n

E €iT;

i=1

Z(]:

p*
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We first show that E.Zy < A} ¢. For p € (1,2], [|-][,. is 2(p* — 1)-strongly convex

n
Seaxi|| < y/ELmax; ||
i=1 .

For p € [1,00], let x[j] = (x1[j], z2[j], - - - , xa[j])T, where x;[j] is the jth element

with respect to itself on R™ [42], thus 1K,

- [43].

of the vector x; € R™.

n

E €iT;

i=1

1
~E,
n

p*

< : sup [lz(j]l, (2.20)
J

1

Pt /21 2
<M V218@my) o el

n J

1

Smf 2log(2m,)

The step in Equation (2.20) follows from Massart’s finite lemma.
Note that Z; is a deterministic function of the i.i.d.random variables €, -+ ,€,,

and satisfies that

|Z0(617 te €yt 767’L) - ZO(ED cer oy, 6y 7€n)| S 2maX||Xi p*
by Minkowski inequality. By the proof of Theorem 6.2 [41], Z; satisfies that
Ecexp (tZo) = Ecexp (t(Zo — EZo)) * exp (tEZo)

2 2
t“n max [|x;|| .
< exp 5 +tAY s

for any t € R. [ |

Lemma 7 Assume that o is positive homogeneous. ¥p,q > 1, s1,89 > 1, {e1, -+ ,e,} C
{=1,41}", and for all functions g : R™ — R*', we have

n

Z €0 (VTg(wZ-))

=1

1

sup
IV,

VR %2

p*

1 1
where = + = = 1.
p+p*
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Proof The proof is based on the ideas of [21, Lemma 17]

The right hand side (RHS) is always less than or equal to the left hand side (LHS),
since given any vector v we could create a corresponding matrix V of which each row
is v.

Then we will show that (LHS) is always less than or equal to (RHS). Let V7, j]

be the jth column of the matrix V. We have [[V]|, . <[[V][,, when ¢ < p*, and by
[ —3]

Hélder’s inequality, |[V], . < s5° IVI,, when ¢ > p*. Thus
S[%‘%H n
(LHS) < sup 22— ZQU o (Vig(z;))
ver 2 Vi |45 -
o N
2+ 1 : .
= Sy W VI S ao (VI 4], g(:)))
VeR 72 pp* \ j=1 |i=1
e\ /P
(-1 1 - L (RHS)
<s/ 77 sup VI > LIVEAL, 1,
VR 72 pp* \ j=1 Sy 1
1/p*
= (RHS) sup
VeRslxsg |V|| le
= (RHS)
|
Lemma 8 Assume that the function g(u) = max{a{u+by,aju+bs,---,al,u+bys}

is defined on R®, and ||a;||,+|b;)| < L fori=1,2---,27. Then g could be represented
oTjo---00, ,0T1ou, whereTi(v) = (W[lJ])T’U

2RI o i =2, J, and
W[ ] L € RZX! There are in total 27+% — 4 hidden neurons in this neural network. In

(B, WIYT|,, < 22475, |w!

by a neural network g =T; 100

B!, wl/l ¢ re*

ReLU

, Ti(v) = (W Ty, W“] R

2J+1

3 J+2 J+2—i_q
— 2t fori=2---_J, and
P.q

W = (0.5,-0.5,05 05)

Proof The proof is inspired by [30].

We prove the statement by induction on J.
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Let J = 1. As shown in Figure 2.3, define
Wl = ( a;+a —a;—az a;—as —ai—+ as ) GRSX47

Blz(b1+b2 b —by b+ by —b1+52)eR4

and

T
We = ( 05 —05 05 0.5 ) e R4*!

It is easy to verify that Wg [0

///

o (Wiu+ By)] is equal to max(al u+b;, al u+b,).

ReLU

ax(aiu+tby,a2u+b2)

/
/
/

Fig. 2.3.: A WN-DNN representing max(alu + by, alu + by).

By Minkowski inequality and ||-||, < [|-||;, we have

1

WY, < (a(lad b, + @ b))’
1
laf b, + e )]’

< L2'%,

and

2_
IWell, =20""
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Fig. 2.4.: A WN-DNN representing max(alu + by, alu + by, atu + b3, atu + by).

Let J = 2. Treat max{afu + by, alu + by, alu + b3, alu + b,} as the maximum of
max(a]u + by, alu + by) and max(alu + b3,alu + b)). As shown in Figure 2.4,
max(alu+by, alu+b) = We' [0, 0 (W) "u+ B{)| and max(alu+bs, alu+

b)) = WeT [aReLU o ((W?)Tu + Bl{)], where
Wi = ( ay+ax —a;—az —a;p+az ap—az )a

b
le(a3+a4 —a3 —ay4 —asz+ay a3—a4>,
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B(ll:<b1+bz —b1 — by —b1 + b2 bl_b2)7
BI{:(b3+b4 —b3 —by —b3+by b3—b4>-

We then put the two neural networks representing max(alu + by,alu + by) and
max(alu + b3, alu + b)) in parallel and compute max{afu + b;,alu + by, alu +

bs,alu+ by} by

(We)lo,, .o ((W?)T(max(alTu + by, azu+ by), max(azu + bs, alu + b4))T) ,

where

Consider the neural network in Figure 2.4. Since the second hidden layer is not
activated, the two affine transformations (the blue dashed lines) could be combined

as one. Equivalently,

max{aju+by,aiu+ by, aiu+bs,alu+by} =

(W) 700 (WE (00 0 (VE) ) )|

where
a b
W[;] _ WC 0 W?7 V[12] _ B1 Blb c R(s+1)><8'
0 WC W? Wl
Note that
1
q q q
B! B}
T S R e M s
P.a W¢ WI{ P
D, pq
For J > 2, we have
max{aju+by, - ,aju+ by} =(We) oy, o0

(W) (max(aju+ by, ,ag;1u+ bys1), max(ag,—1, W+ by -+, ag,u+bys))").
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By the inductive hypothesis, we could put the two J-layer neural networks: max(a?u+
bi, -+ ,al, ju+by-1) and max(ag,,lﬂu +bys-1 -+ ,al,u+ bys) in parallel. Fur-
thermore, by Theorem 2.3.1 (d), the corresponding L, , norm of each hidden layer will
be 24 times as large as that of max(uy, -+, ups-1) or max(ugs-14q,- - ,uys) . Finally,
similar to the case when J = 2 in Figure 2.4, we could combine the original output
layers of max(uy, - - -, ugs-1) and max(uys-1,1, -+ ,Uys) with WY, Thus complete the

proof. [ |
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3. SPARSE DEEP NEURAL NETWORKS AND
OVERFITTING

3.1 Introduction

Deep neural networks have recently attracted a lot of attentions due to their
successful applications on many real-world applications [16]. The new advancement
on optimization with SGD and graphical processing units (GPUs) makes the DNN
training easy to scale to millions of parameters [44—46]. On the other hand, overfitting
becomes a notorious feature of DNNs, which may lead to poor generalization. Recent
works [47-49] show that the networks can be pruned significantly without any loss in
accuracy. In the meanwhile, many other methods have also been developed to address
the issue of overfitting, which includes early stopping, weight penalties of various kinds
such as Ly and Ly regularizations, weight sharing [50], and dropout [51].

Empirical evidence suggests that inducing sparsity can relieve overfitting and save
computation resources. A common strategy is to apply sparsity-inducing regularizers
such as Ly penalty [52] or the total number of parameters in the network [53]. How-
ever, theoretical investigations or justifications on sparse DNNs are less explored in
the literature.

Weight normalization, by bounding the Euclidean norm of the incoming weights
of each unit, has shown to be able to accelerate the convergence of stochastic gradient
descent optimization across many applications [20]. In this chapter, we borrow the
strength of weight normalization and induce the sparsity by bounding the L; ., norm
of the weight matrix (including bias) for each layer. By doing this, we are able to
induce the sparsity in a systematic way. Furthermore, we have developed capacity
control for such models. It is shown that the generalization error upper bounds are

independent of the network width and v/k-dependence on the depth k of the network,
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which are the best available bounds for networks with bias neurons. Our results pro-
vide theoretical justifications on the usage of such weight normalization, which leads
to a sparse DNN. At the same time the generalization error has the minimal de-
pendence on the network architecture. L; , norm-constrained fully connected DNNs
without bias neurons were investigated in prior studies [18,21,23,26]. Rademacher
complexity bounds in [18,21,23] is 2* times larger than our result in Theorem 3.3.1
even without bias neurons in each hidden layer. Furthermore, it is hard to extend
the work of [26] to the fully connected DNNs with bias neurons, especially when the
activation function, such as the tanh activation function, fails to map the bias neuron
to 1. As a comparison, our result is applicable to all Lipschitz continuous activation
functions.

The overall contributions of the chapter are: (a). We have theoretically established
the generalization error bounds for both regression and classification under the L; -
weight normalization for networks with bias neurons; (b). We have developed an easily
implemented gradient projection descent algorithm to practically obtain a sparse
neural network; (c). We have performed various experiments to validate our theory
and demonstrate the effectiveness of the resulting approach.

The chapter is organized as follows. In Section 2, we define the sparse DNNs. Sec-
tion 3 gives the Rademacher complexities, the generalization bounds for regression,
and the generalization bounds for classification. In Section 4, we propose a gradi-
ent projection descent algorithm. Section 5 includes both synthetic and real world

experiments to validate our theoretical findings.

3.2 The Model

In this section, we introduce the sparse deep neural networks.



o6

3.2.1 Sparse DNNs

We begin with some notations for fully-connected neural networks. A neural
network on R® — R%+1 with k hidden layers is defined by a set of k + 1 affine
transformations 73 : R% — Rdl,Tg :R® RdQ, SN R%* — R%+1 and an
activation function o. In this chapter, we consider activation functions satisfying that
0(0) = 0. Note that this condition holds for widely used activation functions including
ReLU and tanh. The affine transformations are parameterized by T;(u) = W} u+By,
where W, € R%1*% and B, € R% for ¢ = 1,--- ,k+ 1. The function represented by

this neural network is
flz) =Tgy1000Tpo---000To.

Before introducing the sparse DNNs, we build an augmented layer for each hidden
layer by appending the bias neuron 1 to the original layer, and then combine the
weight matrix and the bias vector to form a new matrix. We define the first hidden

layer as
fl(:c) = T1 ox =S <\~/1, (17 3'}T)T>,
where V, = (B, WT)T ¢ RldotDxdi

Sequentially for £ = 2,---  k, define the /th hidden layer as

fil®)=Tio0o0 fii(x) & (Vy, (1,00 f ()",

where V, = (By, W7 € R-1+Dxde The output layer is

f(iE) = Tk—H 000 fk(w) = <vk+17 (170 o fl?(x>>T>7

where Vk-i-l _ (Bk+17 Wg_H)T e R+ xdky1
The sparsity of the DNN could be controlled by setting proper constraints for the
L, » norm of each hidden layer, where the L; o, norm of a s; X sy matrix A is defined

as

S1
4], = max (Z \am) .

=1
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Specifically, define S/\/ k.d.o as the collection of all sparse DNNs f(x) = Tjy1 000

Ty 0---00 0T ox satisfying:
(a) It has k hidden layers;

(b) The number of neurons in the ¢th hidden layer is dy for ¢ = 1,2,--- k. The

dimension of input is dy, and output dg1;
(©) Tl 2 | Vel <cfore=1,k;
’ 1,00

(d) The L; norm of the jth column of VkH is bounded by the jth element of o:

Vialdll|| <oy forj =1, du.

We call ¢ the normalization constant in the rest of the chapter. Furthermore, define

the collection of the sparse DNNs without any constraint on the output layer as
Sk do = U, Nk d.o
o 0 .

We focus more on the influence of ¢ on the generalization behavior as well as the
sparsity of the DNN, and we will provide the generalization bounds for the sparse
DNNs with unconstrained output layers.

In order to obtain a sparse neural network, we need to transform our understanding
of a problem into a loss function L(-,-). Then it is equivalent to solve the optimization

problem

mln {ZL (), v:)

where (z1,11),- -, (€n, yn) € R™*! are the samples, k and d define the depth and

feyda} (3.1)

widths of the DNNs, and the normalization constant ¢ controls the sparsity. We focus
more on the influence of ¢ on the generalization behavior as well as the sparsity of
the DNN, and we will provide the generalization bounds for the sparse DNNs with

unconstrained output layers.
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3.3 The Learning Theory

In this section, assume that X = [—1,1]™!, and the activation function o is P~
Lipschitz continuous. Note that ReLU and tanh are both 1-Lipschitz continuous.
3.3.1 Rademacher Complexities

The empirical Rademacher complexity of the hypothesis class F with respect to
a data set S = {z1...2,} is defined as:

1 n
(i)

where € = {¢; ... €, } are n independent Rademacher random variables. The Rademacher

~

Rs(F) = E

complexity of the hypothesis class F with respect to n samples is defined as:
R(F) = Eg.pr [Rs(F)|

In the following theorem, we bound the Rademacher complexity of SN lj;(fl’a when the
output dimension is one, which will be used later to obtain the generalization bounds

for both regression and classification.

Theorem 3.3.1 Fixk > 0,c,0>0,dy € N, for{ =1,--- k, and dx1 = 1, then for

any set S ={xy, - ,x,} T X , we have
k
-~ k+1)log16 2log(2m
%S(SNICC:Od7O-) <o % (Z(cpa)z + (cpa)k> + o(cpa)k\/ #
=0

Furthermore, if cp, > 1,

Rs(SNHA0) < %o@pa)k(wk T 3)logd + /Zlog2m)).

Remark 1 When log(m;) is small, we briefly summarize the dependence of the above
bound on k under different choice of c:

k+1

o cp, < 1: O(\/EM)

1—cp0.
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° cp, = 1: O(\/E(Cp(y)k)

The complexity bound does not depend on the width of the network. In addition to the
product of the Ly o, norms of each layer, the complexity bound depends on the depth
k by O(Vk) when cpy <1, and \/E(cpa)k otherwise.

3.3.2 Generalization Bounds for Regression

In this section, consider a specific case of equation (1.1), where ¢ is an identity

transformation, and ms = 1. Assume the following conditions in this section:

(Al). (@,y) is arandom variable of support X x ) and distribution D, and S = {(x;, ¥;) }};

is a dataset of n i.i.d. samples drawn from D.

(A2). The normalization constant ¢ > 0, the number of hidden layers k € [0, c0), and

widths d € N*™ with dy = m; and djy1 = 1.
(A3). For any y € Y, |y| < B.

In practice, the output is usually normalized to the range [—1, 1]. Thus it is reasonable
to set By = 1. An alternative way is to choose By as the (1 — dy) quantile of {|y;|,i =
1,--+,n}, where dy is a constant in (0,1). In this case, a modified version of the
following theorem still holds, as shown later in Remark 4.

Mean square error is defined as Lg(f(x),y) = 5(y—f(x))?. The following theorem
shows the generalization bound that holds uniformly for any sparse DNN in §’§’d70.
Note that the sample S = {(x;,v:;)}/, is a dataset randomly drawn from D, the
following statement holds with a high probability over the choice of the sample S.
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Theorem 3.3.2 Assume A1-A3 hold and cp, > 1. Fiz§ € (0,1), then with probabil-
ity at least 1 — O over the choice of the sample S, for every sparse DNN fr € §’§’d’g,

we have

(Bo + (1T lly + 1)(Cpa)k)2*
NG

2
\/log \/; +log(|| Ths1ll; +2) + 24/ (k + 3) log4 + 2+/21og(2m;)

(3.1)

gLS (fT) <

Remark 2 The first term (Bo + (|| Tsall, + 1)(cpa)k)2 reflects the range of the loss
function Lg. In addition to this, the generalization error depends on the probability 1—

§ by \/1log(1/6), the depth by \/k, and the input dimension by v/Togmy. The case when

cpy < 1is discussed in the supplementary material. When logm; s small the gener-

C +1
alization bound can be established as O (wffl”) ( log 5 + /i 2l il pfp + (¢cpy)Fy/1og m1>).

Remark 3 [t is similar to obtain the generalization error bound for the mean absolute
error loss, defined as La(f(x),y) = |y — f(x)|. In addition to the same assumption

of Theorem 3.3.2, assume that By is a constant. Then

Eu,(fr) <O <%<wa>k(\/@+ VE +/logm )) |

Remark 4 Condition (A3) is not always met, especially when y = f(x) + €, where
e ~ N(0,1). However, it is still reasonable to assume that P(ly| < By) > 1 — &g for
some fized 69 > 0 and By > 0. Under this alternative assumption, FEquation 3.1 is

replaced by

(Bo + (| Tl + 1)(0p0)k)2*
NG

2
\/log \/; +log(|| Ths1ll; +2) + 24/ (k + 3) log4 + 2+/21og(2m,)

Ers(fr) <(1 - do)
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3.3.3 Generalization Bounds for Classification

In this section, we consider the case of Equation (1.1) when ¢ = argmax and
Y ={1,2,--- ;my}. In the rest of the paper, we define the jth element of a vector z

by z[j]. In this subsection, assume the following conditions:

(B1). (x,y)is arandom variable of support X x ) and distribution D, and S = {(x;, y;) }"-,

is a dataset of n i.i.d. samples drawn from D.

(B2). The normalization constant ¢ > 0, the number of hidden layers k € [0, 00), and

widths d € N’ff? with dy = m; and di1 = mo.

The cross-entropy loss function is defined as

exp(f(z)[y])
> expf(a)[j]

We then extend it to the sparse DNNs with unconstrained output layers. For any

transformation T'(u) = V7 (1,u”)”, define T[j] as V[, j]: the jth column of V.

Le(f(x),y) = —log

Theorem 3.3.3 Assume B1-B2 hold and cp, > 1. Fiz 6 € (0,1). Then, with prob-
ability at least 1 — & over the choice of S, every fr € §’§’d’g satisfies that

) T el
(i) <0 [ Ll |y flog £+ L Ry g )
v ’ 5t enlh

(3.2)

where | T, = = Ylvgl. if T(2) = (V. (1, 2)).

Remark 5 The first term (cpy)* |Tisilly o reflects the range of the neural net-
work fr. In addition, the generalization bound depends on the probability 1 — & by
@) <\/@>. The generalization bound depends on the depth k, the input dimension
my and the number of classes mqy by O ( LS LIW \/W_IQ(\/E + M)>, respectively.

1Tk+11l1 oo

This could be reduced to O << sty \/m2> (Vk + VIog m1)> if exp(| Tics1 |4 o0 (€ )%) =

1Tk+11l1 oo

O(1). The case when cp, < 1 is discussed in the supplementary material. Under this

1_(Cp0-)k+1 )

assumption, the generalization bound rely on cp, by O( e
o
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Algorithm 1 Gradient Projection Descent Algorithm

In each iteration:

Input: v = (\N/'gt), - ,\N/'f;))
forall/=1,...,k do
(t+1) ~ (¢ ~ (¢
Vi =V - avnvy),

where ~; is the stepsize at iteration ¢
for all columns v in VEtH) do
if |||l > ¢ then

v = proj|.|,<.v by Algorithm 2

end if
end for
end for
Output: vy (\7?“) \N/',(:H )

Remark 6 Condition (A3) is not always met, especially when y = f(x) + €, where
e~ N(0,1). However, it is still reasonable to assume that P(|z[j]| < B;) > 1—0d for

some fized 09 > 0. Under this alternative assumption, FEquation 3.2 is replaced by

P (cpa)k 1 ||Tk:+1||1,1
Lo (fr) <O [ (1—do) NG | Thsll1 o log <+ m\/m_z(\/%Jr Viegmi)| | .

3.4 The Algorithm

Algorithm 2 Projection to L; norm ball [54]
Input: v € R®, ¢

Sort abs(v) into p: py = pe = -+ = s

Find p* = max{p € [s] : p, — i( o1 lq —c) >0}
Define § = L+ o= Z’l,uq c)

Output: w s.t. w, = sgn(v,) - max{abs(v,) — 6,0}
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In this section, we propose a gradient projection descent algorithm to solve the
optimization problem equation (3.1).
Recall that for a neural network f(z) = Tyyy 00 0Ty 0---00 0T ox with

Ty(u) = \N/'L,T(l, u?)T, we have f € §-40 if and only if
HVng <c W or H\NZZ['J]‘L <c VU7.

One idea is to solve the Lagrangian of equation (3.1) by a proximal minimization
algorithm. However there is no closed form for the proximal operator with the L o
norm. Another idea is to directly solve the constrained optimization problem by a
gradient projection descent algorithm. Under this circumstance, the projection to
an L; norm ball could be efficiently implemented while inducing the sparsity of its
output [54].

Our gradient projection descent algorithm could be easily implemented as a vari-
ation of any gradient descent method, as shown in Algorithm 1. In each iteration
of the original gradient descent method, we project its output to the sparse DNN
function class by Algorithm 2. Note that the uniform convergence of the empirical
risk to the true risk holds for any hypothesis defined in Theorems 3.3.2 and 3.3.3.

Therefore, it applies to the gradient projection descent algorithm output too.

3.5 Numerical Results

In this section, we validate our theorem using both simulated and real data ex-
periments. We first design two synthetic experiments to demonstrate the theoretical
advantage of the sparse DNNs. Especially, we illustrate the power of L; ,.-weight
normalization for high dimensional problems. Furthermore, we apply our algorithm
on convolutional layers, and validate our theoretical findings on CIFAR-10 datasets.
For each setting, we measure the training error, generalization error, test accuracy,
and model sparsity in order to demonstrate ¢’s influence on the generalization ability
as well as the sparsity of the model. Recall that the generalization error is the differ-

ence between training error and test error. Note that we do not have access to the
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underlying distribution of the input x and output y. Thus, the generalization error
refers to the empirical loss on the test set in all experiments. Besides, test accuracy
is the classification accuracy for testing data. The sparsity rate is the ratio of the
number of zero parameter estimates to the size of weight matrices. In this section, we
will use the following format dy —dy; — - - - — dj11 to define the architecture of a neural
network, where £ is the number of hidden layer of the neural network, dj is the input
dimension, dj,; is the output dimension, and d; denotes the number of neurons in

the the ¢th hidden layer.

3.5.1 The Regression Experiment

We evaluate our algorithm on a high-dimensional linear regression problem y =
2”3 + ¢, where the coefficient 3 is a sparse vector. We sample 500 random samples
(i, 5) € R xR, i =1,---,500 for training, and 1500 samples for testing from the

distribution below.

1. Generate the coefficient 3 by 5; ~ Unif(0.15,150) for ¢ = 1,--- 100, while
setting the rest of 3 to be zero.

2. For Vi, first independently sample an auxiliary variable z; € R from N (0, I).
Then generate x; by z;i1 = z1, and x;; = 25 + 0.2(2; ;11 + 2,-1) for j =

2,-++,1000. Finally sample y; from N(z!3,1)

Note that we make the high-dimensional problem even more challenging in the pres-
ence of multicollinearity. We train the model with one fully connected layer with 300
output units using ReLLU, and the loss function is mean square error. We summa-
rize the results in Table 3.1, which are estimated by the mean of 10 repeated trials.
As shown in Figure 3.1(a) and Figure 3.1(b), as ¢ increases, weight matrices be-
come denser, and the generalization error increases, which matches the conclusion of
Theorem 3.3.2.
When ¢ = oo, or equivalently with no regularization, even the model fits the

training data perfectly, it suffers from serious overfitting. The above problem could
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Table 3.1.: Training error, test error, generalization error and model sparsity for the

regression experiment.

train err test err gen err sparsity %
c =00 0.000 69.520  69.520 3.02%
c¢=10.00 | 0.000 35.071  35.571 41.58%
c=2.00 0.052 8.129 8.077 61.42%
c=1.00 0.131 2.424 2.426 84.69%
c=0.90 0.173 2.424 2.251 87.62%
c=0.80 0.197 2.384 2.186 89.80%
c=0.70 0.235 2.334 2.099 91.09%
c = 0.60 0.252 2.247 1.994 91.78%
c=0.50 0.286 2.140 1.854 93.33%
c=0.40 0.387 2.209 1.822 93.88%
c=0.30 0.850 2.526 1.675 94.18%
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(a) Generalization error vs. c. (b) Sparsity rate vs. c.

Fig. 3.1.: Boxplots of generalization error and sparsity rate with different ¢ for the

regression experiment.

be solved by applying L; . weight normalization with a proper ¢, as the test error

would be decreased by more than 95% if set ¢ = 0.20.

3.5.2 The Classification Experiment

We first consider a high-dimensional nonlinear binary classification problem. We
sample 500 random samples (z;,1;) € R*™ x {0,1},7 = 1,---,500 for training, and
1000 samples for testing from the distribution below.

1. Generate a ~ N(0,1).

2. For Vi, independently sample x;;: the jth element of x;, from N (%,%) for
Jg=1,---,500, and

1, e+ ad + 5sin(zi3zi) — 3 >0
Yi =
0, otherwise

We use a 500-100-50-20-2 fully connected neural network with ReL.U, and the loss
function is cross entropy. We report the results in Table 3.2, which are estimated by

the mean of 10 repeated trials.
As illustrated in Figure 3.2(a), the generalization error decreases as ¢ decreases,

which matches the conclusion of Theorem 3.3.3. In the meanwhile, the network
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Table 3.2.: Training error, generalization error, test accuracy, and model sparsity for

the classification experiment.

train err  gen err test acc(%) sparsity(%)
c=00 0.005 0.543 71.60 2.39
c=1.00 0.016 0.624 83.50 66.71
c=0.50 0.087 0.337 87.30 68.43
c=0.30 0.053 0.297 88.40 90.78
c=0.22 0.034 0.280 88.93 93.29
c=0.19 0.046 0.273 89.10 94.53
c=0.16 0.030 0.250 89.23 95.40
c=0.13 0.077 0.177 89.93 96.60
c=0.10 0.121 0.155 90.01 97.53
c=0.071] 0.207 0.102 90.12 98.98
c=0.04 0.239 0.112 89.57 99.04
c=0.01 0.265 0.068 88.48 99.49
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Fig. 3.2.: Boxplots of generalization error and sparsity rate with different ¢ for the
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0.07.

Fig. 3.3.: Visualization of the first twenty columns of the resulting weight matrix

representing the first hidden layer with/without L .-weight normalization.

becomes sparser with a smaller ¢, which is evident in Figure 3.2(b). However, there is
a trade-off between approximation and generalization ability. A smaller ¢ leads to a
smaller generalization error. On the other hand, a small ¢ limits the expressive power
of the neural network. For example, decreasing ¢ from 0.10 to 0.07 nearly doubles the
training error.

With no regularization, the model fits the training data perfectly, however it
performs poorly on the test dataset. We could improve the test accuracy by 19.4%
using L o-weight normalization with ¢ = 0.07, while the resulting weight matrix are

much sparser as shown in Figure 3.3. We also observe that the first 4 columns of the
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10 experiment.

resulting weight matrix are dense, while the others are sparse. It is because that only

the first four elements of the input are included in the true model.

3.5.3 CIFAR-10

We extend our method to convolutional neural networks in the second experiment.
CIFAR-10 [55] consists of 60000 32 x 32 color images in 10 classes. A small kernel
size itself assumes the local sparsity, thus it is not necessary to apply L ..-weight
normalization to convolutional layers with small kernel sizes. We use a modified VGG-
16 to train the model, where the first two 3 x 3 convolutional layers are replaced by
two 21 x 21 convolutional layers. Note that VGG-16 is a convolutional neural network
model proposed by [56]. We have done a 20-fold cross-validation to test the models
ability to predict new data.

As shown in Figure 3.4(b), when ¢ increases, the network becomes denser. For
example, when ¢ = 15, the connection is very sparse as more than 95% of its elements
are learned to be zero. However, if we increase ¢ from 15 to 45, the sparsity rate
will be reduced by almost 25%. Furthermore, Figure 3.4(a) indicates that picking a

larger ¢ might result in poorer generalization. For instance, the generalization error
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doubles when c is increased from 15 to 45. Such observation matches the conclusion

of Theorem 3.3.3.

Table 3.3.: Comparison of different regularization on previous classification experi-

ment, MNIST, and CIFAR10. Bold results are the best two methods in each experi-

ment.
Regularizer Cla. Exp MNIST CIFARI10
No 71.6 97.85 93.34
Li, A=0.1 50.0 13.87 48.32
Ly, A=10.01 50.0 11.35 92.53
Ly, A =0.001 81.6 97.33 93.43
Ly, A =0.0001 73.2 97.99 93.64
Ly, A=0.1 70.8 80.30 80.41
Ly, A =10.01 73.4 92.30 90.38
Ly, A =0.001 73.2 94.43 91.41
Ly, A =0.0001 71.8 97.90 93.72
Dropout, r4 = 0.5 73.5 98.11 93.42
Our Approach 91.0 98.03 93.75

3.5.4 Selection of the Normalization Constant

The optimal normalization constant is chosen by k-fold cross validation.

We give examples of the selection of ¢ on the classification and regression problem
in Section 5.1 and 5.2. As shown in Figure 3.5, we plot the average cross validation
score against the normalization constant ¢ for both of the experiments. Then choose

the optimal ¢ that corresponds to the largest average cross validation score.
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Fig. 3.5.: Examples on the selection of ¢

3.5.5 Comparison with Other Regularizers

While establishing strong theoretical foundations for L; ,-weight normalization,
we show that our method performs well in practice by comparing with popular reg-
ularization techniques including L;, Ly (weight decay), and dropout regularizations
on previous classification example, MNIST, and CIFAR-10 in terms of classification
accuracy. These additional experiments are not intended to show the supreme of
some well-tuned neural network architectures, but to illustrate the comparative per-
formance of the L, o.-weight normalization against other regularization methods via a
fair comparison. Therefore, we only use some simple architectures for demonstration.
In MNIST experiment, the input image is resized to 784 x 1, and then passed to a
900-10 fully connected neural network with ReLLU. The loss function is cross entropy.

By using L, regularization with the hyperparameter A, a penalty term A > W[, ;
is added to the original loss function, where W is the weight matrix. By implement-
ing the L, regularization with the hyperparameter A, a penalty term A HVVH;2
is added to the original loss function. For each experiment, we compare different
regularizers with various hyperparameters on the same baseline model to make a fair
comparison. It is shown in Table 3.3 that our method is competitive with methods

with other common regularizers.
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3.6 Concluding Remarks

We have developed a systematic framework for sparse DNNs through L; , weight
normalization. We have established the Rademacher complexity of the related sparse
DNN space. Based on this result, we have derived generalization error bounds for
both regression and classification. The easily implemented gradient projection de-
scent algorithm allows us to obtain a sparse DNN in practice. In experiments we
have shown that the proposed L; ., minimization process leads to neural network
sparsification, and is competitive with current approaches while empirically validat-
ing our theoretical findings.

We have so far used a single ¢ to control the sparsity of the network. It is inter-
esting to extend the current framework to the network with different cs at different
layers. This poses additional challenges for computation to tune these hyperparam-
eters. We are trying to use Bayesian optimization [57] to automatically select these
hyperparameters. This research is currently under investigation and will be presented

in another report.

3.7 Technical Lemmas

Lemma 9 [}0] Assume that the hypothesis class F C {f|f : X = R}, andxy,--- ,x, €
X. Let G : R — R be conver and increasing. Assume that the function ¢ : R — R is

L-Lipschitz continuous, and satisfies that ¢(0) = 0. We have:

1 « 1 «
G | su — € x; G| Lsu — € f(x;
<fe.7pi" (”; ot »)) ( fe]Pi" (”; It )>>]

do
1f(@)]l < o]l max (1, (cpy)") -

E. <E.

Lemma 10 For any f € SNtg and z € X,

Proof We instead prove the result for any

feDET 2 (g g e SN Yo o]l <1},
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and complete the proof by induction on depth k£ + 1. When k£ = 0,

s [f@)le = s Vi @)

feDS,’fi 7 feDS,’fi 7 h
~T
(Vi @)
=7r sup _ P
feDg:rd,a— Vl 1,00
1 5
<r s o [VieD)|
fGDS:rdﬂ- HVl 1,00
< rmax(L, [|z[,)
<r.
Define dk+ = (do, s ;dk—la dk + 1)
~ T
swp [f@)l = sw [Viea(oo @)
feDf,’Td 7 reDERe
| (Viaioo fT@)T)|
=r sup — =
1
<roswp [Viatoo ff @)
jenrde Vi), .
1
r sup e ‘<Iv7 (170 © g(w))T>}

prdo vl

<r|Loofi @),
<7 |1 pg i (@)

< rmax(1,cp,) sup 1f (@)l
fEDkII,dk_;'_,O-

The penultimate step follows from the fact that

(1>p0fg)T & max(l) CPU)DISELdH»U'

Finally, the proof is completed by the induction assumption. [ |
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Lemma 11 Assume A1-A2 hold. In addition, the loss function L(f(x),y) : Y xY —

[0, Aol, is p-Lipschitz continuous on its first arqgument. Fiz § € (0,1) and o > 0, then

with probability at least 1 —  over the choice of the sample, every f € SNIZ’?’U

satisfies that
k

(k +1)log 16 (Z(%)e + (cpa)’“) + (cpy) /2 1log(2my) | -

=0

log(2/0) | 20p
2n VLD

Furthermore, if cp,; > 1, with probability at least 1 — & over the choice of the sample,

every f € S/\/’;’f"’ satisfies that

l082/%) _ 20p
2n NLD

Proof First, we upper bound R, (SN ’joda) by the same bounds in Theorem 1, as

EL(f) < Ao

EL(f) < Ao

(cpy )" (v/(k + 3) log 4 + v/2log(2my)).

Theorem 1 holds for any sample S under our assumptions. Then we could further
bound the Rademacher complexity of the corresponding hypothesis class according

to Lemma 9 and A2. Finally we get the desired result by Theorem 1.3.1. [ |

Lemma 12 Assume B1-B2 hold. In addition, the loss function L(f(x),y) : ZxY —
0, Aol, satisfies that

IL(fi(),y) — L(f2(2), y)| < pllfr(2) = fa(@)]],

foranyx € X,y € Y. Fiz § € (0,1) and o > 0, then with probability at least 1 — §

over the choice of the sample, every f € SN’j;g’U satisfies that

(1) < Aoy B0
mo k
Qx\/gp (Z oj> (k+1)log 16 (Z(CPJ)E + (cpa)k) + (cpg)"v/2log(2ma) |
j=1 =0

Furthermore, if cp, > 1, with probability at least 1 — § over the choice of the sample,
every [ € S/\/'I;’g’a satisfies that

£ulf) < A B2 20 (Z ) (e (/e F B Tog 1 + v/ZTog(2mn)).
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Proof First, we upper bound R, (SN ljoda) by the same bounds in Theorem 1,
as Theorem 1 holds for any sample S under our assumptions. Then we could fur-
ther bound the Rademacher complexity of the corresponding hypothesis class by [36,
Corollary 1] and B2. Finally get the desired result by Theorem 1.3.1. [ ]
3.8 Detailed Proofs

Proof of Theorem 3.3.1

Proof It is a direct conclusion of Theorem 2.4.1 and Corollary 1. [ ]

Proof of Theorem 2

We provide a general version of Theorem 2 with no assumption on the values of ¢

or p,. Theorem 2 is the direct conclusion of the proposition below.

Proposition 3.8.1 Assume A1-A8 hold. Fiz 6 € (0,1), then with probability at least
1 — 0 owver the choice of the sample, for every sparse DNN fr € §’j’d’0 =Tgi1000

Tpo---o000T), we have

Ers(fr) S\/log(§) + 21og(|| Ths1ll; +2) (B

2n + (|71, + 1)* max (1’ (CPU)%)) n

(Bo + (1Tl + 1) max (1, (epy))) (1T, + 1)+

S

k

(k+1)log 16 (Z(CPU)E + (%-)’“) +(cpy)"\/21og(2mn)

=0

Furthermore, if cp, > 1, With probability at least 1 — & over the choice of the sample,

for every sparse DNN fr € §'§’d’a =Tyy1000T,0---000T), we have

+ (HTk+1H1 + 1)2(0p0)2k) +

log(2) + 2log(||T; +2
o0 () < \/ 8(5) 21081kl +2)

(Bo+ (ITesilly + 1)(cpg)*) (1Tl + 1)(epg ) (V/ (k + 3) log 4 + /21og(2ma)).

S



76

Proof The proof is inspired by [24]. Given a positive integer [, Define a set
B(l) = SN*E

Correspondingly subdivide § as

)
I(l+1)

5(1) =

Fix any [, we could get the corresponding generalization bounds as an instance of

Lemma 11. By Lemma 3, for any f € S./\/";’(fl’a,w € X,y ), we have

‘ ILs(f(x),y)

of (z) ‘ = |f(z) — y| < omax (1, (cpa)k) + By (3.1)

and

Ls(f(@),9)l = 5y~ F@)) < (B + o max (1, (cpp)™) . (32)
Thus for the mean square error, we could replace p and Ay in Lemma 4 with equations
(3.1) and (3.2), respectively, and get the corresponding generalization bound.

As > e, 0(1) = 6, the preceding bound holds simultaneously for all functions in
the union U{B(l) : | € N, } with probability at least 1 — 4. Thus given fr, choose
the smallest [ such that fr € B(l). As Tjy1(u) = Vi, (1,u”)7, then the smallest
satisfies that

DS T lly + 1.

Further replace the s with ||Tj44||; + 1, thus we get the desired result. n

3.8.1 Generalization Bounds for The Mean Absolute Error Loss

Proposition 3.8.2 Assume A1-A8 hold. Fiz 6 € (0, 1), then with probability at least
1 — 0 owver the choice of the sample, for every sparse DNN fr € §’j’d"7 =Tj1000

Tpo---o000T), we have

2
&1 .(fr) S\/log((s) + 210§g’Tk+1"1 +2) (Bo I (||Tk+1||1 +1) max (17 (Cpa)k)) +

k

(k+1)log 16 (Z(cpg)e + (cpg)’“> + (cpy ) /21og(2my) | -

=0

2

\/ﬁ(”Tk—&-lHl +1)
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Furthermore, if cp,; > 1, With probability at least 1 — 0 over the choice of the sample,

for every sparse DNN fr € §’g’d70 =Ty1000T,0---000T), we have

., (fr) <\/10g(§) + 2log (|| T |, +2)

2n (Bo+ ([ Tkl + Dlepy)*) +

%urmlul T 1)(cpg ) (+/(k + 3)Togd + /Zlog(@my).

Proof For any f € SN’;’g’J,a: € X,y € ), we have

1€ |0 La(f(z),y)l, (3.3)

where 05 is the subgradient of L at f(x), and by Lemma 3,

|La(f(z),y)| < (Bo+ omax (1, (cpa)k)). (3.4)

Thus it is straightforward to apply Lemma 4 to this specific case with p and A
given in equations (3.3) and (3.4) respectively. Furthermore, we could derive the
corresponding generalization bounds for the sparse DNNs in §’§’d’0 using the same

proof technique as in Theorem 2. [ |

Proof of Theorem 3

We provide a general version of Theorem 3 with no assumption on the values of ¢

or p,. Theorem 3 is the direct conclusion of the proposition below.

Proposition 3.8.3 Assume B1-B2 hold. Fix 6 € (0,1), ¢ > 0, the number of hidden
layers k € [0,00), and widths d € Nl_i“ with dy = my and dgq = 1. With probability
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§k,d,0’ —

at least 1 — & over the choice of the sample, for every sparse DNN fr €

Tyi1o00Tio---000T), we have

1
ch(fT) < <2(HT1€+1||1700 + miz) max (1, (cpo_)k) + logm2> *

m2
log /3 + 3 log(ma | Tin ]l +2)
p2

_ + 22 (1Tl 1)
1 + VI — 1
14 (m2 — 1)exp(=2(| Ticr1lly oo + 1) max (1, (cpy)*
k
(k+1)log 16 (Z(cpo)e + (cpa)k> + (cpa)k 210g(2m1)] )
=0

Furthermore, if cp, > 1, With probability at least 1 — & over the choice of the sample,

for every sparse DNN fr € §’§’d’a =Ty1000T,0---000T), we have

m2
log \/%4_ leog(ﬂm D1 [5]11 +2)
iz

n

1
£10(fr) < (2<HTMH1,OO + ) (epy )+ log mz)

>

2 mg — 1
— (el 1) |1 : :
1 (ma = Dexp (=20 Tiply oo + 5)(006)%)

(cpa)k(\/(k +3)log4 + \/2 log(2m;)).

+

Proof The proof is inspired by [24]. Given positive integers I = (1, , L, ), define

a set
B(l) = S/\/”:l‘f;i.
Correspondingly subdivide § as
4}

o) = W+ 1) Dy (g + 1)

Fix any I, we get the corresponding generalization bound as an instance of Lemma

12. Con&derféS/\/de xeX,ye). Forj £y,

’8Lc(f($),y

27 ()] ‘ <1/(1 Zexp (o + oy ) max (1, (cps)5)) -
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For y,
etfioln) |, I
Of (z)[y] 1+ ; exp (f(z)[j] — £(z)[y])
1
< |1-— .
- 1+ 3 exp ((0 + oy) max (1, (cp, )¥))
J#y
Additionally,
|Lo(f(2),y)| < maxlog (Z exp{(o; + OJ,-) max (1, (Cpa)k) }) .
j =
For simplicity, we assume o; < oy for j = 1,---,my, then
ILc(f(),y) my — 1
| < e @9
and
|Le(f(),y)| < 200 max (1, (cpa)k) + log mo. (3.6)

We could replace p and Ay in Lemma 12 with equations (3.5) and (3.6), respec-
tively, and get the corresponding generalization bound for SA/ ’gf,l 0,

As ). N2 d(l) = 0, the preceding bound holds simultaneously for all functions
in the union U{B(1) : I € N} with probability at least 1 —4§. Thus given fr, choose
the smallest I such that fr € B(l). As Tj1(u) = VL, (1,u”)?, then the smallest I
satisfies that

lj < ma || Trqa[g]l]; + 1,5
Therefore
mo l
> L < Tellyy +1, maxly <ma||Thaally o + 1.
mo J

J=1

Therefore we get the desired result. [ |
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3.9 Additional Experiments

We extend the classification experiment in Section 5.2.
Firstly, we examine the effect of the sample size on generalization. As shown in
Table 3.4, when the sample size increases, the generalization error becomes smaller,

while having the normalization constant ¢ fixed.

Table 3.4.: Generalization error/test accuracy for the classification experiment with

different values of ¢ and sample sizes.

size=500 size=1000 | size=1500 | size=2000 | size=2500
¢ =00 1.674/69.90 | 1.576/71.00 | 1.528/72.20 | 1.508/75.70 | 1.489/76.60
c¢=0.16 | 0.441/87.03 | 0.343/88.10 | 0.258/89.30 | 0.208/91.50 | 0.199/92.74
c=0.13 | 0.376/87.23 | 0.334/87.80 | 0.252/89.47 | 0.171/91.76 | 0.171/92.80
c¢=0.10 | 0.324/87.78 | 0.280/87.60 | 0.223/90.30 | 0.176/90.70 | 0.169/90.80
¢=0.07 | 0.260/88.34 | 0.241/87.80 | 0.189/90.80 | 0.162/91.21 | 0.133/91.86
c¢=0.04 | 0.134/89.57 | 0.112/89.94 | 0.102/91.31 | 0.084/91.72 | 0.073/92.24
c¢=0.01 | 0.068/88.48 | 0.079/89.15 | 0.034/90.30 | 0.036/91.00 | 0.024/91.47

Secondly, we check the relationship between the depth of the neural network and
the generalization error. The result is shown in Table 3.5. When c is relatively
large, the generalization error increases, as the neural network grows deeper. On the
contrary, when ¢ = 0.04,0.01, the generalization error might even decrease, as the
depth increases. This might be caused by the shrinkage of the term (c¥).

Thirdly, we show that the projection gradient descent algorithm is not sensitive

to the initial step size 7y, as shown in Table 3.6.
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Table 3.5.: Generalization error/test accuracy for the classification experiment in

Section 5.2 with different network structures and sample sizes.

100-20-2 | 100-50-20-2 | 100-100-50-20-2

oo | 1.535/70.30 | 1.674/69.90 | 1.710/69.10
c=0.50 | 0.461/83.14 | 0.478/84.78 |  0.542/82.42
c=0.16 | 0.351/84.67 | 0.441/87.03 | 0.456/84.41
c=0.13 | 0.322/85.35 | 0.376/87.23 | 0.431/84.89
¢=0.10 | 0.312/86.10 | 0.324/87.78 |  0.383/86.03
¢=0.07 | 0.245/88.42 | 0.260/88.34 |  0.274/87.98
¢=0.04 | 0.103/89.12 | 0.134/89.57 | 0.131/88.33
c=0.01| 0.072/87.74 | 0.068/88.48 |  0.094/87.52

Table 3.6.: Effect of the initial step size 7 on the algorithm.

Yo

0.050

0.045

0.040

0.035 | 0.030

Training error (%)

90.15

90.04

90.12

90.07 | 90.10
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4. ON THE STATISTICAL EFFICIENCY OF
COMPOSITIONAL NONPARAMETRIC PREDICTION

4.1 Introduction

Nonparametric methods, such as spline-based methods and kernel-based methods,
have been widely used in the past 20 years. Most existing methods make assumptions
regarding the structure of the model in terms of interactions. For instance, the work
of [58] assumes an additive structure of the predictor function, while in [59] the kernel
family is defined as polynomial combinations of base kernels of a fixed degree. On
the one hand, there is usually insufficient evidence from the data to support the
assumption of a specific structure. On the other hand, inclusion of all interactions
especially of high order terms would be burdensome for computing especially when
the data is high dimensional. A commonly used strategy is to only include low order
interactions into the model [59]. However, this would still be a restrictive assumption.

Our goal is to discover the complex structure of the predictor function in a concise
manner. In contrast, existing methods focus on the discovery of the structure of
kernels [59,60]. As an illustrative example for predictor functions, consider the work
of Schmidt et al. [61], which discovered physical laws from experimental data, and
provided concise analytical expressions that are amenable to human interpretation.

We build our model by compositionally adding or multiplying basis functions
applied to specific dimensions of the covariate. This model is structurally equivalent
to a labeled binary tree. The sum-product structure has demonstrated its versatility
for several problems. Examples include sum-product networks for computation of
partition functions and marginals of high-dimensional distributions [62] and structure

discovery in nonparametric regression for automatic selection of the kernel family [60].
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Our model is a generalization of several popular methods. For illustration, con-

sider the following examples:

e Tensor product spline surfaces [63]: Assume there are two covariates & =

(x1,9), and define

F@) =) Bydi()d;(xs),

i=1 j=1
given the basis functions ¢y, ..., ¢, : R — R. For simplicity, assume ¢ = 2, then

Figure 4.1(a) is one visualization of f, where 51; = wyws, f12 = wiwy, Bo1 =

Wows, Bag = Waly.

e Sparse additive models [58]: Assume that f(x) has an additive decomposition,

where © = (21, ..., %y, ). Define
f(.’L') = Z¢aj(mj)7
j=1

mi

where a1, ..., am, €{1,...,q} and such that ) I(¢,, # 0) < s for some integer
j=1

s K my.

e Tensor decomposition: Given a set of ¢ functions ¢1,...,¢, and a tensor y;;i
fori,j,k = 1,...,m;. The problem is to find the indices a,, b,, ¢, € {1,...,q}

for r =1,..., R, that minimize:

mi1 mi mi R 2

3355 (5w 0 6006 )

i=1 j=1 k=1 \r=1
R

Note that > w,q, (1)dp,. (j)Pe, (k) can be written as a fixed weighted labeled
r=1

binary tree. Figure 4.1(b) illustrates the case when R = 2.

Our contribution is as follows. First, we propose a general compositional sum-product
nonparametric method, in which a model is expressed as a weighted labeled binary
tree. Second, we provide a generalization bound that holds for any data distribution

and any weighted labeled binary tree. We show that O(klog(miq) + log k!) samples
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are sufficient, by using Rademacher-complexity arguments. Third, we further show
that Q(klog(mq) — log k!) samples are necessary, by using information-theoretic ar-
guments. Thus, our sample complexity bounds are tight. Furthermore, since the
sample complexity is logarithmic in m; and ¢, our method is statistically suitable
for high dimensions and a large number of basis functions. Finally, we propose a
well-motivated greedy algorithm for regression in order to validate our theoretical
findings.

For comparison with results on sparse additive models, the work of [58] presents an
Li-regularization approach. Additionally, a sample complexity of O(qlog((mi—s)q))
was shown to be sufficient for the correct identification of the basis functions in the
sparse additive model. Note that in our work, we are interested in generalization
bounds for the prediction error. The necessary number of samples for sparse additive
models was analyzed in [64], where a sample complexity of Q(slogm;) was found for
the recovery of a function that is close to the true function in Lo-norm. Our sample
complexity guarantee of O(klogm;) matches this bound.

The chapter is structured as follows. In Section 4.2, we propose the compositional
nonparametric trees for the general prediction problem. In Section 4.3, we provide
a generalization bound. Section 4.4 discusses the necessary number of samples. In
Section 4.5, we propose a greedy search algorithm for regression. In Section 4.6, we
validate our theoretical results through synthetic experiments and apply our methods
on two real-world data sets. Section 4.7 is the concluding remarks, and Section 4.8
contains the detailed proofs. Finally, Section 4.9 includes the detailed greedy search
algorithm.

4.2 Compositional Nonparametric Trees for the General Prediction Prob-
lem

In this section, we propose a solution to the general prediction problem - Equation

(1.1) via a compositional nonparametric method, in which a model is defined as a
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wid1(z1) wada(z1) widr(ze) wada(x2) widay (1) $oy () buy (7)) bey ()

(a) Tensor product spline surfaces. (b) Tensor decomposition.

Fig. 4.1.: Examples of tensor product spline surfaces and tensor decomposition.

weighted labeled binary tree. In this tree, each node represents a multiplication, an
addition, or the application of a basis function to a particular covariate. Note that we
assume that ms = 1 in this section. We provide two examples in order to illustrate
how to adopt Equation (1.1) to different settings. For regression, we define ¢(z) = z,

while for classification, we define ¢(z) = sign(z).

PN N
+ + + +
NN VENAN

o1(w2)  3(z1)  3(x2)  d1(x3) w1¢1(z2) w2dsz(zr1) wzdsz(wra) wadi(zs)

(a) A labeled binary tree. (b) A weighted labeled binary tree.

Fig. 4.2.: Two tree examples.

The Labeled Binary Tree. We define a functional structure built compositionally
by adding and multiplying a small number of basis functions. A straightforward
visualization of this structure is a labeled binary tree. Given an infinite set of basis
functions & = {¢;,l = 1,2,--- ,00} on R — [—1,1] and a truncation parameter g,

Gory1 1s a set of binary trees where:

1. there are no more than 2k + 1 nodes,



36

2. the labels of non-leaf nodes can be either “+” or “*”,

3. the label of a leaf node can only be a function in ® on a specific dimension of the

covariate & = (21,..., %y, ), thatis ¢;(z;) foranyi =1,...,gand j = 1,...,my,

Figure 4.2(a) gives an example of a labeled binary tree with seven nodes. All the
leaves are ¢;(x;)s, while all non-leaf nodes are operations. Note that if we switch the
left sub-tree and the right sub-tree, we obtain an equivalent structure.

As pointed out later in Remark 7, in the nonparametric setting, both k£ and ¢ are

allowed to grow as a function of n.

The Weighted Labeled Binary Tree. It is easy to show that a labeled binary

tree with 2k + 1 nodes has the following properties:
1. It includes k operations.
2. It has k + 1 leaves.

An easy way to add weights is to directly add weights to each leaf node, as shown in
Figure 4.2(b). So given a tree structure g € Gai11, we can define W(g) as the set of
all weighted labeled binary trees given g, with constraint ||wl|, < 1. Additionally, we
define

W2k+1: U W(g) (4.1)

9€G2k+1
For a fixed g € Gory1, any h € W(g) can be rewritten as a summation of some
basis functions and some productions of basis functions. For instance, given w and
the labeled binary tree structure gy in Figure 4.2(a), Figure 4.2(b) represents a func-
tion A(x; go, w) = (w1¢1(x2) + wopz(x1)) * (wsds(x2) + war(x3)), and it is the sum-
mation of 4 interactions wywsg(x2)Ps(z2), wiwapr(x2)p1(x3), wewsps(wy))ds(xs),
and wowy¢3(w1)¢1(w3). Equivalently, h(z;go, w) = (v,u), where v = ¥y (w) =

(wyws, wiwy, wows, wrwy) and

u = g (z) = (¢1(22)93(22), 1(22)d1(x3), P3(1)P3(22), P3(21)P1(23).
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Similarly, for any labeled binary tree g, we could write h = h(z; g, w) € W(g) as an

inner product of two vectors v and u:

h(SE; ng) = <’U, U.), v = 1?;(“7)7 u = 1?;(17)7 (42)

where the transformation function ¢y and ¢, depend on g. Define the length of the

vector v and u as My, and M, also depends on g. Define

Moj41 = max M,. (4.3)

9€Y2k+1
Lemma 13 If |w|, <1 and ||¢;|| < 1Vi, regardless of g, we always have ||v]|; <1

and |Jul| , < 1.

4.3 Sufficient Number of Samples

In this section, we provide a generalization bound that holds for any data distri-
bution and any labeled binary tree. This not only implies the sufficient number of
samples to recover a labeled binary tree from a given dataset, but also guarantees
that the empirical risk (i.e., the risk with respect to a training set) is a consistent
estimator of the true risk (i.e., the risk with respect to the data distribution). We
first bound the size of Go1 1, and then show a Rademacher-based uniform convergence

guarantee.

Properties of the Labeled Binary Tree Set. Let |Gori1| denote the size of
Gory1: the labeled binary tree set with no more than 2k 4 1 nodes. The lemma below
gives the upper bound of the size of the functional space, which will be used later to

show the uniform convergence.
Lemma 14 For k > 1, we have |Gopy1| < 4k(k)!(myq)F+L.

The lemma below gives the upper bound of My 1, which is used to later to bound

the Rademacher complexity. Remind that My, is defined in equation 4.3.

Lemma 15 My, < (1.45)F.
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Rademacher-based Uniform Convergence. Next, we present our first main
theorem, which guarantees a uniform convergence of the empirical risk to the true
risk, regardless of the tree structure and weights.

Assume that d : ) x Y — [0, 1] is a 1-Lipschitz function related to the prediction
problem. For regression, we assume ) = R, and d(y,y’) = min(1, (y — ¢/)?/2), while
for classification, we assume ) = {—1,1}, and d(y, y') = min(1, max(0, 1 —yy')). Let
z = (z,y) € Z, where Z = X x Y. Furthermore, let H(g) = {h(z) = d(y, f(z)), f €
W(g)} for a fixed labeled binary tree g. Let Haryq be a hypothesis class satisfying

Hopy1 = U H(g).
9€92k+1

For every h € H(g), we define the true and empirical risks as
~ 1 <&
Eplh] =B, plh(2)], Bolh]= > h(z). (4.4
i=1

Next, we state our generalization bound that shows that O(klog(miq) + log k!)

samples are sufficient for learning.

Theorem 4.3.1 Let z = (x,y) be a random variable of support Z and distribution
D. Let S ={z1...2,} be a dataset of n i.i.d. samples drawn from D. Fiz § € (0,1).
With probability at least 1 — & over the choice of S, we have:

(Vg €Gakt1,Vh € H(g))

k+1 N \/(k + 1) logmyq + log 8k(k)! + log (1/9)
2n

co <Rty

Proof Given a function h : 2" — R, we define Eg[h(S5)] = E,_p~[h(S)]. The func-

n

tion g (S) = SuPpex(y) (ED [h] — Es[h]> fulfills the condition in McDiarmid’s inequal-
ity and H(g) C {hlh : Z — [0,1]}, by Lemma 16, therefore P[p,(S) — Eglp,(S)] >
e] < exp (ﬁ%) = exp (—2ne?). Furthermore, by applying the union bound for
all g € Go11, by Lemma 14, and by Hoeffding’s inequality, we have:

P((3g € Gars1), 99(S) = Eslig(S)] Z €]l < Y Plig(S) — Eslpy(S)] = €]

9E€Gak+1

< 2|gzk+1|6_2"“2 < 8k(k)[(m1q)k+1€—2nez
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Equivalently, P[(Vg € ng;—i—l) (5) — Eslipg(5)] < €]] > 1 = 8k(k)!(mg)F+' e
Setting 8k(k)!(m1q)* e 2" =6, we get € = \/(k+1)logmlq“;isk(k)!HOg(1/6). Thus:

P[(Vg € Gari1), 04(S) < Es[ip,(S)] + ¢ (k +1)logmg + 1;%8’6(16)! + log (1/9),

>1-4 (4.5)

Note that by the definition of the supremum, by the definition of the function
@, : 2" — R, and by Equation (4.5), with probability at least 1 — §, simultaneously
for all g € Gory1 and h € H(g)

A~

Eplh] - Bslh] < sup (Eph) - Bsfh])

heH(g)
= 4(5)
3 \/(k + 1)10ngQ‘|‘1§;§L BR(k)! 108 (1/0) | 1o (5] (46)

The next step is to bound Eg[p,(S5)] in Equation (4.6) in terms of the Rademacher
complexity of W(g). By the definition of ¢,, by the ghost sample technique, the

Ledoux-Talagrand Contraction Lemma, we can show that
Eslpg(S)] = 2Rn(H(g)) < 2R.(W(9))

The final step is to bound %R, (W(g)), and it is sufficient to bound Rg(W(g)) for
any g € Gopy1. Then for a fixed g € Gopy1, any f € W(g) can be rewritten as
a summation of no more than [(1.45)**1] productions of basis functions, where [m]
denotes that largest integer smaller than or equal to m according to Lemma 15. We
could decompose h = h(x; g, w) as in Equation (4.2), thus h = h(x; g, w) = (v,u),
where ||v]]; <1 and [|u||x < 1 by Lemma 13. By using a technique similar to [65]
for linear prediction, we have

2)AQS(VV(Q)) =K, SUP) <l Zaﬁ(wﬁ)]

| feW(y

1
= EO’ sup 7g7
[ jw, <1 < Z; )]
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S%EU sup <i0i<vvu(i)>)>]

Hvl<t \ 5

1 )
=—FE, | sup (v,> 1, aiu(z)>]
n

_||UH1§1

=g, (s, o))

-1k s me]

_ V=108 Mak+1 210g M2k+1 n i
P/ >ic1 [u( )]3
210g Mop44
< VBTt mw&

2log Moy 1

S =2 “r'-

n
_ \/Q(kz +1)log 1.45
o n

k+1
<
n
Finally, we have R, (W(g)) = E¢_p~ [RsW(g9))] < = -

Corollary 3 Define h = argmin Eg[h], and h = argmin Ep(h]. Then under the same

h€H2k+1 h€H2k+1
setting of Theorem 4.3.1, fir 6 € (0,1). With probability at least 1 — 20 over the choice

of S, we have:

k—i—l+\/log(l/é)+\/(k:—i—1)logm1q—i—log8k:(/f)!+10g(1/6)

n 2n 2n

Epli] - Bplfl <2/
Proof By Theorem 4.3.1, with probability at least 1 — § over the choice of S,

B < Eolh k+1 k+1)1 log 8k (k)! + log (1/6
ED[h]SEs[h]—I—Q\/ :; +\/( + )ogm1q+;§8 (k) + log (1/9)

By Hoeffding’s inequality, with probability at least 1 — ¢ over the choice of S,

log(1/9)

Es[ﬁ] —Eplh] < o
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~

Since h minimizes Eg[h], Eg[h] < Eg[h]. With probability at least 1 — 26 over the
choice of S,
Eplh] —Eplh] = Eplh] — Es[h] +Es[h] — Eplh]

< Ep[h] — Es[h] + Es[h] — Ep[h]

§2\/lc—l—l+\/log(l/é)+\/(k:—l—1)logmlq—|—logSIc(lc)!—|—10g(1/(5)

n 2n 2n

Next, we present a useful remark in the nonparametric setting, where both k£ and ¢

are allowed to grow as a function of n.

Remark 7 If k € O(min(n*/>¢, 22)) ¢ € O(e"*™) for any € € (0,1/2), then the

? logmy

generalization error in Theorem 4.3.1 could be uniformly bounded by O(n=°).

4.4 Necessary Number of Samples

In this section, we analyze the necessary number of samples to recover a labeled
binary tree from a given dataset. To show the necessary number of samples, we re-
strict the operation to multiplications only, and consider unit weights. Note that the
necessary number of samples in restricted ensembles yields a lower bound for the orig-
inal problem. The use of restricted ensembles is customary for information-theoretic
lower bounds [66,67]. We utilize Fano’s inequality as the main proof technique.

We construct a restricted ensemble as follows. Define a sequence of basis functions

¢i(2) = V2 cos(irz), where z € [~1,1] for i = 1,...,q. Furthermore, let
€Zr; ~ Umf[—l, 1]m1,€i ~ N(O, 0'62)

Let S = {(wi,zi) L2 = f(wl) + €i7i = 1,. o ,n}, and S, = {(wz,yl) Y = t(Z,L),Z =
1,...,n}, where t : R — ) is a fixed function related to the prediction problem,
as introduced in Section 2. This defines a Markov chain f — S — S — f To

apply Fano’s inequality, we need to further bound the mutual information I(f,S") by



92

a sum of Kullback-Leibler (KL) divergences of the form KL(Pg.ys,| P,y ) where f;
and f] are two different compositional trees. Consider a labeled binary tree subspace
Fipyq of Fapg1, where we only allow for multiplication nodes (i.e., additions are not
allowed) and where each covariate z; of the independent variable @ is used only once.

Furthermore, we consider a restricted ensemble with unit weights. Equivalently,

‘F2k+1_{fA H Cblil?] Ac{l --,(]}X{l,-..,p},

(i,7)eA

Al < k+1,Y(,5) € A, 1 #i=(1,j) & A}.

Let ¢ = |f2k+1’ = Z q’“ (ZJrl)
Next, we state our information-theoretic lower bound that shows that Q(k log(m;q)—

log k!) samples are necessary for learning.

Theorem 4.4.1 Assume nature uniformly picks a true hypothesis f from Fopyi. For

any estimator f L if
< (log(¢***( . ¥ )) = 2log2)02/2
w < Gogte (7))~ 21022
then Pf # f] > 3.

Proof Any f4 € Fory1 can be decomposed by the dimension of x:

p
fa(@) =[] (),
j=1
where fA = ¢ if 3(i;,j) € A, and fA = 1if (1,5) ¢ A for any i. In addition,
[Y ou(x)de = 0 and (¢4, 6y) = [}, 1s(x) by (x)dz = (i = 7). Thus,

fA?fA / / 2m1 .75] (l’])dxl dl’ml
= H/ fA (x)f x])dxj



Furthermore,

1fa— full? =

<fA7f.»4> + <fA/7f_A/> -
= 2[(fA = fA’)

2(fa far)

93

(4.9)

By the data processing inequality [68] in the Markov chain f — S — S — f, and

since the mutual information can be bounded by a pairwise KL bound [69], we have

By the Fano’s inequality [68] on the Markov chain f — S — S" — f, we have

By making

we have

Since ¢ > q’““(

P[f # f]>1

p
k+1

I(f,S

), n

)

| /\

IN

=P[f#/]>1~

S

~—

I(f,
1
5> KL(Psip,|Psy,,)

c2

/

>
A
%ZZKL Pwy\fA|PZBy\f )
A
>
A

/

> KLV

/

fAv O¢ |N(fA

I(f,S)+log2 o

n/o? +log2
log ¢

n < (logc — 2log2)o?/2

p > k, the above is equivalent to

n=1x (%g(log[qkﬂpkﬂ/(k + 1)!1] — 2log 2))

€ Q((k+ 1)log(miq) — log(k + 1)!)

2)

njo? +log?2
log ¢ - log ¢

< (log(¢"**(,",)) — 2log2)0?/2 implies P[f # f] > 3
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Corollary 4 Assume nature uniformly picks a true function f from Fops1. For each
f € Fors1, define a corresponding h(x,y) = %(y — f(=x))?. The corresponding true
hypothesis is h = h(z,y) = 1(y — f(z))*. Let

—_

Horr1 = {h(z,y) (y — (5'3))27 f € Fopia}

"2

For any estimator h = h(x,y) = sy — fla))?, if

n < (log(g"*! (k ’ 1)) —2log2)02/2,

then

~

Eplh] — ED[E] >1
with probability at least %

Proof f is the true function, so y = f(x) + ¢, where € ~ N(0,02). Recall that by
Theorem 2, if

< (log(d*** (7)) - 2log2)0?/2
ws ot () - 2log2)o22
then P[f # f] > 1/2. Thus, assuming that f # f, we have

- - 1

Eplh]—Eplh] = SE ., ply — f(x)* = (v — f(2))’]
Z%Ewﬂ%@yl (F(@) + ¢~ f(@)? - ]
= 3Ea [(f(@) — (@) + 26(F(w) — f(a))
=5 Eal(f(@) — f@)+
E.[d] * E[(/(@) - f(x))]
=211~ AP
=5 *2(F # )
=1
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Remark 8 FEzcess risk measures how well the empirical risk minimizer performs
when compared to the best candidate in the hypothesis class. On the one hand, Corol-
lary 8 discusses the upper bound of the excess risk, and indicates that the sufficient
sample complezxity is O(klog(myq)+logk!). On the other hand, Corollary 4 discusses
the lower bound of the excess risk, and shows that the necessary sample complexity is
Q(klog(miq) —logk!). Especially when k < myq, both the sufficient sample complex-

ity and necessary sample complexity are ©(klog(myq)).

4.5 Greedy Search Algorithm for Regression

In this section, we propose a greedy search algorithm to recover a weighted labeled
binary tree for regression. As mentioned in Section 3.2, for regression, we define
d(y,y') = min(1, (y — y')?/2). For simplicity, we assume Y = [—1,1], thus d(y,y) =
(y — ¢/)?/2. Consequently, we have H(g) = {h(z) = h(z,y) = (y — f(x))?/2,f €
W(g)} for a fixed labeled binary tree g. The true risk and the empirical risk are

n

defined as Ep[h] = E 4\ plly — f(2))?/2], and Eg[h] = ; (yi — flx:))2/2.

Based on Theorem 4.3.1, it is straightforward to have a brute-force algorithm to
traverse all possible trees in Gory 1, and to compute the best weights for each tree.
Theorem 4.3.1 could guarantee that the risk at the empirical risk minimizer is close to
the minimum possible risk over all functions in Wh; 1, given enough training samples.
However the space of trees grows exponentially with the number of nodes, as shown
in Lemma 14, and therefore the brute-force algorithm is exponential-time.

After decades of work, the literature in tensor decomposition has still failed to pro-
vide polynomial-time algorithms with guarantees, for a general nonsymmetric tensor
decomposition problem. In general, it has been shown that most tensor problems are
NP-hard [70]. Therefore most existing literature considers a specific tensor structure

like the symmetric orthogonal decomposition [71]. As shown in Figure 4.1(b), we can

model the tensor decomposition problem in our framework, for a fixed tree. However
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in our problem, we learn the tree structure. Thus, our problem is harder than tensor
decomposition.

Given the above, we propose a greedy search algorithm for learning the structure
of predictor functions. A greedy approach was also taken in [60] for learning the
structure of kernels. Before we proceed, note that the uniform convergence of the
empirical risk to the true risk holds for any h € Hori1 and therefore, it applies to the
greedy algorithm output, which is an element of Hop .

Our algorithm begins by applying all basis functions to all input dimensions, and
picking the one that minimizes > " _, (Y, — w'¢y(x;))?/2 among all function indices
i" € {1,...,q} and coordinates j" € {1,...,p}, where v’ is estimated separately for
each candidate option (7', j'). This produces a tree with a single node. After this, we
repeat the following search operators over the leaves of the current tree: Any leaf V
can be replaced with V + V', or V* V', where V' = w/¢y(2;).

Our algorithm searches over the space of trees using a greedy search approach.
At each stage, we evaluate the replacement of every leaf by either a summation or
multiplication, and compute the weight for the new candidate leaf while fixing all the
other weights. Then we take the search operation with the lowest score among all
leaves, and adjust all weights by coordinate descent at each iteration, as shown in
Algorithm 3.

Computing the Weight. A main step in our main algorithm is the computation
of the weight of a new candidate leaf, while fixing all the other weights. Fortunately,
computing the new weight turns out to be a simple least square problem, but involves
traversing the tree from the root to the candidate node being evaluated, as shown in
Algorithm 4.

Computational Complexity. Next, we analyze the time complexity of our
method. In iteration D, we solve O(my¢qD) single-dimensional closed-form optimiza-
tion problems: for all the D tree leaves, our algorithm tries to insert a new node with
either “+7 or “*”, all ¢ basis functions, and all m; dimensions of x. In addition,

it takes O(nD) time to compute the optimal weight (in closed-form) for a specific
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basis function of a specific dimension of @ at a specific insert position on a dataset
of size n. Finally, it takes O(nD) to adaptively update all weights at each step by
coordinate descent. The computational complexity of our algorithm for £ iterations
is thus O(myqn(12+ 22+ - +k?)) € O(mygnk?®). This can be reduced by processing

the tree leaves (or alternatively, batches of data samples) in parallel.

4.6 Experiments

In this section, we demonstrate our theorem in four simulation experiments, and
then apply our methods to real world problems.

We use a function f(x) = 0.3sin(3wx1)cos(2mzs) + 0.42% — 0.324, and noise stan-
dard deviation o = 0.05. Our choice of the set of basis functions ® include B-spline of
degree 1, Fourier basis functions: {sin(imx),cos(inz)},—1  ~ and truncated polyno-
mials: {z, 2% 2%, (x—1)3,t € R}, where (z); = max(z,0). We designed four different
experiments to demonstrate our theoretical contributions. For each setting, the gen-
eralization error is estimated by the mean of 20 repeated trials in order to show error

bars at 95% confidence level.

Experiment 1. We set the dimension of the explanatory variables p = 100, the
number of basis functions: ¢ = 40, and the number of iterations £ = 10. For each
value of n € {50, 100, 150, 200, 250}, we sampled n random samples x;, y; = f(x;)+¢€;,
i=1,--- ,n for training, and n/3 samples for testing. In Figure 4.3, we observe that
the generalization error has a sharp decline when n increases from 50 to 100, and a
slower decline for higher values of n. This demonstrates that the generalization error

X \/% as prescribed by Theorem 4.3.1.

Experiment 2. We set the sample size n = 250, the number of basis functions: ¢ =
40, and the number of iterations k£ = 10. For each value of p € {10, 20, 50, 100,200},
we sampled 250 p — dimensional random samples x;, y; = f(x;) +€,i=1,---,n

for training, and 83 samples for testing. Figure 4.4 shows that the generalization



98

0.15 020 0.25

generalization error
0.10
—e—i

0.00 0.05

50 100 150 200 250

Fig. 4.3.: Generalization error vs. sample size n.

error grows rapidly when p € (0,50), and the growth slows down as m; increases.

This finding matches the conclusion of Theorem 4.3.1 that the generalization error

x vlogm;.

0.06 0.08 010

generalization error

0.00 0.02 0.04
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Fig. 4.4.: Generalization error vs. dimension of the explanatory variable m;.

Experiment 3. We set the dimension of the explanatory variables p = 100, the
number of basis functions: ¢ = 40, and the sample size n = 250. For each value
of the number of iterations k € {1,5,10,20}, we sampled 250 random samples x;,
y; = f(x;) + €, 1 =1,--- n for training, and 83 samples for testing. As shown in

Figure 4.5, the generalization error grows almost linearly as k increases when £ is
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small, but the growth rate decreases apparently when k& > 15. This is consistent with

the theoretical result that the generalization error o v/k.

generalization error
000 002 004 006 008 0.0
1 1 1 !
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Fig. 4.5.: Generalization error vs. number of iterations k.

Experiment 4. We set the dimension of the explanatory variables p = 20, the
sample size n = 250, and the number of iterations £ = 10. For each value of ¢ €
{10, 20, 50, 100}, we sampled 250 random samples x;, y; = f(@;)+¢€;, 1 =1,--- ,n for
training, and 83 samples for testing. Figure 4.6 indicates that the generalization error
grows rapidly when ¢ is small, and the growth slows down as ¢ continue to increase.

This matches the conclusion of Theorem 4.3.1 that the generalization error o< /log q.

generalization error

0.00 0.02 0.04 0.06 o.o8 0.10

Fig. 4.6.: Generalization error vs. number of basis functions q.
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Our methods are comparative to methods like Gaussian processes for two real-

world data sets, although our model sizes are much smaller.

Airline Delays. For real-world experiments, we evaluate our algorithm on the
US flight dataset. We use a subset of the data with flight arrival and departure
times for commercial flights in 2008. The dataset is publicly available at http://stat-
computing.org/dataexpo/2009/. The flight delay is the response variable, which is
predicted by using the following variables: the age of the aircraft, distance that needs
to be covered, airtime, departure time, arrival time, day of the week, day of the
month, and month. We randomly select 800,000 datapoints, using a random subset
of 700,000 samples to train the model and 100,000 to test it. Although our method
uses only & = 10 (i.e., 2k + 1 = 21 nodes, or k + 1 = 11 functions of features), we
obtain a test RMSE of 34.89. For comparison, the authors in [72] also randomly
selected 800,000 samples (700,000 for training, 100,000 for testing) and obtained an
RMSE between 32.6 and 33.5 with 1200 iterations on a Gaussian processes approach.
In general, Gaussian processes predict the output by memorization of the 700,000
training points. Our tree depends only on evaluating k41 = 11 functions of features.

When predicting, our tree does not need to remember the training set.

World Weather. The world weather dataset contains monthly measurements of
temperature, precipitation, vapor, cloud cover, wet days and frost days from Jan 1990
to Dec 2002 (156 months) on a 5 x 5 degree grid that covers the entire world. The
dataset is publicly available at http://www.cru.uea.ac.uk/. The response variable is
temperature. We use 19,000 samples for training, 8000 samples for testing, and run
30 iterations. Although our method uses only & = 30 (i.e., 2k + 1 = 61 nodes, or
k41 = 31 functions of features), we obtain a test RMSE of 1.319. Gaussian processes
obtained a test RMSE of 1.23. Since the standard deviation of the output variable is
16.98, both our method and Gaussian processes obtain a coefficient of determination

of 0.99.
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4.7 Concluding Remarks

There are several ways of extending this research. While we focused on the sample
complexity for trees of predictor functions, it would be interesting to analyze trees
of kernels as well, as many popular kernel structures [60] are equivalent to a labeled
binary tree. Additionally, while we focused on learning trees, it would be interesting

to propose methods for learning general directed acyclic graphs.

4.8 Detailed Proofs
4.8.1 Proof for Lemma 13

Proof We first show ||uf|s < 1

For any production of finite basis functions from ®,

L L
T oa(@illeo < [T 10wl < 1
1=1 1=1

Each component of u is a production of finite basis functions from ®. Thus ||u||« < 1.

Then we show ||v||; < ||w]||; if ||w]|; < 1 by induction:

k=0, [[olly = [[w]]s;

Assume that for any £ < K and any weighted labeled binary tree h € Wag,1,
llonlli < ||wa]]1. For k = K, decompose the tree h(x;g,w) € Whi1 by the left
subtree h;(x; g, w;) = (v;, ;) and the right subtree as h,(x; g,, w,) = (v, u,).

If the root is a “+7, then ||v||; = ||vil]1 + ||vr]l1 < [|wills + ||w:||i = ||w]];.
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If the root is a “*”, then

ol = lofos]
t s
= [l 1wl
t s
= loillfve s
t

= [lvil[rl[v.[]x
< [ [1][we ][y
< [|wlfi

< [Jwl]y

4.8.2 Proof for Lemma 14

Proof Remind that m; is the dimension of the covariate, and ¢ is the number of
basis functions. We define Gy, C Gory1 as the set of labeled binary trees with
exactly 2k + 1 nodes. In this step, we will show that |Gy, ;| < 2%(k)!(m1q)*+L.

We first show |Gy, q| < (mag)**1(k)12% for all k= 0,1, -:

k=0, |Q’é*0+1| =migq < (ma1g)"*(0)12%;

k=1, |Ggun| = 2(m19)* — 2mag < (mag)"+(1)12%;
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Assume that |Gy, 1| < (m1g)*1 (k)12 for all k < K, then for k = K,

’g2K+1‘ =2 Z 1Gil|Gor il

ie{1,3, 2K—1}

<2 Y (mgt(0)2

i=0, K —1

(m1q>K—i—1+1(K . 7, o 1)!2K—’i—1

= (mig)* 2 Y (K —i— 1)

=0, K —1
< (myg)*H2% N (K- 1)
=0, K —1

< (myg) 2R (K)!

k-1 k-1

: _ k—1)! . k—1

Since for k > 1, we have 2F7! = Z;) ﬁ, or equivalently, ﬁ = z;) m,

k-1

and since 1/x is concave, by Jensen’s inequality, we have that 2(2—_),1 = ;) %m <
k=1

——t—— Thus Y il(k—1—14) < k;,fz!l for £ > 1. Except for the root node, a

S it(k—1—i)!/k i=0

1=0

labeled binary tree consists of the left subtree and the right subtree. Thus

|g;k+1’ =2 Z |g;||g2k—i|

i€{1,3, 2k—1}

< (mig)*2b " @)k —i— 1)

i=0, k—1

k)!
< (m1Q)kH2kk%

= 2k(k)!(myq)*™

Finally, we will prove that |Gagy1| < 4k(k)!(mqq)Ft.

k
!
|Gors1| = § 1Goiial
i—0

k—1
< 57 2i()(mag) ™ + mag + 2k (k) (miq)* !

=1

< k*2(k — 1)(k — 1)!(miq)" " + 2k (k) (miq)*

< 4k(k)!(m1q)*!
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]
4.8.3 Proof for Lemma 15
Proof Define My, | = rr;gx M,. Since M3, = Myyy1, it is equivalent to show
M, < (1.45)FF1 We Wilel ;I}Jz)lve the lemma by induction.
k=0, My, =1< (L45)";
k=1, Mj, ., =maz(1,1+1)=2< (1.45)%
k=2, M5y =3 < (1.45)%
Assume that M3, ,; < (1.45)F*! for all k < K, where K > 3, then for k = K,
M1 = ie{lgflg%%{_l}[maX<Mi*M2*K—i7 M + Mg ;)]
< ie{1,sf1,1-%§1(71}{max<1'45%+11'4521(?71H’
1457 1 4 1,457 +1)]
= (1.45)%+
]

4.8.4 Technical Lemma

The following technical lemma regarding the McDiarmid’s condition for the supre-

mum can be found in [73].

Lemma 16 Let z be a random variable of support Z = (R™Y) and distribution D.

Let S ={z...z,} be a dataset of n samples. Let H be a hypothesis class satisfying
HCA{h|h:Z—[0,1]}. The function:

#(8) = sup (Eph] - Bs[n)) (4.10)

heH

satisfies the following condition:

lo(21, s Ziy ooy 2n) —@(215 -3 Ziy oy 20)| < 1/n

(Vi,Vz1...2n,2; € Z)
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4.9 Detailed Greedy Search Algorithm and Illustration Example

For completeness, we present our main greedy search algorithm in detail in Algo-
rithm 3, as well as the algorithm to compute the node weights in Algorithm 4. For
simplicity, we assume the covariate x,, € [0,1]™ . As for the set of basis functions &,
piecewise linear functions, Fourier basis functions, or truncated polynomials could be
good choices in practice. We first define gqp () as the output of tree structure g with
weights w for input @. For instance, let g be the tree structure of Figure 4.2(a). With
a corresponding weight for each leaf, gqyy can be visualized as in Figure 4.2(b). Thus
gw(x) = (wi1(x2) + wads(z1)) * (w3Ps(x2) + wapyi(x3)) in this specific case. The
loss function is defined as L(gw; x,y) = Zn: (Ym — Um)?/2, where 9, = gw(x,,). We
could explore the interaction structure g 717;}:/1adding and multiplying a basis function

on a single dimension of covariate .

An example to illustrate Algorithm 4. Take Figure 4.7 for example, and assume
we are trying to insert a new leaf w3 with either a “+” or “*” at the Node E, that is
to replace the weighted leaf —.05z1 with either —.05z; + wa? or —.05z1 * wa. With
an unknown weight w and an unknown intercept wq, the output ¢,, for the input x,,

of the new tree is

wo + [[122,5 — 053, + wa ;] (.3 sin(7,m9) + .027,,3)

£ wo + b(Ty) + k(x,)(wrd , — .052,,)
for “47, and

wo + [122 5 + wad ,(—.05) 1] (.3 sin(7m9) + .022,,3)

= wo + b(x) + k(x,)(—.05was 2,,1)

for sk

Note that b(x,,) and k(x,,) are constant with respect to the to-be-defined weight,

and thus, the optimization problems min >~ (y,, — wo — b(x,,) — k(x,,) (wad , — .052,,1))?
W om=1
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Algorithm 3 Greedy search algorithm

Input: X = (x1,...,x,) € R"?: n data points
y=(y1,...,Yyn) € R": n observations
®: a set of ¢ basis functions, k: the number of iterations

Initialize the tree gw = wo + w1¢;, (x;,), where

(wo, w1, 141,71) = argmin 22121(%1 —wpy — w,¢i/(xj’))2
(w{),w’,i’,j’)

for iters =1to k—1 do
for node in gq.leaves do
path = path(gw.root, node)
for m =1 ton do
Algorithm 4 with input (x,,, gw, path):
by, = b(@1), b = k(2))
Cm = node(x,,) (If node is we;(x;), then node(x,,) = we;(xm;))

end for

(wo, Wy, 14, ji) = ( argmin ) Zl(ym - w6 — by — k(o + W' (xmj’)))za and
wh,w' <14 ,j") m=

define 7, as the corresponding minimum value attained.
n
. . . / / 2
(Wo, Wiy T, Ju) = argmin Y (Y —WH— by — ki (Cn W' @i (T157) ) )?, and define
(wp,w'<1,i,5") m=1
r, as the corresponding minimum value attained.

if r, <r, then

Insert the new leaf w¢;, (z;,) at node with “+”, and call the new tree gg;™

Tnode = T+
else
Insert the new leaf(w.;, (z;,) at node) with “*” and call the new tree gyg?
Tnode = T'x
end if
Adjust all weights
end for

if Tnode < Thest then

_ best . nod
TBEST = Tnodes 920 = Jav =

end if
Update gqy with ghg?
end for

Output: g
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Algorithm 4 Compute b(x,,) and k(x,,)
Input: x,, € R™: data point

gw: current weighted labeled tree
path: path from the root to the insert position
Initialize root as the root of g, k=1, b=0
while path is not empty do
Define subtree as the !path|[1] subtree of root
val = evaluate(subtree, x,,), where evaluate gives the output of the weighted
labeled tree subtree with input @,

if root = “+7 then

b=>b+wval xk

else if root = “x” then
k =wval x k

end if

Update root as its path[1] child
Remove the first element of path

end while

Output: (b, k)
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Fig. 4.7.: Inserting a new leaf at Node E.

and min i (Ym — wo — b(xy,) — k(@) (—.05wz3 47,,1))? are both least square prob-
lems. Wén ;éd a constraint |w| < 1 according to the assumption of Theorem 4.3.1, to
ensure the uniform convergence. However, it is not straightforward to compute b(x,,)
and k(x,,). As shown in Algorithm 4, we compute the value of b(x,,) and k(x,,)
iteratively along the path from the root to the insert position. We continue with our
current setting, and move on to compute b(x,,) and k(x,,) according to Algorithm

4, assuming x,, = (1,1,1).
1. Input: @, = (1,1,1), gw is the tree in Figure 4.7, path = (left,right)
2. Initialize: root =Node A, k=1,b=0

3. In a first iteration path[l] = left, so define subtree as the right =!left subtree
of root(consisting of Nodes C, F, G),

valy, = evaluate(subtree, @,,) = .3sin(mx,2) + .022,,3 = .02
4. Since root = “*”, k =val,, * k = .02

5. Update root as its left child: root =Node B, path = (right) after removing the

first element of path

6. In a second iteration path[l] = right, so update subtree as the left =lright

subtree of root (consisting of Node D only)
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val,, = evaluate(subtree, x,,) = 122, = .1

Since root = “+7, b = b+ val,, x k = .002

Update root as its right child, path = () after removing the first element of path
Stop the iterations since path is empty

Return (b(x,,) = .002, k(x,,) = .02)
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