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ABSTRACT

Hao, Botao Ph.D., Purdue University, December 2019. Statistical Guarantee for
Non-convex Optimization. Major Professor: Guang Cheng.

The aim of this thesis is to systematically study the statistical guarantee for two
representative non-convex optimization problems arsing in the statistics community.
The first one is the high-dimensional Gaussian mixture model, which is motivated by
the estimation of multiple graphical models arising from heterogeneous observations.
The second one is the low-rank tensor estimation model, which is motivated by
high-dimensional interaction model. Both optimal statistical rates and numerical
comparisons are studied in depth.

In the first part of my thesis, we consider joint estimation of multiple graphical
models arising from heterogeneous and high-dimensional observations. Unlike most
previous approaches which assume that the cluster structure is given in advance, an
appealing feature of our method is to learn cluster structure while estimating heteroge-
neous graphical models. This is achieved via a high dimensional version of Expectation
Conditional Maximization (ECM) algorithm (1). A joint graphical lasso penalty is
imposed on the conditional maximization step to extract both homogeneity and het-
erogeneity components across all clusters. Our algorithm is computationally efficient
due to fast sparse learning routines and can be implemented without unsupervised
learning knowledge. The superior performance of our method is demonstrated by ex-
tensive experiments and its application to a Glioblastoma cancer dataset reveals some
new insights in understanding the Glioblastoma cancer. In theory, a non-asymptotic
error bound is established for the output directly from our high dimensional ECM

algorithm, and it consists of two quantities: statistical error (statistical accuracy)
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and optimization error (computational complexity). Such a result gives a theoretical
guideline in terminating our ECM iterations.

In the second part of my thesis, we propose a general framework for sparse and low-
rank tensor estimation from cubic sketchings. A two-stage non-convex implementation
is developed based on sparse tensor decomposition and thresholded gradient descent,
which ensures exact recovery in the noiseless case and stable recovery in the noisy
case with high probability. The non-asymptotic analysis sheds light on an interplay
between optimization error and statistical error. The proposed procedure is shown to
be rate-optimal under certain conditions. As a technical by-product, novel high-order
concentration inequalities are derived for studying high-moment sub-Gaussian tensors.
An interesting tensor formulation illustrates the potential application to high-order

interaction pursuit in high-dimensional linear regression.



1. INTRODUCTION

The integration and interdiscipline between statistics and optimization are urgent
and productive. More and more statistical tools are being developed by borrowing
strengths from optimization, while optimization is looking to statistics for new insights,
speed, and robustness. In the era of big data, traditional statistics meets the curse of
heterogeneity and the emergence of new data types, such as matrix-value or tensor-
value data. In the optimization community, non-convex optimization has been shown
to handle these challenges efficiently but lacks a statistical guarantee. In this thesis, we
develop some new optimization tools for two classical non-convex statistical problems

as follows and provide the solid theoretical guarantee.

1.1 Simultaneous Clustering and Estimation of Heterogeneous Graphical

Models

Graphical models have been widely employed to represent conditional dependence
relationships among a set of variables. The structure recovery of an undirected
Gaussian graph is known to be equivalent to recovering the support of its corresponding
precision matrix (2). In the situation where data dimension is comparable to or
much larger than the sample size, the penalized likelihood method is proven to
be an effective way to learn the structure of graphical models (3; 4; 5). When
observations come from several distinct subpopulations, a naive way is to estimate
each graphical model separately. However, separate estimation ignores the information
of common structure shared across different subpopulations, and thus can be inefficient
in some real applications. For instance, in the glioblastoma multiforme (GBM) cancer
dataset from The Cancer Genome Atlas Research Network (6), (7) showed that GBM

cancer could be classified into four subtypes. Based on this cluster structure, it



has been suggested that although the graphs across four subtypes differ in some
edges, they share many common structures. In this case, the naive procedure can be
suboptimal (8; 9). Such applications have motivated recent studies on joint estimation
methods (8; 9; 10; 11; 12; 13; 14) that encourage common structure in estimating
heterogeneous graphical models. However, all aforementioned approaches crucially
rely on an assumption that the class label of each sample is known in advance.

For certain problems, prior knowledge of the class membership may be available.
But this may not be the case for the massive data with complex and unknown
population structures. For instance, in online advertising, an important task is to
find the most suitable advertisement (ad) for a given user in a specific online context.
This could increase the chance of users’ favorable actions (e.g., click the ad, inquire
about or purchase a product). In recent years, user clustering has gained increasing
attention due to its superior performance of ad targeting. This is because users with
similar attributes, such as gender, age, income, geographic information, and online
behaviors, tend to behave similarly to the same ad (15). Moreover, it is very important
to understand conditional dependence relationships among user attributes in order
to improve ad targeting accuracy (16). Such conditional dependence relationships
are expected to share commonality across different groups (user homogeneity) while
maintaining some levels of uniqueness within each group (user heterogeneity) (17). In
this online advertising application, previously mentioned joint estimation methods
are no longer applicable as they need to know the user cluster structure in advance.
Furthermore, with the data being continuously collected, the number of underlying
user clusters grows with the sample size (18). This provides another reason for
simultaneously conducting user clustering and joint graphical model estimation, which
is much needed in the era of big data.

Our contributions in this work are two-fold. On the methodological side, we propose
a general framework of Simultaneous Clustering And estimatiolN of heterogeneous
graphical models (SCAN). SCAN is a likelihood based method which treats the

underlying class label as a latent variable. Based on a high-dimensional version of



Expectation Conditional Maximization (ECM) algorithm (1), we are able to conduct
clustering and sparse graphical model learning at the same time. In each iteration
of the ECM algorithm, the expectation step performs cluster analysis by estimating
missing labels and the conditional maximization step conducts feature selection and
joint estimation of heterogeneous graphical models via a penalization procedure. With
an iteratively updating process, the estimation for both cluster structure and sparse
precision matrices becomes more and more refined. Our algorithm is computationally
efficient by taking advantage of the fast sparse learning in the conditional maximization
step. Moreover, it can be implemented in a user-friendly fashion, without the need of
additional unsupervising learning knowledge.

As a promising application, we apply the SCAN method on the GBM cancer dataset
to simultaneously cluster the GBM patients and construct the gene regulatory network
of each subtype. Our method greatly outperforms the competitors in clustering
accuracy and delivers new insights in understanding the GBM disease. Figure 1.1
reports four gene networks estimated from the SCAN method. The black lines are
links shared in all four subtypes, and the color lines are uniquely presented in some
subtypes. Our findings generally agree with the GBM disease literature (7). Besides
common edges of all subtypes, we have discovered some unique gene connections that
were not found through separate estimation (8; 9). This new finding suggests further
investigation on their possible impact on the GBM disease. See Section 2.3.5 for more
discussions.

On the theoretical side, we develop non-asymptotic statistical analysis for the
output directly from the high dimensional ECM algorithm. This is nontrivial due to
the non-convexity of the likelihood function. In this case, there is no guarantee that the
sample-based estimator is close to the maximum likelihood estimator. Hence, we need
to directly evaluate the estimation error in each iteration. Let © represent vectorized

cluster means gy, and precision matrices €2, see (2.1.2) for a formal definition. Given



Classical Mesenchymal

Neural Proneural

Fig. 1.1. Estimated gene networks corresponding to the Classical, Mes-
enchymal, Neural and Proneural clusters from our SCAN method applying
to the Glioblastoma Cancer Data. In each network, the black lines are the
links shared in all four groups. The color lines are the edges shared by
some subtypes.

an appropriate initialization ©© | the finite sample error bound of the ¢-th step

solution ®) consists of two parts:

0¥ —er|,<C-c(np K ¥(M)+ [0 e, , (11.1)

~
Statistical Error(SE) Optimization Error(OE)

with high probability. Here, K is the number of clusters, U(M) measures the sparsity
of cluster means and precision matrices, and « € (0,1) is a contraction coefficient.
The above theoretical analysis is applicable to any decomposable penalty used in the
conditional maximization step.

The error bound (1.1.1) enables us to monitor the dynamics of estimation error in
each iteration. Specifically, the optimization error decays geometrically with the itera-

tion number ¢, while the statistical error remains the same when t grows. Therefore,



the maximal number of iterations 7" is implied, beyond which the optimization error
is dominated by the statistical error such that consequently the whole error bound is

in the same order as the statistical error. In particular,

K5d1 K3(Ks +p)1
)= 0 [ K>dlogp +\/ (Ks+p)logp
F n ., R n

J/

K
> (|| = i, + [ 2" -

kzl Vv Vv
Cluster means error Precision matrices error

where d and s are the sparsity for a single cluster mean and precision matrix. This
result indicates that, after T steps, the SCAN estimator will fall within statistical
precision of the true parameter {u;, Q5}. It is worth mentioning that our theory
allows the number of clusters K to diverge polynomially with the sample size, reflecting

a typical big data scenario. When K is fixed, our statistical rate for the precision

matrix estimation under the Frobenius norm, i.e., Op(1/(s + p) log p/n), achieves the
optimal rate established in Theorem 7 of (19), which is the best rate we could obtain
even when the true cluster structure is given.

In the literature, a related line of research focuses on methodological developments
of high-dimensional clustering. (20) and (21) introduced regularized model-based
clustering and regularized K-means clustering, and (22) proposed a network-based
clustering approach by imposing a graphical lasso to each individual precision matrix
estimation. However, the regularized model-based clustering assumes an identical
covariance matrix in each cluster, while the network-based clustering treats each
graphical model estimation separately. As pointed out in (8) and (9), ignoring
the network information of other clusters may lead to suboptimal graphical model
estimation. During the submission of our paper, we became aware of an independent
work by (23) who also considered the multiple precision matrices estimation via a
Gaussian mixture model. Different from ours, (23) did not enforce the sparsity in
the cluster means, which would inevitably lead to sub-optimal estimators in high-
dimensional clustering (24; 25). Most importantly, no theoretical guarantee was
provided in (22) and (23). On the other hand, our SCAN method is more general

than these existing methods since we allow the sparsity in both cluster means and



precision matrices, and our theoretical analysis of the general SCAN framework sheds
some lights on the behavior of these existing method, See Remark 2.1.1 for more
discussions. In addition, in terms of the heterogeneous graphical model estimation,
(26) proposed an interesting two-stage method which used hierarchical clustering to
obtain cluster memberships and then estimated the multiple graphical models based
on the attained cluster assignments. Despite its simplicity, it is unclear how the
performance of clustering in the first stage could affect the performance of precision
matrix estimation in the second stage. In comparison, our approach unifies clustering
and parameter estimation into one optimization framework, which allows us to quantify
both estimation errors in each iteration.

Another line of related work is the theoretical analysis of EM algorithm (24; 25; 27).
Specifically, (27) studied the low-dimensional Gaussian mixture model, while (25)
and (24) considered its high dimensional extensions. However, their methods are not
applicable for the estimation of heterogeneous graphical models due to the assumed
identity covariance matrix. In fact, our consideration of the general covariance matrix
demands more challenging technical analysis since simultaneous estimation of cluster
means and covariance matrices induces a bi-convex optimization beyond the non-
convexity of the EM algorithm itself. This also explains why ECM is needed instead
of EM. To address these technical issues, key ingredients of our theoretical analysis are
to bound the dual norm of the gradient of an auxiliary Q-function and employ nice
properties of bi-convex optimization (28) in the regularized M-estimation framework

(29). See Section 2.2 for more details.

1.2 Sparse and Low-rank Tensor Estimation via Cubic Sketchings

The rapid advance in modern scientific technology gives rise to a wide range of
high-dimensional tensor data (30; 31). Accurate estimation and fast communica-
tion/processing of tensor-valued parameters are crucially important in practice. For

example, a tensor-valued predictor, which characterizes the association between brain



diseases and scientific measurements, such as magnetic resonance imaging, becomes
the point of interest (32; 33; 34). Another example is tensor-valued image acquisition
algorithms that can considerably reduce the number of required samples by exploiting
the compressibility property of signals (35; 36).

In particular, the following tensor estimation model is widely considered in recent
literatures,

vi= (7" i) te, i=1,....n (1.2.1)

Here, Z; and ¢; are the measurement tensor and the noise, respectively. The goal
is to estimate the unknown tensor .7* from measurements {y;, Z;}" ;. A number of
specific settings with varying forms of Z; have been studied, e.g., tensor completion
(37; 38; 39; 40), tensor regression (32; 33; 34; 41; 42; 43), multi-task learning (44), etc.

In this work, we focus on the case that the measurement tensor can be written
in a cubic form. For example, Z; = x; o x; o x; or Z; = u; o v; o w;, depending on
J* is symmetric or not. The cubic sketching form of .Z; is motivated by a number of

applications.

e [nteraction effect estimation: High-dimensional high-order interaction models
have been considered under a variety settings (45; 46; 47; 48). By writing
Z; = x; o x; o x;, we find that the interaction model has an interesting tensor
representation (see left panel of Figure 1.2) which allows us to estimate high-
order interaction terms using tensor techniques. This is in contrast with the
existing literature that mostly focused on pair-wise interactions due to the model
complexity and computational difficulties. More detailed discussions will be

provided in Section 3.4.

e High-order imaging/video compression: High-order imaging/video compression
is an important task in modern digital imaging with various applications (see
right panel of Figure 1.2), such as hyper-spectral imaging analysis (49) and facial
imaging recognition (50). In contrast to Gaussian ensembles for compression that

each entry of Z; is i.i.d. randomly generated (32; 41; 42), the non-symmetric



cubic sketchings, i.e., 2; = u; ov; ow;, reduces the memory storage from O(np?)
to O(np), where n is sample size and p is the maximal dimension of tensor
modes, but still preserve the optimal statistical rate. More detailed discussions

will be provided in Section 3.5.

In practice, the total number of measurements n is considerably smaller than the
number of parameters in unknown tensor .7*, due to all kinds of restrictions such
as time and storage. Fortunately, a variety of high-dimensional tensor data possess
intrinsic structures, such as low-rankness (31) and sparsity (51), which highly reduce
the effective dimension of the parameter and make the accurate estimation possible.

Please refer to (3.2.2) and (3.5.2) for low-rank and sparse assumptions.

Three-wayinteractinn:Xin}(,r Compression
"

-—

Two-way interaction: X;X;

h i

A 4

1
|

4 n
3 X2, X1, )
Main effect: X; | i . Recovery
ntercept « ﬂ . ?
(1,Xy, X5, X3) © (1, Xy, X5, X3) © (1, Xy, Xp,Xs) € RP¥PP H

Fig. 1.2. llustration for interaction reformulation and tensor image/video
compression.

In this work, we propose a computationally efficient non-convex optimization
approach for sparse and low-rank tensor estimation via cubic-sketchings. Our procedure

is two-stage:

(i) obtain an initial estimate via the method of tensor moment (motivated by
high-order Stein’s identity), and then apply sparse tensor decomposition to the

initial estimate to output a provably warm start;

(ii) use a thresholded gradient descent to iteratively refine the warm start along

each tensor mode until convergence.



In theory, we carefully characterize the optimization and statistical errors at
each iteration step. The output estimate is shown to converge in a geometric rate
to an estimation with minimax optimal rate in statistical error (in terms of tensor
Frobenius norm). In particular, after a logarithm factor of iterations, whenever

3 —_
n 2 K?(slog(ep/s))2, the proposed estimator .7 achieves

2
< 002%@/3)7 (1.2.2)
F n

o

with high probability, where s, K, p, and ¢? are the sparsity, rank, dimension, and
noise level, respectively. We further establish the matching minimax lower bound to
show that (1.2.2) is indeed optimal over a large class of sparse low-rank tensors. Our
optimality result can be further extended to the non-sparse domain (such as tensor
regression (42; 52)) — to the best of our knowledge, this is the first optimality result
in both sparse and non-sparse low-rank tensor regressions.

The above theoretical analyses are non-trivial due to the non-convexity of the
empirical risk function, and the need to develop some new high-order sub-Gaussian
concentration inequalities. Specifically, the empirical risk function in consideration
satisfies neither restricted strong convexity (RSC) condition nor sparse eigenvalue
(SE) condition in general. Thus, many previous results, such as the one based on local
optima analysis (42; 53; 54), are not directly applicable. Moreover, the structure of
cubic-sketching tensor leads to high-order products of sub-Gaussian random variables.
Thus, the matrix analysis based on Hoeffding-type or Bernstein-type concentration
inequality (55; 56) will lead to sub-optimal statistical rate and sample complexity.
This motivates us to develop new high-order concentration inequalities and sparse
tensor-spectral-type bound, i.e., Lemmas 1 and 2 in Section 3.3.3. These new technical
results are obtained based on the careful partial truncation of high-order products of
sub-Gaussian random variables and the argument of bounded t,-norm (57), and may
be of independent interest.

A related line of research is low-rank matrix estimation in the literature, e.g., the
spectral method and nuclear norm minimization (58; 59; 60). However, our cubic

sketching model is by-no-means a simple extension from matrix estimation problems.
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In general, many related concepts or methods for matrix data, such as singular value
decomposition, are problematic to apply in the tensor framework (61; 62). It is also
found that simple unfolding or matricizing of tensors may lead to suboptimal results
due to the loss of structural information (63). Technically, the tensor nuclear norm
is NP-hard to even approximate (38; 64), and thus the method to handle tensor

low-rankness is particularly different from the matrix.

Notation Throughout the paper, vector, matrix, and tensor are denoted by boldface
lower-case letters (e.g., @, y), boldface upper-case letters (e.g., X,Y), and script letters
(e.g., X,)), respectively. For any set A, let |A| be the cardinality. The diag(x) is
a diagonal matrix generated by . For two vectors & and y, @ o y is the outer
product. Define ||z, := (Jz1]|? + - - + |2,|?)/%. We also define the Iy quasi-norm
by |z|lo = #{j : x; # 0} and I, norm by max;<j<, |z;|. Let e; be the canonical
vectors, whose j-th entry equals to 1 and all other entries equal to zero. We use [K]
to denote the set {1,2,..., K'}. For a vector g € RP, ||p||2 is its Euclidean norm. For
a matrix X € RP**P2 we denote || X||r and || X ||2 as its Frobenius norm and spectral
norm, respectively, and define its matrix max norm as || X ||max = max; ; | X;;| and its
max induced norm as || X [|oo = max;—;__,, > 2, | Xi;|, which is simply the maximum
absolute row sum of the matrix. For a square matrix A € RP*? let on(A) and
omax(A) be its smallest and largest eigenvalue respectively and | A| be its determinant.
For a sub-Gaussian random variable Z, we use || Z||y, and || Z||y, to denote its Orlicz
norm. Specifically, |Z||y, = sup,>, p~/*(E|Z|P)"/? and || Z||y, = sup,-, p ' (E|Z|?)"/>.

< b, refers to the case

~Y

For two sequences {a,} and {b,} of positive numbers, a,
that a,, < Cb, for some uniform constant C. We write 1(-) as an indicator function.
Throughout this thesis, we use C,C4,Cs, ... D, Dy, Do, ... to denote generic absolute

constants, whose values may vary at different places.
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2. SIMULTANEOUS CLUSTERING AND ESTIMATION
OF HETEROGENEOUS GRAPHICAL MODELS

2.1 Methodology

In this section, we introduce the SCAN method that simultaneously conducts

high-dimensional clustering and estimation of heterogeneous graphical models.

2.1.1 Heterogeneous Graphical Models

We start our discussions from heterogeneous graphical models with known labels.
Assume we are given K groups of data sets Ay, ..., Ax and the samples in the k-th

group are generated i.i.d. from the following Gaussian distribution:

1
fk(ma Mk, Ek) - (27T)_p/2’2k|_1/2 exp {—§($ - p’k)—rzlzl(w - “k)} 7k = 17 s 7K‘
(2.1.1)
Let Q) = 2,;1 be the k-th precision matrix with the ij-th entry wy;;. For the k-th

pair of parameters (g, ), i.e.,

HE1 W11 " Wklp
Hiep Wept  * "1 Wkpp
. - 2
we write O := (g, Qi) = ([t -« - fkpy W11y« -+ s Wiply « -+ s Whlps - - - Whpp) € RP TP ag

its vectorized representation, and write the parameter of interest © as
©=(0,...,0k) eREC), (2.1.2)

Note that the degrees of freedom of @ are K(0.5p* + 1.5p), including K sets of p

means, p variances, as well as p(p — 1)/2 covariances.
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In some cases, there may also exist some common structure across K precision

matrices. (8) formulated the joint estimation of heterogeneous graphical models as

argmax Z Z log fr(x; ©k) — P(Qy,...,0k), (2.1.3)
Q1o =057 TeAL
where P(€2y, ..., Q) is an entry-wise penalty which encourages both sparsity of each

individual precision matrix and similarity among all precision matrices.
In practice, the cluster label is not always available. A probabilistic model is thus

needed to accommodate the latent structure in the data. Assume the observation

x;;i=1,...,n, from unlabeled heterogeneous population has the underlying density
K

Q)= Zﬂfk(ﬂ?; O), (2.1.4)
k=1

where 7y is the probability that an observation x; belongs to the k-th subpopulation.
Here, for simplicity we assume the number of cluster K is identifiable. In order
to ensure the identifiability of fixed-dimensional Gaussian graphical models, some
sufficient conditions such as the strong identifiability condition was imposed on the
density functions. However these conditions are hard to verify in practice. In fact, the
identifiability issue for high dimensional mixture model is still an open problem (65)
and is beyond the scope of this paper.
Consider the penalized log-likelihood function for the observed data

log £(©|X) : Zlog (Z kak<zl:z,p,k, (%) )) ~R(O).

Our Simultaneous Clustering And estimatioN (SCAN) method aims to solve

max log £L(O]X). (2.1.5)

T oMok ke

For an illustration, we take

K
’Nk]‘ +)‘2ZZ ‘wkz]| +As Z(szij>l/27 (2'1'6)

[M] =
M@

k=1 j=1 k 1 i#£j z#] k=1
Pi(©) P2(©) P5(O©)
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where P;(©) and P»(©) impose sparsity of the estimated cluster mean and precision
matrix, and P5(0©) encourages similarity among all estimated precision matrices. The
above three tuning parameters can be tuned efficiently via adaptive BIC. More details

can be found in Section 2.3.1.

Remark 2.1.1. It is worth mentioning that our SCAN method is applicable to penalty
functions other than (2.1.6). For instance, the cluster mean penalty can be replaced
by the group lasso penalty in (21) or the y-norm penalty in (66). The group graphical
lasso penalty for the precision matrix estimation can be substituted by the structural
pursuit penalty in (67) or the weighted bridge penalty in (68). As shown in Section
2.1.2, only a slight modification of our algorithm is needed to accommodate other
penalty functions. We also note that SCAN reduces to the regularized model-based
clustering (20) when Ay = A3 = 0, reduces to the method by (22) when A3 = 0,
and reduces to the method by (23) when A; = 0. Consequently, the technical tools
developed for the SCAN estimator in Section 2.2 are also applicable to these special

cases.

2.1.2 ECM Algorithm

In this subsection, we introduce an efficient ECM algorithm to solve the general
non-convex optimization problem in (2.1.5). The ECM replaces each M-step with an
conditional maximization (CM) step in which each parameter 7y, pg, €2 is maximized
separately, by fixing other parameters.

Denote the latent cluster assignment matrix as L, where Ly, = 1(x; € Ay);
1=1,...,n, k=1,..., K. If the cluster label L;; is available, the penalized log-

likelihood function for the complete data can be formulated as

n K
1
log £(©|X, L) := ﬁzzLik[logﬂ'k + log fr(xi; ©r) | — R(O).

i=1 k=1
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In the expectation step, the conditional expectation of the penalized log-likelihood

function is computed as
Eix .ot [log L(O|X, L)} — 0,(8]6 )~ R(O), (2.1.7)

where R(®) is the penalty in (2.1.6) and

n

K
_ 1
Q.(®|0¢ ) .= - Z Le-1) 1, () [logwk + log fr(@:; G)k)], (2.1.8)

i=1 k=1
with the class label being computed based on the parameter @~ and 7T,(:_1) obtained
at the previous iteration, that is,
Y fi(zs; ©F )
Yiamy a7

In the conditional maximization step, maximizing (2.1.7) with respect to my, pu,

L@(t—l)yk(w,L') = (219)

;. yields the update of parameters. In particular, the update of 7 is given as

" L — €Zr;
= 2—9“ Zk( ), (2.1.10)
=1

and the update of py is given in the following Lemma.

Lemma 2.1.2. Let u,(f) = argmax,, Q,(0|0! V) — R(O) and denote n; :=
Y1 Lew-1 4 (x;). We have, for j =1,...,p,

g1(m; O V) — —grsign () if‘Z?:l g2.5(@ O V)| > \y;
(t) P nkwk..
/ij = Jj
0 otherwise,

where

n (t—1) (t—1) (t—1)
(tfl)) _ D ie1 L®<t*1>,k(wi)(2f:1 TilWpi; ) =1 Hig Wiij (t—1)

915(x; Oy, 1) - -1 + t s
Wiy T “rjj
p
t—1 t—1 t—1 t—1
92,5 (s ®I(c )) = L@“*U,k(wi)( E (g — /Li(d ))Wl(czj‘ Ty xijwlg:jj ))-
1=1,1#]

Note that if the lasso penalty is replaced with other penalty functions, then the

update formula of u,,(f) in Lemma 2.1.2 can be modified accordingly. Given the pseudo
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sample covariance matrix §k, we are able to develop an update formula for €2 by
establishing its connection with joint estimation of heterogeneous graphical models

(2.1.3).

Lemma 2.1.3. The solution of maximizing (2.1.7) with respect to (€2,..., Q) is

equivalent to

K
(Qgt), . ,Qg?) = arg  max an [log det(Qk)—trace(ngk)] -R(©), (2.1.11)

Q1,.., Qx>0

where S, is a pseudo sample covariance matrix defined as

n —1 -1
§k — Zz’:l L(a(t*l),k(wi)(xi - IJ»;(f ))T(wi — H;(f ))
. > i1 Lot (i) '

The solution for (2.1.11) can be solved efficiently via the ADMM algorithm by

slightly modifying the joint graphical lasso algorithm in (8). Since (8) do not impose
the symmetry condition for precision matrix update, {Q,E:T)}szl in general is not
necessarily symmetric. Following the symmetrization strategy in (69) and (13), we

symmetrize Q](:) by

t t t t t t t
wiy = WiRI(lwisy < wp]) + win I (Jwis > wigh)), (2.1.12)

where w,(;;)] is the ij-th entry of Q,(f) and I(-) is the indicator function. This step
will not affect the convergence rate of the final estimator, which is illustrated in (69)
and (13). We summarize the high-dimensional ECM algorithm for solving the SCAN
method in Table 2.1. Our algorithm is computationally efficient due to fast sparse
learning routines shown in Lemmas 2.1.2 and 2.1.3.

In all of our experiments, we obtain (u,(co), Q,(CO)) by random initialization, which is
computationally efficient and practically reliable. In the theoretical study, we require
the initialization to be of a constant distance to the truth. See Remark 2.2.8 for more
discussions. Moreover, in the implementation, ECM step in Step 2 is terminated when
the updated parameters are close to their previous values:

K t t—1 t t—1
Z{Hu;ﬁ)—ui 1920 - 9 ’HF}<001

(t) (®) -
el G IR B 1211
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Table 2.1.
The SCAN Algorithm

Input: xq,...,x,, number of clusters K, tuning parameters A1, Ag, As.
Output: Cluster label L, cluster mean pj and precision matrix €.
Step 1: Initialize cluster mean u,go), positive definite precision matrix

Q;O), and set 7r,(€0) = 1/K, for each k € [K].

Step 2: Until some termination conditions are met, for iteration t =
1,2,...

(a) E-step. Find the cluster assignment Lg-1) (i) as in (2.1.9).

(b) CM-step. Given Lgu-1) j(x;), update ﬂ'g), u,(f), and Q,(:) in (2.1.10),
Lemma 2.1.2, Lemma 2.1.3, respectively. Symmetrize Q,(f) by (2.1.12).

Remark 2.1.4. In the existing high-dimensional EM algorithms where the covariance
matrix is assumed to be an identity matrix (24; 25), sample-splitting procedures
have been routinely used in the M-step in order to facilitate the theoretical analysis.
Although it simplifies theoretical developments, such a sample-splitting procedure
does not take advantage of full samples in the M-step and is hard to implement in
practice. Our Algorithm 2.1 is able to avoid this sample-splitting step but still enjoys
nice theoretical properties. See Corollary 2.2.12 for more discussions on its statistical

guarantee.

2.2 Statistical Guarantee

In this section, we establish statistical guarantee for the SCAN estimator based on
sample-based analysis of (2.1.8) and population-based analysis of (2.2.3). Here, we
consider the high-dimensional setting where p > n and K is allowed to diverge with

n.
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We start by introducing some useful notation. Denote the index set of diagonal

components of K precision matrices by

K
G = Gr with G = (k(p+ 1), k(2p +2), ..., k(p” +p)) , (2.2.1)

k=1
that is, Og = (Wit1, .-+, Wipps - - -, WKIL, - - - s WEipp) € REP. Let O be the complete

index set of @ and G¢ = O\ G be the complement set of G. Denote Uy, := {i : ujy; # 0}
where pj is the true mean parameter, Vi, := {(7, ) : i # j,wj;; # 0} where Qj is the
true precision matrix and S; = UkK:1 U, S = Uszl V,.. Define = C RE®*+P) a5 some

non-empty convex set of parameters. Denote the support space M as

M = {VEE | pki =0 for all i € Sy, (2.2.2)

wri; = 0 for all pairs (4, j) ¢82,k::1...,K},

where V follows the same definition style used for © in (2.1.2). Denote the sparsity

parameters:

S = #{(Zaj) wlﬁz]#oa%]:lpaz#‘jak:la)K}a
d:=#{i:u), #0,i=1,....p,k=1,...,K}.

2.2.1 Population-Based Analysis

We define a corresponding population version of @, in (2.1.8) as

Q(O'|©) :=E

> Lox(X)llog 7, +log fy( X @m] S e23)

Without loss of generality, we assume the true prior probability 7} = 1/K for each
k =1,...,K. Recall that the update of weights in (2.1.10) is independent of the
updates of other parameters. Consequently, according to (2.1.1), maximizing Q(®'|©)

’ ’ N . . . .
over (p,,2,) is equivalent to maximizing

> E | Loa(X) {5 losdet(@) - (X — ) "X — )] (22
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Clearly, the update of (u;,£2;) is independent of the update of (p;, ;) for any ¢ # [.
This enables us to characterize the update of each pair of parameters separately. For

any k=1,..., K, define

M, (0,) == argmax Q(O'|®) and MQL(“;) = argmax Q(©']®).
i @
We show in Lemma 2.2.1 that the population update of g, is independent of €2,

while the population update of Q;C is a function of ,u,;c.

Lemma 2.2.1. For any k£ =1,..., K, we have

M, (2,) = [ElLes(X)]] 'E[Le(X)X], (2.2.5)

’
k

Mgy (1) = ElLo 1(X)] [ElLo (X)X~ p)(X — u)7]] . (2.26)

The difficulty of simultaneous clustering and estimation can be characterized by the

following sufficiently separable condition. Define B, (©*) := {@ €= H@ — O
o).

Condition 2.2.2 (Sufficiently Separable Condition). Denote W = max; W;, W' =
max; W;, W' = max; W; with VVj,I/VJ{,VVj{/ defined in (2.6.4), (2.6.7) and (2.6.8),

<
9 >

respectively. We assume K clusters are sufficiently separable such that given an

appropriately small parameter v > 0, it holds a.s.

g
24(K — 1)/max{W, W W"}’

Lo x(X) - Le;(X) < (2.2.7)

for each pair {(j,%),j,k € [K],j # k} and any © € B,(©*).

Condition 2.2.2 requires that K clusters are sufficiently separable in the sense that
X belongs to the k-th cluster with probability either close to zero or close to one
such that Le x(X) - Le j(X) is close to zero. In the special case that K = 2 and
QF = QF =1, (27) requires ||p; — p3|2 is sufficiently large. Our Condition 2.2.2
extends it to general K and general precision matrices. Note that the condition (2.2.7)
is related with the number of clusters K. As K grows, the clustering problem gets

harder and hence a stronger sufficiently separable condition is needed.
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The next lemma guarantees that the curvature of Q(:|®) is similar to that of
Q(:|®*) when O is close to ®*, which is a key ingredient in our population-based

analysis.

Lemma 2.2.3 (Gradient Stability). Under Condition 2.2.2, the function {Q(-|®),0® €
=} satisfies,

[VQ©er|e) - ve(er|e)

,<7-]|©@-6r

(2.2.8)

27
with parameter 7 < /12 for any © € B,(©*). The gradient VQ(©*|®) is taken
with respect to the first variable of Q(:|-).

2.2.2 Sample-Based Analysis

In this section, we analyze the sample-base function @),,, defined as the objective
function in (2.1.8). The statistical error comes from the approximation by using
sample-base function @), to population-base function ). We need one regularity

condition to ensure that (), is strongly concave in a specific Euclidean ball.

Condition 2.2.4. There exist some positive constants (i, B such that 0 < ; <

minkE[K] O—min(Q]:) < maXge[K] Umax(QZ) < BQ-

Lemma 2.2.5 verifies the restricted strong concavity condition of ),,. Note that
(2.2.9) corresponds to the restricted eigenvalue condition in sparse linear regression

(29).

Lemma 2.2.5 (Restricted Strong Concavity). Suppose that Condition 2.2.4 holds.
Then for any © € B,(©*), with probability at least 1 —J, each ® € C:={@’ | ||©"—
O*||; < 2a} satisfies

0,.(0'10) — Q,(00) — <VQn(®*|®),G)’ . @*>§ —%H@' _e z (2.2.9)

with sufficiently large n, where v = ¢ - min{3;, 0.5(8 + 2a)) "2} is the strong concavity

parameter for some constant c.
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Define P(©) = M;P1(O) + MyP2(©) + M3P3(0©) for some positive constants
My, My, M3. Let P* be the dual norm of P, which is defined as P*(©) = suppg<1(©’, ©).
P =P*().

For simplicity, write || - |
Condition 2.2.6. For any fixed ® € B,(©*), with probability at least 1 — 4y,
HVQ,Z(G*|®) - VQ(®*|®)HP* <e (2.2.10)
and with probability at least 1 — o, we have
H [vcgn(@*y@) - VQ(@*\@)LHz < e, (2.2.11)

where G is the diagonal index set defined in (2.2.1). Here £, and ¢4 are functions of

n,p, K? 61762-

Intuitively, €; and €5 quantify the difference between the population-based and
sample-based conditional maximization step. Note that P does not penalize diagonal

elements of each precision matrix, thus

|va.©1e) -voeie)|  =|[ve.ele) -voeie)

gellps

Our analysis makes use of the property of dual norm to bridge the SCAN penalty
term and the targeted error term in Ly norm. Note that our SCAN penalty does not
penalize diagonal terms of precision matrices, and hence it can be treated as a norm
only if it is applied to the parameter ® without diagonal terms of precision matrices.
Otherwise, it is a semi-norm. For this purpose, we separate all the diagonal terms from
©. Therefore, our statistical error is split by two parts: one from the sparse estimate
of cluster means and non-diagonal terms in precision matrices, and another from the
estimate of diagonal terms of precision matrices. In Lemma 2.6.1, e; and &5 will be
specifically calculated for our proposed SCAN penalty. In the high dimensional ECM
algorithm, there is no explicit form for the CM-step update due to the existence of
the penalty term. This is a crucial difference from the low-dimensional EM algorithm
in (27). Fortunately, the decomposability of SCAN penalty enables us to quantify

statistical errors by evaluating the gradient of -function.
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2.2.3 Statistical Error versus Optimization Error

In this section, we provide the final theoretical guarantee for the high-dimensional

ECM algorithm by combining the population and sample-based analysis.

Definition 1 Support Space Compatibility Constant. For the support subspace M C
RE®*+7) defined in (2.2.2), we define

v(M)= sup P(©)

8 (2.2.12)
ecm\{0} ||O]l2

Remark 2.2.7. The support space compatibility constant v(M) is a variant of
subspace compatibility constant originally proposed by (29) and (70). Actually, v(M)
can be interpreted as a notion of intrinsic dimensionality of M. In order to bound the
statistical error, we need some measures for the complexity of parameter © reflected by
the penalty term. One possible way is to specify a model subspace M and require © lie
in the space. By choosing the support space M of parameter of interest ©, the support
space compatibility constant v(M) can measure the complexity of @ relative to the
penalty term P and square norm. The larger v(M) is, the more samples are needed
to guarantee statistical consistency. For examples, if the penalty P is L; penalty with
s-sparse coordinate support space M, then we have v(M’) = {/s. In the context of
group lasso penalty, we have v(M') = \/E , where S is the index set of active groups.
For our SCAN penalty, v(M) is specifically calculated by MV Kd+ (MoK 4 Ms)\/s,
where d, s are the common sparsity parameters for single cluster means and precision

matrices accordingly and M, My, M3 are some absolute constants.

We first provide a general theory that applies to any decomposable penalty, such
as the group lasso penalty in (21) and fused graphical lasso penalty in (8). The
theoretical result of our SCAN penalty will be discussed in Corollary 2.2.12.

Theorem 1 . Suppose Conditions 2.2.2, 2.2.4, 2.2.6 hold and ©* lies in the interior
of Z. Let k = 67/7, where 7,7 are calculated in Lemma 2.2.3 and Lemma 2.2.5.

Consider our SCAN algorithm in Table 2.1 with initialization ©©) falling into a ball
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B, (©*) for some constant radius @ > 0 and assume the tuning parameters satisfy

)\1 = M1)\£Lt), )\2 = MQAq(th), )\3 = Mg)\g), and

)\(t) _ Y @(t—l) — e
n E—Hiu(/\/l) H

If the sample size n is large enough such that ¢ < (1 — x)ya/(6v(M)), then O

(2.2.13)

.
satisfies, with probability at least 1 — t¢’,

6

M + ’itH@(O)_G*

(1 —r)y —
— Optimiation Error(OE)

ot - e

5 <

(2.2.14)

2

Statistical Error(SE)

where ¢’ = § + 01 + 0o with 9, 1, o defined in Lemma 2.2.5 and Condition 2.2.6 and
£ =¢e1+ea/v(M).

The above theoretical result suggests that the estimation error in each iteration
consists statistical error and optimization error. From the definition of 7 in Lemma
2.2.3, k is less than 0.5 so that it is a contractive parameter. With a relatively good
initialization, even though ECM algorithm may be trapped into a local optima after
enough iterations, it can be guaranteed to be within a small neighborhood of the
truth, in the sense of statistical accuracy. In addition, with a proper choice of ¢’, the

final probability 1 — ¢’ will converge to 1; see Corollary 2.2.12 for details.

Remark 2.2.8. To our limited knowledge, there is no existing literature to guarantee
the global convergence of ECM algorithm in a general case. Compromisingly, we
have to require some constraints on the initial value. In our framework, the only
requirement for the initial value is to fall into a ball with constant radius to the truth.
Such a condition has also been imposed in EM algorithms (24; 25; 27) and can be
fulfilled by some spectral-based initializations (71).

Remark 2.2.9. In Theorem 1, we introduce an iterative turning procedure (2.2.13)
which appeared in high dimensional regularized M-estimation (29), and was also

applied in (24) to facilitate their theoretical analysis.

The error bound in (2.2.14) measures the estimation error in each iteration.

Here, optimization error decays geometrically with the iteration number ¢, while
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the statistical error remains the same when t grows. Therefore, this enables us to
provide a meaningful choice of the maximal number of iterations T" beyond which
the optimization error is dominated by the statistical error such that the whole error
bound is in the same order of the statistical error.

In the following corollary, taking the SCAN penalty as an example, we provide a
closed form of the maximal number of iterations 7" and also an explicit form of the

estimation error.

Condition 2.2.10. The largest element of cluster means and precision matrices are

both bounded, that is, for some positive constants ¢; and cs,

1|00 = l?el% [tk lloo < 1 and [|Q7 || imax := ]{2% €25 Imax < ca.

Condition 2.2.11. Suppose that the number of clusters K satisfies K2 = o(p(logn)™").

Corollary 2.2.12. Suppose Conditions 2.2.2, 2.2.4, 2.2.10 and 2.2.11 hold. If sample

size n is sufficiently large such that

S (6(CKHQ*HOO + C'KY)(VEd+VEs +VEK) + C"K1-5\/]‘9>21
"= ogp,

- r)a

and the iteration step t is large enough such that

where o(n,p, K) = 6C((1 — £)7) || (VEd + VK5 + p)y/K?log p/n for some

positive constant C , the optimization error in (2.2.14) is dominated by the statistical

error, and
K
T * T *
> (o = i, + [} - ], )
k=1
12C . K5dlogp . K3(Ks+p)logp
< a o [ I\ = 7] ,
(1—-r)y | no n
Cluster r;lgans error Precision n:z:trices error

with probability converging to 1.
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Remark 2.2.13. If K is fixed, the above upper bound reduces to

K
3 ([ v )
k k P
k=1

oo

. dlogp . (s +p)logp
S| I o/ . + |2 IIOO\/T :

Cluster means error Precision matrices error

Consider the class of precision matrix Q := {Q : Q = 0, ||| < Co} as in (19).

(2.2.15)

When Cg does not depend on n, p, our rate /(s + p)log p/n in (2.2.15) is minimax
optimal for estimating s-sparse precision matrix under Frobenius norm (see Theorem
7 in (19)). The same rate has also been obtained in (26) for multiple precision
matrix estimation when the true cluster structure is assumed to be given in advance.
Moreover, our cluster mean error rate \/W is minimax optimal for estimating
d-sparse cluster means; see (25). In short, Corollary 2.2.12 indicates that our procedure
is able to achieve optimal statistical rates for both cluster means and multiple precision

matrices even when the true cluster structure is unknown.

Remark 2.2.14. As a by-product, we establish the variable selection consistency of
Q,(CT), which ensures that our precision matrix estimator can asymptotically identify
true connected links. Assume ||Q}|/« is bounded and the minimal signal in the
true precision matrix satisfies Wyin = ming jyev, k=1,..x w;;ij > 2r,, where r,, =

(VK5d+ \/K3(Ks + p))y/logp/n. The latter condition is weaker than that assumed

in (10), where they require a constant lower bound of wy;,. To ensure the model
selection consistency, we threshold the precision matrix estimator QI(CT) such that wy;; =
w,i? ]l{|w,(€? | > r,} asin (72) and (9). See Theorem 2 in the online supplementary for

some results on the selection consistency result.

2.3 Numerical Study

In this section, we discuss an efficient tuning parameter selection procedure and
demonstrate the superior numerical performance of our method. We compare our

algorithm with three clustering and graphical model estimation methods:



25

e Standard K-means clustering (73).

e Algorithm in (22) which applies graphical lasso for each precision matrix esti-

mation.

e A two-stage approach which first uses K-means clustering to obtain the clusters

and then applies joint graphical lasso (8) to estimate precision matrices.

For a fair comparison, we assume the number of clusters K is given in all methods.

2.3.1 Selection of Tuning Parameters

In our simultaneous clustering and graph estimation formulation, three tuning
parameters A := {1, A2, A3} need to be appropriately determined so that both the
clustering and network estimation performance can be optimized. In our framework,
the tuning parameters are selected through the following adaptive BIC-type selection
criterion. For a set of tuning parameters A := {\;, A2, A3}, the adaptive BIC criterion
is defined as

BIC(A) = —2log L(A) + log(n)dfs (1) + 2dfA (£2), (2.3.1)

where Z(A) is the sample likelihood function and {df (), dfs(€2)} is the degrees of
freedom of the model. Here, {dfy(u),dfs(£2)} can be approximated by the size of
selected variables in the final estimator. Therefore, according to the Gaussian mixture

model assumption, the adaptive BIC criterion in (2.3.1) can be computed as

n K K
—2 Z log (Z T [ (931'; Pk, (ka)_1>> + Z {logn - s1p, + 2521},
i=1 k=1 k=1

where sy, = Card{i : fig; # 0}, sop, = Card{(i,7) : ﬁkij #0,1 <i<j<p}and
Ty ks ﬁk are final updates from Algorithm 2.1. We choose a smaller weight for the
degrees of freedom of precision matrices as suggested in (8). The mixing weight 7 is
not counted into the degrees of freedom since it only contributes a constant factor.
In our experiment, we choose the optimal set of parameters minimizing the BIC

value in (2.3.1). In the high-dimensional scenario where p is very large, calculation of
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BIC over a grid search for all A\j, Ay, A\3 may be computationally expensive. Following
(8), we suggest a line search over A\, A2 and Az. In detail, we fix Ay and A3 at their
median value of the given range and conduct a grid search over A;. Then with tuned \;
and median value of \3, we conduct a grid search over \y. The line search for A3 is the

same. In our simulations, we choose the tuning range 10~2+2/1% with t = 0,1,...,15

for all )\1, )\2, )\3.

2.3.2 Illustration

In this subsection, we demonstrate the importance of simultaneous clustering and
estimation in improving both the clustering performance and the estimation accuracy
of multiple precision matrices.

The simulated data consists of n = 1000 observations from 2 clusters, and among
them 500 observations are from A (p1, ) and the rest 500 observations are from

N(pa, ) with gy = (0,1)7, po = (0,—1)7, and

D
0.8 1

The standard K-means algorithm treats the data space as isotropic (distances
unchanged by translations and rotations) (74). This means that data points in each
cluster are modeled as lying within a sphere around the cluster centroid. A sphere
has the same radius in each dimension. However, the non-diagonal covariance matrix
in the mixture model makes the cluster structure highly non-spherical. Thus, the
K-means algorithm is expected to produce an unsatisfactory clustering result. This is
illustrated in Figure 2.3.2 where K-means clustering clearly obtains wrong clusters.
On the other hand, by incorporating the precision matrix estimation into clustering,
our method is able to identify two correct clusters.

Figure 2.3.2 illustrates the estimation performance of precision matrices based on
the clusters estimated from the K-means clustering and our method. Clearly, our

SCAN method delivers an estimator with improved accuracy when compared to the



True Kmeans SCAN

X2
0

Fig. 2.1. The first plot represents the true clusters shown in red and black
in the example of Section 2.3.2. The middle and right plots show the
clusters obtained from the standard K-means clustering (Kmeans) and
our SCAN method.
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two stage method which applies joint graphical lasso (JGL) to the clusters obtained

from the K-means clustering. This suggests that an accurate clustering is critical for

the estimation performance of heterogeneous graphical models.

True Kmeans + JGL SCAN

Fig. 2.2. The true precision matrix and the estimated precision matrices
from the two stage method (Kmeans + JGL) and our SCAN method in
the example of Section 2.3.2.
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2.3.3 Effect of Sample Size and Dimension

We investigate the effect of sample size and dimension in terms of the estimation
error and computational time. First, we empirically demonstrate the derived upper
bound (2.2.15) for the estimation error by drawing the error pattern of our precision
matrix estimator against sample size and dimension. The setting is the same as Section
2.3.2 except that we consider a tri-diagonal convariance structure. The results are
summarized in Figure 2.3.3. In the first plot, we fix the dimension to be 10 and vary
the sample size from 400 to 2000. In the second plot, we fix the sample size to be 5000
and vary the dimension from 5 to 50. The box plot refers to the the actual numerical
values of precision matrix estimation errors, and the red dot is the theoretical error
rate in each scenario. These results demonstrate that the empirical errors match very

well with the theoretical error bound.

~-e- Theoretical rate —@—- Theoretical rate
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Fig. 2.3. Comparison of the numerical error and the theoretical error
rates of our SCAN method. The left panel displays the precision matrix
estimation error with varying sample sizes. The right panel displays the
precision matrix estimation error with varying dimensions.

Second, we compare the average running time of our SCAN algorithm with varying
sample sizes and dimensions. Figure 2.3.3 shows that our algorithm scales linearly
with the sample size and roughly linearly with the dimension. This illustrates the

efficiency and scalability of our proposed algorithm.
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Fig. 2.4. Running time of our algorithm. The left panel is the running
time with varying sample sizes and fixed dimension p = 10. The right
panel is the running time with varying dimensions and fixed sample size
n = 5000.

2.3.4 Simulations

In this subsection, we conduct extensive simulation studies to evaluate the perfor-
mance of our algorithm. To assess the clustering performance of various methods, we
compute the following clustering error (CE) which calculates the distance between
an estimated clustering assignment @/D\ and the true assignment 1 of the sample data

Xi,..., X, (21; 75),

n

oB() = (3) 1)+ 1) = B0 # LX) = (X)) < )|

where | A| is the cardinality of set \A. To measure the estimation quality, we calculate

the precision matrix error (PME) and cluster mean error (CME)

K K
1 ~ 1
PME := _ZHQ(k) _Q(k)H . CME := _ZHA(k) W
K & F K & A

2.
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Finally, to compare the variable selection performance, we compute the true positive
rate (TPR, percentage of true edges selected) and the false positive rate (FPR,

percentage of false edges selected)

TPR := 1 i >icj Lwrij # 0,Whi; # 0)
K k=1 > icj Lwris # 0) ’
FPR := 1 i Zi<j 1 (wkij = 0,0xi; # 0)
k=1 Zi<j 1 (wri; = 0)

K

In the simulation, a three-class problem is considered. We illustrate three different
types of network structures. In the first scenario, the network is assumed to have some
regular structures. We generate a 5-block tridiagonal precision matrix with p features
for the precision matrix. To allow the similarity of precision matrices across clusters,
we set the off-diagonal entry of €2y, 25, Q3 as n, 0.99n, and 1.01n, respectively. The
diagonal entries of 21,25, and €23 are all 1.

In the second and third scenarios, followed by (8), we simulate each network
consisting of disjointed modules since many large networks in the real life exhibit a
modular structure comprised of many disjointed or loosely connected components of
relatively small size (76). Thus, each of three networks is generated with p features,
which has ten equally sized unconnected subnetworks. Among the ten subnetworks,
eight have the same structure and edge values across all the three classes, one remains
the same only for the first two classes and the last one appears only for the first class.
For the cluster structure of subnetwork, we consider two scenarios: power-law network
and chain network, which are generated using the algorithm in (76) and (77). The

detail construction is described as below.

Power-law network. Given an undirected network structure above, the initial ten-

block precision matrix (w/;)xp is generated by
1 17 J;
W;; = 0 i # 7, no edge;
Unif([—0.4,—0.1] U [0.1,0.4]) ¢ # j, edge exits;
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To ensure positive definiteness and symmetry, we divide each off-diagonal entry
by 0.9 times the sum of the absolute values of off-diagonal entries in its row and
average this rescaled matrix with its transpose. Denote the final transformed
matrix by A. The covariance matrix corresponding to the first class is created
by

Al

VA A

where d;; = 0.9 for non-diagonal entry and d,; = 1 for diagonal entry. For the

Xhij = dij (2.3.2)

covariance matrix corresponding to the second class, we create 35 be identical
to ¥; but reset one of ten block matrix to the identity matrix. Similarly, we

reset one additional block matrix for Xs.

Chain network. In the scenario, each of ten blocks of the first covariance matrix
31 is constructed in the following way. The 7j-th element of each block has
the form o;; = exp(—als; — s;|), where s; < s5 < .-+ < 5,19 for some a > 0.
This is related to the autoregressive process of order one. In our case, we choose
a=1and s; — s;_1 ~ Unif(0.5,1) for ¢ = 2,...,p/10. Similarly, we create ¥
be identical to 37 but reset one of ten block matrix to the identity matrix and

reset one additional block matrix for 3.

After the networks are constructed, the samples are generated as follows. First,
the cluster membership Y;’s are uniformly sampled from {1,2,3}. Given the cluster
label, we generate each sample X; ~ N (u(Y;), 2(Y;)). Here, the cluster mean pu(Y;)

is sparse, where its first 10 variables are of the form
(15, =) (Y = 1) + o (Y = 2) + (—pdg, —pdg) T 1 (Y; = 3),

with 15 being a 5-dimensional vector of all ones, and its last p — 10 variables are zeros.

For the first scenario, we consider 3 simulation models with varying choices of 1 and
n:

e Model 1: = 0.8 and n = 0.3,
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e Model 2: =1 and n = 0.3,
e Model 3: p=1and n=0.4.

Here p controls the separability of the three clusters with larger p corresponding to
an easier clustering problem, and 7 represents the similarity level of precision matrices
across clusters. For the second and third scenarios, we considered three simulation

models with sequential choices of u:
e Models 4,7: 1 =0.7,
e Models 5,8: = 0.8,
e Models 6,9: = 0.9.

The number of features p is equal to 100 and sample size is equal to 300. The results
are averaged over 50 experiments. The code is written in R and implemented on
an Intel Xeon-E5 processor with 64 GB of RAM. The average computation time for
SCAN of a single run took one and half minute.

In the experiment, our method selected the tuning parameters via the BIC criterion
in Section 2.3.1. For a fair comparison, we also used the same tuning parameters
A1, A2 in (22), and the same Ay, A3 in the joint graphical lasso penalty of the two-
stage approach. We repeated the procedure 50 times and reported the averaged
clustering errors, estimation errors, and variable selection errors for each method
as well as their standard errors. Table 2.2 is for regular network, Table 2.3 is for
power-law networks and Table 2.4 is for chain networks. As shown in Table 2.3 and
Table 2.4, the standard K-means clustering method has the largest clustering error
due to a violation of its diagonal covariance matrix assumption. This will result in
poor estimation for multiple precision matrices. The method of (22) improves the
clustering performance of the standard K-means by using a graphical lasso in the
precision matrix estimation. However, it obtains a relatively large precision matrix
estimation error and very bad false positive rate since it ignores the similarity across

different precision matrices. In contrast, our SCAN algorithm achieves the best
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clustering accuracy and best precision matrix estimation accuracy for both scenarios.
This is due to our simultaneous clustering and estimation strategy as well as the
consideration of similarity of precision matrices across clusters. This experiment shows
that a satisfactory clustering algorithm is critical to achieve accurate estimations of
heterogeneous graphical models, and alternatively good estimation of the graphical
model can also improve the clustering performance. This explains the success of our

simultaneous method in terms of both clustering and graphical model estimation.

Table 2.2.
Simulation results of regular network. The clustering errors (CE), cluster
mean errors (CME), precision matrix errors (PME), true positive rates
(TPR) and false positive rates (FPR) of precision matrix estimation of
four methods. The minimal clustering error and minimal estimation error
in each simulation are shown in bold.

Models Methods CE CME PME TPR /FPR
K-means 0.1669011  2.2560 108 NA NA /NA
Model 1 | K-means + JGL | 0.1660011  2.256¢.108 8.206¢.090 0.9850.001 /0.0230.001
=08 (22) 0.1040.00r  1.19000352  10.45800500  0.9600.002 /0.1070.001
n=20.3 SCAN 0.071g.007 1.1209.063 7.6200072 0.9930.001 /0.022¢ 001
K-means 0.2109.009  3.4280.114 NA NA/NA
Model 2 | K-means + JGL | 0.2100.000  3.428¢.114 12.099¢.317 0.989.001 /0.039.003
= (22) 0.1259012  1.8609118  12.833¢.253 0.9930.001 /0.1199.006
n=03 SCAN 0.0580.012 1.4760.145 10.301g332 0.9970.001 /0.0360.002
K-means 0.0219.002  1.289¢013 NA NA /NA
Model 3 | K-means + JGL | 0.021g g2 1.289¢.013 7.639 061 0.9930.001 /0.029¢ 002
p=1 (22) 0.021p002  0.968001s  10.1150007  0.9680.001 /0.1060.001
n=0.4 SCAN 0.0149001 0.9560.0158 7-6140.061  0.9930.001 /0.0290.002




Table 2.3.
Simulation results of power-law network. The clustering errors (CE),
cluster mean errors (CME), precision matrix errors (PME), true positive
rates (TPR) and false positive rates (FPR) of precision matrix estimation
of four methods. The minimal clustering error and minimal estimation
error in each simulation are shown in bold.
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Models Methods CE CME PME TPR /FPR
K-means 0.331p.007  3.282¢.047 NA NA /NA
Model 4 | K-means + JGL | 0.331p007  3.2820047  49.5160.150  0.5750.002 /0.034¢ 002
©=0.7 (22) 03110006 249400355 50.9450161  0.5780.002 /0.1340.002
SCAN 0.2830.008 2.3850.065 48.845¢.146 0.5770.003 /0.0320002
K-means 0.2280.010  2.7779.111 NA NA/NA
Model 5 | K-means + JGL | 0.228p010  2.7770.111 48.6010132  0.582¢002 /0.0440.003
=038 (22) 0.1860011  1.837p113  49.289102  0.584¢.001 /0.1310.001
SCAN 0.1560.012 1.789¢.110 47.729¢.118 0.5830.002 /0.041¢ 002
K-means 0.083p010  1.624¢.129 NA NA /NA
Model 6 | K-means + JGL | 0.0830010 1.624p120  46.879.093  0.589.002 /0.0700.003
w=20.9 (22) 0.0500.002 1.0030.018 475030003  0.591¢.001 /0.128p.001
SCAN 0.045¢.002 1.0030.018 46.3560.0s6 0.589.001 /0.0680.003

2.3.5 Glioblastoma Cancer Data Analysis

In this section, we apply our simultaneous clustering and graphical model estimation

method to a Glioblastoma cancer dataset.

We aim to cluster the glioblastoma

multiforme (GBM) patients and construct the gene regulatory network of each subtype

in order to improve our understanding of the GBM disease.

The raw gene expression dataset measures 17814 levels of mRNA expression of

482 GBM patients. Each patient belongs to one of four subgroups of GBM: Classical,

Mesenchymal, Neural, and Proneural (7). Although they are biologically different,



in each simulation are shown in bold.

Table 2.4.
Simulation results of chain network. The clustering errors (CE), cluster
mean errors (CME), precision matrix errors (PME), true positive rates
(TPR) and false positive rates (FPR) of precision matrix estimation of
four methods. The minimal clustering error and minimal estimation error
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Models Methods CE CME PME TPR /FPR
K-means 0.2770.005  2.705¢0.070 NA NA /NA
Model 7 | K-means + JGL | 0.2779.005  2.7050070  25.6080.183  0.9950.000 /0.0330.001
w=0.7 (22) 0.267¢.006 1.815¢.075 29.3419.109  0.9910.001 /0.1310.002
SCAN 0.231g.007 1.6529087 25.110¢.106 0.9910.001 /0.031¢.001
K-means 0.2000.008 2.124¢ 008 NA NA/NA
Model 8 | K-means + JGL | 0.2000.00s  2.124000s  24.4999.127  0.9960.000 /0.042¢ 001
=038 (22) 0.1680004  1.0550.076 274940121 0.9950 001 /0.1310.001
SCAN 0.1400.004 1.046¢.038 23.804¢.085 0.9960.000 /0.039.001
K-means 0.1230.005  1.465¢.040 NA NA /NA
Model 9 | K-means + JGL | 0.123¢.005 1.4650040  23.663p.007  0.9970.000 /0.0440 001
=09 (22) 0.1160003 1031002 264760000  0.9960.001 /0.1310.001
SCAN 0.0980.003 1.025¢022 23.4250.0s3 0.9980.000 /0.0430.002

these four subtypes share many similarities since they are all GBM diseases. For

our analysis, we considered the 840 signature genes established by (7).

Following

the preprocess procedures in (9), we excluded the genes with no subtype information

or the genes with missing values. We then applied the sure independence screening

analysis (78) to finally include 50 genes in our analysis. These 50 signature genes

are highly distinctive for these four subtypes. In the analysis, we pretended that

the subtype information of each patient was unknown and evaluated the clustering

accuracy of various clustering methods by comparing the estimated groups with the

true subtypes. In all methods, we fixed K’ = 4. Moreover, we set the tuning parameters
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A1 = 0.065, Ay = 0.238, and A3 = 0.138 in our SCAN algorithm. For a fair comparison,
we also used the same Aj, Ay in (22), and the same Ay, A3 in the joint graphical lasso
of the two-stage method.

Table 2.5 reported the clustering errors of all methods as well as the number of
informative variables in the corresponding estimated means and precision matrices.
The standard K-means clustering has the large clustering error due to its ignorance
of the network structure in the precision matrices. Therefore, the consequent joint
graphical lasso method of the network reconstruction is less reliable. The method in
(22) performed even worse. This is because their method estimates each precision
matrix individually without borrowing information from each other. In this gene
network example, all of the four graphical models share many edges due to the
commonality in the GBM diseases. (22)’s method may suffer from the small sample
size. Our method is able to achieve the best clustering performance due to the

procedure of simultaneous clustering and heterogeneous graphical model estimation.

Table 2.5.
The clustering errors and the number of selected features in cluster mean
and precision matrix of various methods in the Glioblastoma Cancer Data.

Methods Clustering Error 32, |[® [0 32, 12® o
K-means 0.262 200 NA
(22) 0.336 106 1820
K-means + JGL 0.262 200 1360
SCAN 0.222 128 1452

To evaluate the ability of reconstructing gene regulatory network of each subtype,
we report the four gene networks estimated from our SCAN method in Figure 1.1.
The black lines are links shared in all subtypes, and the color lines are uniquely
presented in some subtypes. Clearly, most edges are black lines, which indicates

the common structure of all subtypes. For instance, the link between ZNF45 and
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ZNF'134 is significant across all the four subtypes. Those two genes belong to ZNF
gene family. They are known to play roles in making zinc finger proteins, which are
regulatory proteins that are functional important to many cellulars. As they play
roles in the same biological process, it is reasonable to expect this link is shared by
all GBM subtypes. There are two links that shared by three subtypes except neural
subtype: TNFRSF1B<TRPM2, PTPRC<+ TRPM2. One link uniquely appears in
Proneural subtype: ACTR1A <+DWED and one link FBXO3+HMG20B is uniquely
shown in neural subtype. These findings agree with the existing results in (7). It
has been shown that the PTPRC is a well-described microglia marker and is highly
exposed in the set of murine astrocytic samples which are strongly associated with
the Mesenchymal group. In addition, TRPM2 and TNFRSF1B are shown frequently
in the GOTERM category of Mesenchymal group but less likely to appear in Neural
group. And FBXO3 is only significant in the cell part of neural subtype. Furthermore,
ACTRIA is only found in the intracellular non-membrane-bound organelle and protein
binding of Proneural subtype in the supplemental material of (7). It would also be of
interest to investigate unique gene links that were not discovered in existing literatures

for better understanding of GBM diseases.

2.4 Discussion

In this paper, we propose a new SCAN method for simultaneous clustering and
estimation of heterogeneous graphical models with common structures. We describe
the theoretical properties of SCAN and we show that the estimation error bound
of our SCAN algorithm consists of statistical error and optimization error, which
explicitly addresses the trade-off between statistical accuracy and computational
complexity. In our experiments, the tuning parameters can be chosen via an efficient
BIC-type criterion. For future work, it is of interest to investigate the model selection
consistency of these tuning parameters and study the distributed implementation of

ECM algorithm based on the work in (79).
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2.5 Main Proofs

In this section, we provide detailed proofs of key results: Theorem 1 and Corollary

2.2.12. The proofs of other lemmas and theorems are deferred to the next section.

2.5.1 Proof of Theorem 1

First we introduce some notation. Recall the definition of support space M in

(2.2.2). The orthogonal complement of support space M, namely, is defined as the set
M ={@ cZ|(V,0)=0forall V € M}.
The projection operator I14(®) : = — = is defined as
In(©) := arg min [V — O, .
To simplify the notation, we frequently use the shorthand © , = [1y((©) and Oy =
In order to efficiently solve the high-dimensional regularized problem, we explore

some good properties enjoyed by SCAN penalty in Lemma 2.5.1 and Lemma 2.5.2.

Similar properties can be derived by any decomposable penalty.

Lemma 2.5.1. The SCAN penalty P is convex and decomposable with respect to
(M, M*). In detail,

P(@l + @2) = P(@l) + P(@Q), for any @1 € M, @2 S MJ_.

The dual norm of SCAN penalty P is given by

X 1/2
P*(O) := nax Myf i, Moy /Wi, My (Z WZij) . (2.5.1)
b k=1

Proof of Lemma 2.5.1: The convexity of SCAN comes from the convexity of lasso
penalty for cluster means and the convexity of group graphical lasso penalty for
precision matrices. The decomposability and derivation of dual norm is obvious from

the definition. Also see (70). |
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Lemma 2.5.2. For all vectors ® belonging to support space M, P(O ) satisfies
the following inequality:

P(Oum) <v(M)[[Omll, (2.5.2)

where v(M) = MV Kd+ (MyVK + Ms)y/s is the support space compatibility constant
defined in (2.2.12) .

Proof of Lemma 2.5.2: The detailed proof of Lemma 2.5.2 is discussed in 2.6.5. B

Next lemma is a key step to establish our main theorem. It quantifies the estimation
error in one iteration step. According to this lemma, one can precisely understand how

the statistical error and optimization error accumulate with more and more iterations.

Lemma 2.5.3. Suppose ©* lies in the interior of Z. If @~ € B,(©*), with choice
of MY = £ 4+ 7|©@) — ©*|y/v(M), final estimation error satisfies @ — ©*||; <
61/(/\/1)/\,(5)/7 with probability at least 1 — ¢’ for all t =1,2,.... Here 7, A and v(M)

are defined in Lemma 2.2.3, Lemma 2.2.5 and Lemma 2.5.2 accordingly.

Proof of Lemma 2.5.3: Proof is postponed to section 2.5.3. [

Equipped with Lemmas 2.5.3, we are able to precisely quantify the final estimation
error after t iteration steps. This can be achieved by mathematical induction. For
simplicity, define x := 67/7. When ¢ = 1, we have ®©) € B,(©*). Applying Lemma
2.5.3 yields that

6AY V(M)
2 gl
_ 6V<M)€—|—K/||®(O) —6*
v

o - o

)
Suppose the following inequality is true for some t > 1,

1 —k'6r(M)
11—k v

H@(t) - e 2

< e+ |00 -0

27
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with probability at least 1 —¢d’. We need to verify when t = t+ 1, the above inequality
still holds. First, we show that ®® is within a ball of ®* with radius . Under the
assumption that ¢ < (1 — k)ay/(6v(M)) for sufficient large n, we have

1 — k' 6v(M) (1 — K)oy

-k v 6v(M)
< (1-rHa+kla=a.

|o® —e,

IN

+ [0 e,

Consequently, we have @) € B, (©*). Applying Lemma 2.5.3 with ¢ + 1 implies that

et — e, MJ%H@@)_@*HZ
< 6v(M)e i <1 — k' 6r(M)e 00— e 2)
Y l-rk v

R AS |
_ 1k 6v(M)e L H@(O) _ o
1—r ¥
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with probability at least 1 — (¢ 4+ 1)d’. Therefore, we reach the conclusion that

1—+x'6
o0 - e, = == ekt - 0|
2 11—k ~ 2
< WME | ew —e|,,
(1—r)y ?
with probability at least 1 — ¢¢’. This concludes the proof of Theorem 1. [

2.5.2 Proof of Corollary 2.2.12

It is worth to notice that sufficiently large iterations ensure that the optimization
error will be dominated by statistical error finally as k < 1/2. First we provide a
stopping rule T'. Plugging e1, e, from (2.6.14) & (2.6.15) into statistical error part and
letting § = 1/p, we have:

sp—-+ 8 [<@+ (VE +1)V5) (CK €|l + O'K™) @]

:1—/17
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Note that under Condition 2.2.11, K = o(p). Then SF is simplified by

SE < o )||Q*||oo<\/_+\/Ks+)\/K310gp

for some constant C. For simplicity, let’s denote

oD K) = e )mww@fiuﬁ§:)¢fﬁ@5

Therefore, the bound (2.2.14) suggests a reasonable choice of the number of iterations.

In particular, when

t>T =1 m 253
= - Ogl/n SO(np K) ) ( . )

the optimization error is dominated by statistical error. Final estimation error will be

upper bounded by

12C K5dlogp . K3(Ks+p)logp
YA N IRVESCEAR LY
( K)Y n n

with probability at least 1 — T'(26 K2 + 8K + 1)/p. Plugging in the expression of T in

”@(T) - e 2

(2.5.3), the probability term is bounded by:

Pk + 8K +1) _ Yoz (n/ ((VEd+ VEsT5) VK logp) ) K?
p p
K?log, . n
p
Under Condition 2.2.11, T(26K?* + 8K + 1)/p goes to zero as K and p diverging.

AN

~

Putting pieces together, we have

. 12C K>dlogp . K3(Ks+p)logp
o - o], < 2o )<uu RN : ,

which implies

K

3 (e i )
k k 9 F

k=1

12C K>dlogp . K3(Ks+p)logp
< o | I\ = + 9] ,
(1—k)y n n

with probability converging to 1. It ends the proof of Corollary 2.2.12. |

+ || - o
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2.5.3 Proof of Lemma 2.5.3

We first consider an unsymmetrized version of @®. Our proof makes use of the

function f : = — R given by:
F(A) = Qu(©" + A|@"Y) — @, (6710"V) — Al (P(©" + A) - P(©Y)).

This function helps us evaluate the error between the iterative estimator ®® and the

true parameter ®*. In addition, we exploit the following fact:

f(0)=0
f(A) >0 when A = @0 — O,

(2.5.4)

The second property is from the optimality of @® in terms of the sample version

objective function. In detail,
0Y = arg max Q.(0'10" D) — \bp@). (2.5.5)

Correspondingly, there is a classical result named self-consistency property for popu-

lation version objective function in (80), which in detail is
0" = argngx/x@(@’\@*). (2.5.6)

The whole proof follows two steps. In Step I, we show that f(A) < 0 if ||Alls = &.
Next in Step II, we show that the error term A must satisfy ||Alls < & under the
result in Step 1.

Step I: we begin to establish an upper bound on f(A) over the set C(§) := {A:
|Alla = &} for the chosen radius £ = 6)\7(f)u(/\/l)/'y. From the assumption on n, when

n is large enough,

(1 —kK)ay < (2 —K)ay

= T6M) S 6u(M)
bviM)e < (2 —k)a.
v
On the other hand, as [|@/~Y — ©*||, < a, ¢ satisfies,

£ = L;M)g +x|©F — e

2§2a.
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It is sufficient to show that C(§) C C = {A|||All2 < 2a}. According to Lemma
2.2.5, replacing ® — ©* by A, then any A € C(£) enjoys restricted strong concavity
property, which implies:

Qu(©" +A1017)) - Q,(67]01V) < (VQ.(©18V), A) A,
with probability at least 1 — 4. Subtracting A (P(©* + A) — P(©*)) from both sides,

we construct an upper bound of f(A) in the right side,

() < (VQ.(0'017),A) =X (P(O" +A) — P(O7)) —L || A1,

@) (i)

Bounding (i): Note that @, is a sample version Q-function but ®* comes from

population version Q-function (2.5.6). So we use VQ(©*|@~1) as a bridge to connect
the sample-based analysis and population-based analysis together.
(i) < KVQu.(©'0"Y)-vQ©eret)
+VQ(e'10" ) —-VQ(ere),A)|
< (VQ.(©7]0) —vQ(©'1e"V) A)|

(&

Statistical Error(SE)
+(VQ(Or18" V) - VQ(er|e),A)|.

TV
Optimization Error(OE)

Note that ©* lies in the interior of =. According to the self-consistency property
(2.5.6), VQ(O*|®*) = 0 which implies the first inequality holds. This decomposition
for (¢) leads to the optimization error part and statistical error part.

For simplicity, we write h(@*|@¢1) = V(Q,(0*|@¢1) - VQ(O©*|®¢V). Since
the group graphical lasso penalty does not penalize the diagonal element, it is a
semi-norm. Recall that both A and h(@*|@1) are K(p? + p) dimensional vectors.
Then by the definition of G and G° in (2.2.1), statistical error can be decomposed
further by:

SE

IN

[(h(©7|@ g, Age)| + [(M(OF|OF1)g, Ag)|
pe - P(Age) + [|M(©* 10 g5 - [ Aglla
< (O[O )|pe - P(A) + [|R(© 1O gl - | A

N

||h(®*|®(t‘1))ge
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The second inequality comes from the generalized Cauchy-Schwarz inequality. After
excluding the diagonal terms from precision matrices, P(Ag:) can be treated as a
norm. The last inequality is because both the penalties P and P* do not penalize the

diagonal term of precision matrices. Under statistical error Condition 2.2.6,
SE < e1P(A) + e2||A|2, (2.5.7)

with probability at least 1 — (d; + ds).
On the other hand, from the assumption that @~ is in the B,(©*), we are able
to apply the Gradient Stability condition in Lemma 2.2.3 to bound OE.
OF < [[VQ(O7[®1Y) = VQ(er|e)]: - [|A]; (2538
< 7)€Y — Oz A2

Therefore, putting (2.5.7) and (2.5.8) together, (7) is upper bounded by
() < 2xP(8) + 22| Al + 7O — O [, Al 259)
with probability at least 1 — (01 + da).
Bounding (ii): The decomposability of SCAN penalty in Lemma 2.5.1 implies
P(O*+A) =P(O*+Apr)+P(Ap). By triangle inequality, it is sufficient to bound
(i),
(i1) = PO 4+ Apm)+P(Apr) —P(OY) (2.5.10)
> P(O") —P(Am) +P(Ayr) —P(OY)
= P(Amz) = P(Am).
Combining (2.5.9) and (2.5.10), f(A) is upper bounded by:
F(8) < P(A) + | Alls + 7€ — €7, A,
=M (P(Au) = P(Aw)) = SIAI:
Triangle inequality implies P(A) < P(Ax) + P(Apr). After combining some terms,
the right hand side above could be further bounded by:
f(A) < —%HAH% + (AD 4 e)P(AM) + (61 = XNP(Ap)  (2.5.11)
+ || Allz + 71OV — @75 - |A,
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with probability at least 1 — (§ + 01 + d2). Let 6’ = + 01 + 0. According to Lemma
2.5.2, we have the inequality P(Ax) < v(M)||Ar|2. By the definition of Iy (A),

we have
[Anmllz = [Ta(A) = Ta(0)[]2 < [|A = Of]s = [|A[]2,
Then P(A ) is further bounded by
P(Apm) < v(M)[|A].. (2.5.12)

Substituting (2.5.12) into (2.5.11), we obtain:

+ 7@t — e
) < (o 2O
FADVMIA + (1 = M)P (A,

n

Y
) vanlal - J1a

with at least probability 1 — ¢’. Recall that we choose

THG')(t_l) — ®*||2 . €9

B — = :
€+ , € €1+]/(M)

" (M)

From the construction of )\,(f), the inequality e; — )\,(f) < 0 always holds. Therefore,

the upper bound for f(A) can be simplified by

y
fa) < —§||A||§+2AS)V(M)HAH2
6(ADp(M))?

- 22 <o
Y

where the above equality is due to A € C({). Now we reach the conclusion that
f(A) <0 for all vectors A € C(€).

Step II: Now we start to prove the following statement: if for some optimal
solution ®® in (2.5.5), the corresponding error term A = ©® — ©* satisfies the
inequality ||£||2 > ¢, there must exist some vectors A which belong to C(€) such that

f(A) > 0. Before our forward proofs, let’s state a lemma which describe the curvature

of function Q,(-|®¢~Y).



Lemma 2.5.4. Q,(-|@®V) satisfies the following inequality a.s.:
Qn(@(1)|@(t—1)) - Q, (@(2)|@(t—1)) < <in (@(2)|@)(t—1)) L0 — @(2)> )

when (@), ©?) = (O@® +*@® + (1 — +*)O*) or (O*,*OY) 4 (1 — t*)©*).
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Proof of Lemma 2.5.4: The detailed proof of Lemma 2.5.4 is discussed in 2.6.6. H

The lemma tells us that we only require sample-based ()-function to be point-wise

concave rather than global concave. If ||Ally > &, then the line joining A to 0 must

intersect the set C(£) at some intermediate points t*ﬁ, for some t* € (0,1). According

to Lemma 2.5.4,

Qn(@(t)’@(tfl)) . Qn(t*@(t) + (1 . t*)@*‘@(tfl))
<(VQu(t'0" + (1 —ter|e ) (1-)(e" - )
Qn(0*10 ) — @, (0 + (1 — t)©* )
<(VQ, (0" + (1 -e*|e! V), —(eY - e).
Adding the above two inequalities together with proper scaling, we can get
#Q,(0W0" V) 1 (1 - t)Q,(0*0" ) < Q,(t* 0 + (1 — )@ |etD).

According to the convexity of P(©),

P (0" +1R) ~P (@) =P (rO" + (1-1)0") ~ P(©")
<t'P(OY) + (1 —-t)P(O) — P(O") =t (P(OY) — P(©")).
Putting the above pieces together, it is shown that
fa) =@, (e +(1-er et ) -, (e1et )
~ A (P(O" + A) — P(©7)

>t (Qu(0W]0 ) — @, (88 V) — AP (P(e") — P(©Y)))
= t*f(A).
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On the other hand, the optimality property (2.5.4) guarantees f (3) > 0, and hence
f (t*ﬁ) > 0 as well. Thus, we have constructed a vector A = t*A with the claimed
properties. This proves the statement in the beginning of Step II. Therefore, combining

with the result in Step I, the contradiction of the statement in Step II implies that

61 v (M
||@(t) — O, <¢= —:( )7 (2.5.13)
with probability at least 1 — ¢’. This concludes the proof of Lemma 2.5.3. [ |

2.6 Additional Proofs
2.6.1 Proof of Lemma 2.2.1

The result follows by setting the derivative of Q(©'|@) with respect to u, or €
as zero. In particular, solving
0Q(e'|e / :
KO 1O)  Bre,(x)0(X ~ )] =0
Ky,

implies that

nen ) T'E[Lex(X)2,X]  E[Lei(X)X]
agmaxQ(O10) = =g X ElLen(X)]

Similarly, solving

aQ((a?z}JG) - %E[Leﬁk(X ) - %E[L@,k(X (X — ) (X — )" =0,

implies (2.2.6). This ends the proof of Lemma 2.2.1. |

2.6.2 Proof of Lemma 2.2.3

We consider k-th group first

HVG;Q(ML 2;10%) — Vg Qz, QZ!@)H2 <7)©-0,, (2.6.1)
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for any ® € B,(©*). Remind that @, = (uk,Qk) e RP*7. According to the

derivation in the proof of Lemma 2.2.1, we have

E [Lo k(X)X — )]
vee { SE[Le x(X))02, ! — SE[Lex(X)(X — p)(X — )]}
Define D (©*,0) = Lo+ x(X) — Lo x(X). Therefore, the square of the left hand side
of (2.6.1) can be simplified to

Ve, Q(0}]©) =

T

* * * * * 2
Ve Q17 24107) — Vey Qi 2403
= |E[DL(©", )X — pll}

-

1

1 2

+|5EIDu© 00— JEIDL(©" O)(X — (X i)

F
/

g

11
If we can show I < 71||©® — ©*||2 and I < 7||© — ©*||3, then we have T = /7| + T»
since
| Ve, QUi 21107 ~ Vo Qui. 2410)|, < VAT 7O — €.
Bounding I: We apply Taylor expansion to simplify Dy (©* ®). Remind that,

by assumption, m, = 1/K, and hence we have

Lox(X) = T f1(X; Ok) _ |Qk‘1/zeXp{_%(X_Nk)TQk(X—uk)} |
| S mrfR(X5Ok) D (]2 exp { =5 (X — ) TRR(X — i) }

Then, Taylor expansion of Leg (X ) around @} leads to

Loix(X) = Le-x(X) + [VoLe,x(X)] (© — ©%), (2.6.2)

where ©; = ©* +tA with t € [0,1] and A = ® — ©*. Here the derivative of Lg ;(X)
with respect to ® = (0q,...,0k) can be written as

Veoleox(X) = (Ve,Lox(X)]",. ., Ve, Lox(X)T) ", (2.6.3)

where
—L@’k(X) . L@J(X) . 69]‘ (X) when j # ]{7,

Veo.Lei(X) =
o Lox(X) {Le,k(X)[l—L@,k(X)]'5@k(X) when j = £,
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—

and, for j =1..., K, and ©; = (y;,2,),

o, (X) = e
’ svec {1 — (X — pj)(X —py) "}

Next we apply this Taylor expansion to bound I. According to (2.6.2), we have

I = |E[QUX —u)[Vele, (X)) (© -0
— |E[24X - p)[VeLex(X)]|- |© — ©|2
< sup E[|QUX — p)l; - [VeLe,x(X)|3] © — ©7]3.

te[0,1]

J/

~~
T1

By the definition of Ve Le, x(X), which equals to (2.6.3) with ® = ©,, we have

IVoLe x(X)l; = > [Le.s(X)Le,; (X))’ [de, (X)] e, (X)

J#k |
P
+ [Lo,#(X) (1 = Lo, 4(X))]” - [00,,(X)] 00, (X)
A
For each j =1,..., K, we define
W, o= sup B {[fe,, (X)] se,, (X) - 19X — )3} (2.6
€lo,
Then
T < Sl[épl]E 125X = pp)ll5 (Ar + As)] - (2.6.5)
teo,

Under Condition 2.2.2, it is sufficient to get an upper bound for 7,

n < sup E[[|Q(X - MZ)HSAJ + sup E [ Q(X — “Z)HgAﬂ

te0,1] t€[0,1]
7 Y ’
< W, + K-1)) - W,
- ; 242(K —1)2M; 7 (24(1( — 1)\/Mk( )> g
It implies that
72
< (2.6.6)

288"
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Bounding IT: We can apply similar trick above to bound II. By triangle inequality,

we have
1 2
11 < H§E[DL(@*, 0)Q; ]
F
e
1 2
" HEE[DL@*, O)(X — i) (X — )]
F
Il

Apply Taylor expansion in (2.6.2), we obtain

1 . \

I < §E[HV@L@t,k(X)H§HQk Nzl -le - o3
e
1 * * 2 *
11, < SE[IVeLe,s(X)I3|I(X = m)(X — u)T|I7 - l© — &
a2
Analogously to (2.6.4), we define
W, = sup E{lde, (X)|Tde, (X) 2|7} (2.6.7)
te[0,1]
" % % T 2
W sm[lp]E{[aetxX)Fa@w(X) [ -mnx - )|} 2oy
te[o,1

for each j =1,..., K. Under Condition 2.2.2, we have that,

2 2 2
Y
Ty < ——, Tog < ——, and hence 7 < —

D76 576 288

This together with (2.6.6) implies that 7 = /71 + 7 < /12, namely
* * * * * ’7
|Vo, @i 210 - Ve, 0ui 0110)| < L.

Now we take the summation
K >
> ||V Qui 2110 — Vo, Qi %10) | < Ll - Ol (269
k=1

for any © € B, (©*). This ends the proof of Lemma 2.2.3. |
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2.6.3 Proof of Lemma 2.2.5

In order to compute 7, we consider each @y = { g, Qx} individually. That means

we prove the following part first:
!/ * * / * /y / *
Qn(©410) ~ Qu(8]10) ~ (VQ.(6]]©). 8}, — ©]) < — |8} — O],

where @Q,,(©|®) means we set ©; i # k to zero.
It is sufficient to compute v, in (2.2.9). Remind that @, = (,u,k,ﬂk) € RV,

Therefore,
Ve Qn(©4]0) = ([V, Qu(©4]O)]", [vec(Vey Qu(©,]©))] ), (2.6.10)
with
Y, Q:(0,]0) = %Zﬁ? |Lox(@) (@i — p;)|

: 1 O -
Ve, @n(040) = - [Lex(@)] "
1=1

n

1

2n 4
=1

[Lox(®:) (@ — py) (i — ) ']

Denote h(p, Q) := 3(x; — p) ' Q(x; — p). According to the definition in (2.1.8),

we have

n

Q.(0]]) - Qu(011®) = 3" [Loslw){; logder()
=1

1 * * *
) log det(£2;) + h(py, ) — h(py, Q;c)}:| :
This together with (2.6.10) implies that

Qn( ;c|®) - Qn( Z|®) - <Ve;€Qn( Z|@)’®;€ - Z> =1+11,
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where
1 “ * * ! *
I=— 2 [Le,k(wi) {h(l"Iw ) = hlps, Q’f)}]
—(y — 1)V, Qu(©}]01),
1< 1 1 x
- 2 |Lox(@:) {5 logdet(€2}) — 5 logdet (%))

h(pi, %) — hlp, ) }| — [vee(€ — )]V Qu(©510).

By a little algebra, we can show that

Due to the positive definiteness of €2} , it is shown the following inequality

(1 — i) " (2 — Ounin () 1) (e, — py,) = 0

* * * * * * %112
(e — ) " (e — ) = (1 — 1) " omain () Ly (e, — o) = B |l — will -

Substituting the above bound, it is shown that
ﬁl . I * (|2
I< _%ZL@,k(wi)H“’k_“kHQ' (2.6.11)
i=1

Therefore, it remains to show that

n

1 Le i(x;) / 2
I<-—— _ Q) — Q5. 2.6.12
= m ot 2<ﬂ2 + 20[)2 ||VeC( k k)HZ ( 6 )

Note that, in order to show (2.6.12), it is equivalent to deriving the strong concavity

parameter of g(€2;), where

n

(52 =+ | Lol { et (@0) — 1, 0 .

i=1
To see it, finding the strong concavity parameter of g(£2;) aims to compute p; such

that, for any Q) ,Q; € B,(25),

9(%) — 9(Qr) — (vec (Va()) , vee(% — Q1)) < —pu/2 - 9% — il
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where the left hand side is exactly 1. According to Taylor expansion, we can expand

g(€2},) around €2} and obtain

g(Q) = g() + (vec(Vg(2), vee( — )
by Ivee( €, — )] V2g(2) [vee( €, — 9))]
where Z = t€) + (1 — t)Q; with ¢t € [0,1]. For any two matrices A, B, we write
A > B if A — B is positive semi-definite. We denote 1, as the identity matrix with
dimension p X p. And 0;(A) is the i-th eigenvalue of matrix A. Therefore, if we can
show that —V?2¢(Z) = m1,, i.e., the minimal eigenvalue value o, (—V?g(Z)) > m,
for some positive m € R, then we have the strongly concavity parameter pr, = m.
By the definition, we have V2g(Q5) = —5= > Lex(x:)[Q] ! @ [€2;]7". Denote
A = Q, — Q;. We obtain
2 1 ¢ * 7! * 7!
—V(2) = - ;L@Jg(wi) (Qk + tA) ® (Qk + tA) .
According to Theorem 4.2.1 2 in (81), for any two matrices A, B, the minimal
eigenvalue value of A ® B equals the products of the minimal eigenvalue values of A
and B. Therefore, we have opin (A~ © A7) = [omin(A ™)) = [omax(A)] 72 = || A2,

where ||A||; refers to the spectral norm of matrix A. Hence,

1 & .
Omin(—V7g(Z)) = %ZL(‘),k(mi)Hﬂk—i_tAHQz
=1

1 < i ~ 12
> =" Low(@:) |l + [1A]z]
=1
As ||© — O < 2a, ||, — Q|2 < ||©O" — OF||2 < 2ar. Therefore,

1< i} _
Omin(—V29(Z)) > %ZLQk(mi)[nﬂknzma] 2
=1

1< 9
> o ; Ler(x) (B2 +2a) ",
which implies (2.6.12). Putting the upper bound of I and /I together,

1 — . 1
I+]I S —%;L@,k(mi)-mm {Bl, 5

m} |05 — O3 (2.6.13)

s

g

(a)
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However, (a) is a random term but we require a non-random strong concavity pa-
rameter. Thus a concentration bound will be applied on it. {Lex(x;),i=1,...,n}
are independent random variables with 0 < Lg j(x;) < 1. After applying a basic

Hoeffding’s inequality, we have
P (

% Z Le k(®:) — E[Le k(X))

< t> > 1 — 2¢ 2t

1 n
- > Le(x;) — E[Le k(X))
i=1
which implies
_ /11 2K \/T
— O —_— —
=V %V

with probability at least 1 — 0/K. As /log(2K/d)/2n = o(1), there exists some

constant ¢ such that

log 2K
20m

—ElLex(X)] < —¢,

when n is large enough. Then plugging it into (2.6.13),

| 1
I+ 1< —=c-mi -
HHs e mln{61’2(52+2a)2

with probability at least 1 — 0/K, where

}u@; el

) 1
Y = c11n {ﬁl,m} .

Once the individual strong concavity parameter is computed, we can simply take

the summation from 1 to K:

K K

/ * * / * 1 / * 1|2

> Qu(©1]0) — Qu(8][0) - (VQ,(8]]©),8; — 6}) < —52’7 10 — ©%l;

k=1 k=1
which implies

1
Qu(©']0) ~ Qu(07]0) — (VQ.(07(©),6' — ©) < —_7[|6’ - &7,

with probability at least 1 — 9. This ends the proof of Lemma 2.2.5. [
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2.6.4 A Key Lemma for Proving Corollary 2.2.12

The next lemma computes the statistical errors in Condition 2.2.6 for our SCAN

penalty and provides explicit forms of the corresponding €1, e9 and 4y, ds.

Lemma 2.6.1. Suppose that Condition 2.2.10, 2.2.11 hold, then Condition 2.2.6 is
satisfied for SCAN penalty with

1 1
e p +n0g(€/ O) 5, = (18K2 + 6K)52.6.14)

g1 = (CK||2* |0 + O’K1-5)\/

. K3 1
e =C \/]3\/ ( ng; o8(¢/9) 5 _ (sK?+2K), (2.6.15)

for some absolute constant C,C’,C” > 0. Here ||Q*||s is the overall max induced

norm defined as ||€2*||oc = maxge(x] || ||oo-

In Lemma 2.6.1, the number of clusters K is allowed to grow with the sample size
n and the dimension p. The diverging rate of K controls the convergence probability
at each iteration and is upper bounded to ensure that the statistical errors hold with
a high probability tending to 1 with a proper choice of §, e.g., § = 1/p.

Proof of Lemma 2.6.1: For the first part of this proof, we focus on the upper
bound of ||[VQ,(0*0) - VQ(0*0)]

P Recall that

VQ.(0%8) - VQ(©'(O)
Ve:;(n(070) — Ve:Q(07O)

Ve; Qn(©*0) — Ve. Q(0%]0)
Vi Qn(©7]10) — V,.:Q(0%(O)
vec { VarQ,(©%0) — Vn;@(@*|@)}T
_ : . (2.6.16)
Vi @n(©710) = V.. Q(07]0)
vee {Va; Qu(07]©) - Vo, Q(0°(©)}
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For simplicity, we define h,, (©*) = V,:Q,(0*[©®) — V,,:Q(©*|®) and hq: (0*) =
Va:Qn(070) — Va:Q(©*|0). Then from the definition of dual norm P* (2.5.1), we

can have

IVQ.(©7]©) - VQ(©|0)]

I
My max ey (€9, +My max H [hy (O], [ha;(©)]
N————— \Z:

ke[K]

Y

2

J/

ij

I P
which are corresponding to the penalty on element-wise cluster means, element-wise
precision matrices and group structures of multiple precision matrices, respectively.
Bounding Statistical Error for k-th Cluster Mean: Referring to the proof in

Lemma 2.2.1,
hug = - ZLGk ;) (@i — py) — E[Lep(X)Q(X — pp)] .

Note that [|€2} ||« is a scalar. By using triangle inequality, we simplify I by two parts:

P 19 Loute) e~ ) E[Lou X)X — i)
< 192% _ZL(-Bk x;)x; — E[Ler(X)X]
N ?{ )
. (% > Lou@) ~E [L@,k<X>1> i
i=1 ~
d +- °
Bounding I, : Denote
ZLek z;)z; — E [Leo 1 (X)X]
For ¢ € R?, we consider the j-th coordinate (; of ¢
= % i Le k(xi)ri; — E[Le x(X)X;]. (2.6.17)
We introduce a set of missing data {¢;,;i = 1,...,n}, which are independent copies

of random variable c¢. The pair (x;,¢;) are the independent copy of (X, c). Here ¢
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takes a value from the set {1,..., K}, where ¢ = k¥’ indicates that X was generated
by the &’-th mixture component. In another word, the conditional distribution of X
is defined below:

X|C - k/ ~ N(MZ/, EZ/)

K
P(C: k’/) = Tk, Zﬂ'k/ = 1.
k/

This is the usual choice of missing data in EM approaches to mixture modeling. The
quantity (x;, ¢;) is referred to as the completed data. Now by the assumption, the
J-th coordinate x;; of x; can be rewritten as the form below:

K
vy =Y IHeo =k}, + Vi), J € [p) (2.6.18)

k=1
where pi5,; is the j-th coordinate of the true cluster mean py, and Vir; ~ N(0, 25,,).

Plugging (2.6.18) into (2.6.17), it suffices to bound (.

n K [ K
1 . .
Gl < - DY Lew(@)I{ci=K}pp; —E | Lor(X)I{c=K}uy,
=1 k’'=1 Lk/=1 i
1 n K [ K 7
+ |- YN Lew(i)I{ei =K}V, —E | Len(X)I{c=K}Vy,
=1 k’'=1 Lk/'=1 _
K 1 n
< Z - Z Lex(xi)I{ci = k' }uj; — E[LQ,k(X)I{C = k’}/ﬁ;'j}
k'=1 i=1
K 1 n
+ YD Lewl@) e = K}V, — E[Lon(X)He = K}V |-
k'=1 =1

We bound (j, first. Based on the fact that |Lex(x:)I[{ci = k' }uf;] < ug;| <
|47 || almost surely it can show that Le r(x;)I{c; = k'} i}, is a sub-gaussian random
variable with norm ||p},|l. Following the Example 5.8 in (82), |[Lex(x:)I{c; =
K} rllgs < i lloe where || - [y, is defined as sub-Gaussian norm. According to

supporting Lemma 2.8.3

HLQk(mi)I{Ci = K}, — B [Lon(X) I{e = K hil)]

=
)w > 4| My

o0
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The standard concentration result in supporting Lemma 2.8.4 yields that for every
t > 0 and some constant D,
Dl’l’Lt2
P (1G] > 1) < cexp (——) ,
" Al 12

which implies that, with probability at least 1 —

AN kfuoo\/bge/(” (2.619)

Now we start to bound (j,. The fact that Le x(x;)I{c; = ¥’} < 1 shows that it
is a sub-gaussian random variable with norm |[|Le x(x:)I{c; = k'}[[y, < 1. Vi, is
a Gaussian random variable so that it is also a sub-gaussian random variable with
norm [|Vi5illy, < (155 [lmax)'/?. Then using the result in supporting Lemma 2.8.2,
Le x(x:i)I{c; = k'}V}i; is sub-exponential random variable. Moreover, there exists

constant Dy such that

|Lont@r{e; = Ky,

1/2
o < (1 )
Supporting lemma 2.8.3 implies
1/2
HLQk(sz’)]{Ci =K}V, —E [Lex(X)I{c = K}Vy)] H% < 2D2<||2*’||max> -

Following the concentration inequality of sub-exponential random variables in sup-

porting Lemma 2.8.5, there exists some constant D3 such that the following inequality

12 t
IP’(K\Zt) < 2exp (—ngin{ - , . }n),
72 4D%HE /Hmax 2D2(||E /Hma)c)l/2

holds every ¢ > 0. For sufficient small ¢, it reduces to

P(1Ga] > 1) <2 Dy
VA R FVON 5>

which implies that

Gl <\ 2 )2y 22D, (2.6.20)

n

with probability at least 1 — 4.
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Adding (2.6.19) and (2.6.20) together, we have

log 4D . log(2/d
Gl 416l < 5ol ey [ By <22 /%)

. . log(e/d
< 5 (il + (1)) M,

n

by taking D = min{Dy, D3/ Dy}, with at least probability 1 — 2§. Therefore, it’s
sufficient to bound |(;| by

ICJI_[Z (i lloo + (15 lmax) ?) 10g(6/5)

k'=1
with at least probability 1 — 2K§. Taking the union bound over p coordinates, we

obtain

K
[T : log(e/0) + log
B S (sl + (Z ) 28R g
k'=1

with at least probability 1 — 2K.
Bounding I: Recall that

I, = H( ZLQk x;) Le,k(X)]> M

{Ler(x;)|i = 1,...n} are bounded independent random variables within interval

< | Losl@) ~ ElLos(X)]| Il

between 0 and 1. Then it follows Hoeffding’s inequality in supporting Lemma 2.8.6
that

> Lou(®) ~ ElLes(X)

1n
p<_
n
=1

1 n
- Z L@,k(wi> - L@ k
N

< t> > 1 — 272"

\/Tg(; \/7 (2.6.22)

with probability at least 1 — . Combining with the reminder term |||,

1. 2 i
</=log = -/ =[]l o- 6.
I <[5 log 5 \/;Hp'k“oo (2.6.23)

which implies
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Note that the bound in (2.6.21) is Op((log p/n)'/?) while the bound in (2.6.23) is
Op((1/n)'/?), there exists some constant D, such that I, < D,I;. Consequently, we

conclude that [ is upper bounded by

K

. 4 . . log(e/d) + log p

I (0 DI S (il + (1 ) ) L) o
k'=1

with probability at least 1 — (2K + 1)d. For simplicity, let

K
* . 4(1+ Dy)?

i = ) (il + (B lma) %), Cr = ([ =57 (2.6.24)

k'=1
Applying union bound,
1 1 )
max [ < Cy |7 \/ng+ oBle/d), (2.6.25)
Elx n

with probability at least 1 — K (2K + 1)0.
Bounding Statistical Error for k-th Precision Matrix: Referring to the proof

in Lemma 2.2.1,

hey (©7) = —ZL@k z,)% ZL®k ) (i — i) (T — )|

_ %E [Lox(X)] S + gE [Low(X)(X — pi)(X — ) 7].

Now we get an explicit from for hq:(©*). Then I is decomposed as below:

1(1< i} .
II < 5 (E;L@,k(mi)zk—E[L@,k(X)zk]>

-~

11

+ % <% ZLe,k(fBi)(fBi — pi) (@i —pp)" —E [LG,k(X)(X — ) (X - NZ)T])

max
J

~~

11>
The first term is easy to deal with: since £ 3" | Lo x(x;) — E [Lex(X)] is scalar by
the definition of Leg x(X) we can pull it out of the norm. Combining with the result

n (2.6.22), the first term is upper bounded by

/1 2 1
Ill S ||22Hmax 5 10g g : \/;7 (2626)
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with probability at least 1 — 9.

For the second term 15, it can be decomposed as four following terms:

1(1< T T
I};l
11 T
3 (7 X es@m’ ~E Lo (X)X
1322
o (A5 tosteomis — ltostxmixT
2 n ' ‘
1}23
11 - kT
+ 3 EZL(-D,k<mi)ﬂ'k“k —]E[L@,k(X)Mka ]
i=1

max
i

P
1124

For the bound of /1 and 153, we can just simply pull the p; out, which implies

Iy = ( ZL@M:z @ E[L@k(X)X]> w (2.6.27)

% (% Z Le(z)x; — E [L@,k(X)X]>

@ /4 log(e/d) + log p

with probability at least 1 — 2K, where (a) follows (2.6.21).

max

IN

ekl

o0

Next we turn to bound I15;. Expand .’EZSCI to matrix form for convenient use

Tillql -+ Tl

Tipilz -+ Tiplip

Since we require a matrix max norm here, it suffices to bound I 5, individually, namely

11
Gjr = 2 (E ZLG,k(wi)ﬂfijﬂfij’ —E [LG,k(X)Xij’]> :

=1
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Recall in (2.6.18) the j-th coordinate of @; could be expressed as

ZI{Cz = K"} (g + Virj)-

k'=1
By straightforward algebra,
K
TijTijy = Z {c; = Mk/ + Vk/ Z H{c; = k/}(MZ/j/ + Vk/j/>

k'=1 k'=1

(@) =

= Z I{Cl = k/}z(MZ/] + Vk;/])(,UZ/J/ + Vk/j/)
k'=1

K

- Z I{Cz - k/} (/’LZ’_]/’LZ:/]/ + MZ:/j‘/;g/j/ + Vk’jMZ'j’ + Vk/‘j‘/}c/‘j/) ;

k'=1

where (a) follows the fact that I{c; = k}I{c; = k'} = 0 for any k # k’. Consequently,

we divide (;;» into four parts:

K
1 . .
T2 Z Gt (Wkoj ko) + Cigr (ke Viryr) + Cigr (Vi) + G (Vi Vi)
where
* * 1 - * *
CJJ’(/’Lk’jluk’]/) = ﬁ ZL@,k(w7,>I{Cz = k/}:uk/j:uk/j’
i=1
—E [Lox(X)I{e = K} iisiiiy]

Taking the supreme over set [p] in terms of p, p/,

K
Sllp |ij" S Z ( Sul:[)p |CJJ (:uk’j:uk’ i’/ ) +Z < sup |<]] Mk/ Vk’ ’)|>

33" €lp] =1 \JJ'€E w—1 \JJ'€Elp

-~

(i) (i1)

K
+Z ( sup |Gy (Vk’yﬂk' i’ ) +Z ( sup [ (Varj Vi )|> :

w—1 \J.J'Elp] =1 \J.J'Elp]

-~ -~

) (iv)
We will bound (i), (i), (ii7) and (iv) sequentially. Le x(:)I{c; = K }pij puf 0 is a

sub-gaussian random variable with

ILew(@i)I{ci = K bjoshtioy o < llitioll2-
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According to supporting Lemma 2.8.3,

I5-

|Lew(@)I{ci = K Y10y — ElLowp(X)I{e = K bjopipl|] ,, < 2lpi 1%

Applying concentration inequality in supporting Lemma 2.8.4 yields that

P (¢ (bt )| < ) > 1 —eexp TR (2.6.28)
k' lloo

for any ¢ > 0 and some constant D,. After properly choosing t,

[ 4 log p + log(e/d)
</ = 2 \/ 2.6.2

with probability at least 1 — §. Note that both Le i(x:)[{c; = K}y, Viry and

Le i(x;)I{c; = k'}Visj i}, ; are sub-exponential random variables with norm | g [ o (|2, flmax) />

Similar to the step in (2.6.20),

4 . . log(2/d
<o (sl ) 7)o 2L,

n

|G (e Vi)

with at least probability 1 — . Taking the union bound, it is shown that

i), i1 < [ 1 50 )2 BB g g

n

with probability at least 1 — ¢ for sufficient large n.

Lastly, the fact that both Le y(x;)I{c; = k'}Vjs; and Vi are sub-gaussian random
variables implies Le j(x;)I{c; = k'}Vi;Visj is sub-exponential random variable with
parameter ||X},||max- Applying concentration result, there exists some constant Dg

such that the following inequality

Dent?
P (¢ (VirVirjr)| = 1) < 2exp ( ﬁ) ;

holds for sufficiently small £ > 0. Therefore,
2 DG’I’Lt2
P{ sup |ij’(vk'jvk'j')| >t | <2p°exp |-
5:4"€lp] 4”2 /Hmax

When n is sufficiently large, with probability at least 1 —

21 log(2
() <4/ 5 IIZ*,IImaX\/ ng+ °8(2/0) (2.6.31)
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Putting (2.6.29), (2.6.30) and (2.6.31) together and after some adjustments, Iy is

upper bounded by

K

1 \ \ 2 [2logp +log(e/d)

n <\ 5 > (ltilloo + (155 llmax) 2) \/ - )
k=1

with probability at least 1 — 4K0. D; = min(Dy, D5, Dg). For simplicity, we denote

K
* * 2
P = X (ltielloo + (1S5 llma) 2) "
k=1
Therefore,
2 1 1 )
Iy <4/ _SOIK\/ o8P + logle/ )7 (2.6.32)
D7 n

with probability at least 1 — 4K.
For the last, it remains to bound I154. Recall that

I,y =

11 I -
5( ZLe,k(wi)Mka —E[Le,k(X)Hk;Mk })

n <
=1

max

11
S 5 (ﬁZLQ,k(wZ) _E[L@,k(X>]>| HI'LZI'LZTHmaX'
=1

1=

Applying the result in (2.6.22), we have

e A2 N
Iy < ||prpy, |Imax 5108;5 : \/;, (2.6.33)

with probability at least 1 — 9.
Putting (2.6.27), (2.6.32) and (2.6.33) together, now we can have a upper bound
for I1,.

1 . log p + log(e/d
1< [ Clliln + gt BB )

for D; < D/2 with at least probability 1 — (8K 41)d. The upper bound in (2.6.26) is of
order Op(n~*/2) while the upper bound in (2.6.34) is of order Op((logp/n)*/?). Thus
there exists some constant Dg such that 11, < Dgll,. Let Cy = ((1 + Dg)?/D7)"/2.

Applying union bound,

1 1 o
w11 < C QI aon + o)y BETEL) )
S
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with at least probability 1 — K (8K + 2)0.
Bound the Group Structure Part of Precision Matrix:

Recall that
I11 = max H [Ve; Qu(©7]©) — Ve; Q(07]0)],. .

,[Va; Qx(070) — Vq, Q(O7|O)] . ,

< max \/_H Va:Q,.(070) — VQTQ(®*|@)LJ”
(Va3 0n(0710) = Ve, Q(©71©)] ||
< VK max [[[V;Q(0°10) ~ Ve, Q(©710)] |

max

According to the result in (2.6.35) and applying union bound over [K],

logp + log(e/0
P (IH > OVE (2|1l + @) \/ ng+n°g(e/ >) < K(SK + 2)0.

Thus, 111 is upper bounded by

log p + log(e/d)
n Y

I < 02ﬁ<2||u*||mw+so;<)\/ (2.6.36)

with at least probability 1 — K (8K + 2)0.
Finally, putting the upper bound (2.6.25), (2.6.35) and (2.6.36) together, we have

a upper bound for the following statistical error
IVa.(e71e) - ve©*|e)|,

< C ((HQ*HOO + (\/E‘i‘ 1)”#*“00)90[( + 2(\/}4_ 1>Q0,K) \/logp+ 10g(e/6)7

n

with probability at least 1 — (18K + 6)d, where C' = max(M;Cy, MyCy, M3C5).
Under regularity Condition 2.2.10, ¢x < (c1 + &/ )K, ¢ < (c1 + cé/Q) K. Let
C=C(1+ cé/ )and C' = &2 + 0102/ +2(c1 + ¢y ) . Consequently, the upper bound

for statistical error can be written as:

| | 0
IVQ.(6710) ~ YO 18] < (CK|S | + 1) /L2108 (E/0)

n

with probability at least 1 — (18K + 6)J. |
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For the second part of Lemma 2.6.1, we are aiming to bound the statistical error
arising from the estimation for diagonal term. The definition of G in (2.2.1) implies
that [VQ,(©*|©®) — VQ(O©*|®)]g is a Kp-dimensional vector. Following the same

derivation before, it suffices to have:

[[VQ.(©7]©) — VQ(©r[|0),|,
< VEp||[VQ.(©718) — VQ(8"|®)]....
2 R o @ e + i) 208

n

VR Col2l e + ) PR /)

with probability at least 1 — (8K? + 2K)§ where (a) comes from (2.6.36). Now

combining two parts together, we end the proof of Lemma 2.6.1. [ |

2.6.5 Proof of Lemma 2.5.2

For any ©® € M,

PO)  PiO)  PyO)  Py(O)
ek ~ TeL el el

K
M, Zk 1 Z] 1 |ng| M, Zk; 1 z;é] |whij| Z#j M3(> 2y wl%ij)lm

<
v/ 2 a3 v e 192013 v e 1213

By Cauchy’s inequality, we can have

% SMvid—f—MQVKS—FMg\/E.
MI|2

Recall that d and s are the sparse parameter for a single cluster mean and precision

matrix, respectively. This ends the proof of Lemma 2.5.2. [
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2.6.6 Proof of Lemma 2.5.4

First we consider each ©y = {u, Qx} individually. That means we prove the

following part first:
Qu(©,)1017Y) — Q. (0)7|00Y) — (Ve,Q.(07 10" ). 6] - 6)7) <0,

where @Q,,(©|®) means we set ©; i # k to zero.
Following the same technique we use in the proof of Lemma (2.2.5), the decompo-

sition can be made as below:

Q.(010¢ ) — 0,00 V) - (Ve,Q.(07 101 V), 0" ~ ) =1 +II,

where
I= %Zn: Lo(@) {n(u, ) = n(u, )} |
=1
— () — )V, Qn(07100),
17 = % zn: [L@,k(mi){% log det(€2\") — %log det(€2\?)

=1

(!, 7) = hp )} = [vee(@) - Q)] TVa,Q.(67]00).
Bounding I: By a little algebra, we can show that
= _% i Lo w(z:) () — )T QP (" — u?).
i=1
Plugging in (@@, *@® + (1 — t*)©*), we have
I= —% > Lol - )" (o + 1 —99) (uf - pi).
i=1

Recall that ®® is the solution of the optimization problem (2.5.5). The algorithm
guarantees that Q,(f) is positive definite. Thus, from the positive definiteness of QS)

and €27, it is sufficient to show that

I <0 holds a.s.. (2.6.37)
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When plugging in (@*,+*@® + (1 — +*)©*), we have the same conclusion.
Bounding 7/: Define

1 1
g(ﬂéﬂ) = - Z [L@yk(wi) {5 log det(Ql(f)) _p <.“1(:)> Q}(f)) H _

We rewrite I1 as
9(91(:)) - 9(9,(62)) — (vec <Vg<ﬂ§€2))) vec (Q,(j) _ Q}(f)) )
According to Taylor expansion, we can expand g(Q]gl)) around QS) and obtain

g ) = () + (vee(Vg(QP), vee(” — 0Y))

1 T
+§ [Vec(ﬂ,(:) — Q,(f))] V2g(Z) [VeC(QS) — Q,(f))} ,

where Z = tQ,(gl) +(1— t)Q;f) with ¢t € [0,1]. So an equivalent expression for /7 is

given below:

1 T
11 = 3 |vee(€) - Qf))} V29(Z) [vec(ng}) . Q,(f))] .

By the definition of function g we construct, the negative Hessian matrix of function
g1is
1 n
2 _ 71 -1
—V4g(Z) = 5 E Ley(x)LZ QZ .

i—1

According to the analysis in the proof of Lemma 2.2.5, opin (Z7 @ Z7Y) = [omin(Z71)]° >
0. Therefore, V2g(Z) is a negative semi-definite matrix, which implies that IT < 0
holds a.s. for any pair of points (@M, @®). Incorporating with the fact that I < 0,

it implies that
Qn(©110"7) = 0, (87|01 V) — (Ve,Q.(0F |0 1), 8 —6f") <0,

holds a.s. for pair points (@, +@® + (1 — t*)©*), (@M, *O® + (1 — t*)©*). After

doing the summation from 1 to K, we finish the proof of Lemma 2.5.4. [
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2.6.7 Variable Selection Consistency

Theorem 2 . Denote the final precision matrix estimator as ﬁk and the set of its
nonzero off-diagonal elements as ]71@ Under minimal signal condition, we have, with

probability tending to 1, Vi =V, for any k=1,..., K.

Proof: We prove it in two steps. In Step 1, we show that 17;; D Vi, and in Step 2,
we show that V, C Vi, both with high probability.

Step 1: In order to prove Vi D Vg, it is sufficient to show that for any (1,7) € Vi
with any k =1,..., K, wy;; # 0. Note that

T T T
‘wl(cz'j)‘ > !w}iij\ - |W1(cij) - wlt:ij| > |W2ij| - Z(wl(cij) - sz'j)2>

i?j

Moreover,

\/Z(Wg;) - WZU)Q < ||®(T) — O7,. (2.6.38)

0]

According to Corollary 2.2.12 and minimal signal condition we have
T
|w,(€ij)| > T,

Therefore, we see that wy;; # 0, which implies 9; D Vg
Step 2: In order to show T}; C Vk, we need to check that, for any (i, 7) € V5, the

estimator wy;; = 0. Note that, the estimator before the thresholding step satisfies,

T T * T *
|wl(cij)| = ’W/(m‘j) - wlm’j‘ < Z(wl(m‘j) - wkij)g‘
0,
From (2.6.38), it is known that \w,(ﬂT])| < r,. Therefore, the thresholding step will set
Wkij = w,(cz;) 1{|@k;j| > rn} = 0 with high probability. This ends the proof of Theorem
2. |
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2.7 Updates Steps of SCAN Algorithm
2.7.1 Proof of Lemma 2.1.2:

The KKT conditions for 1 to be a maximizer of Q(©|0@1~Y) — R(O) are

1 & .
- > Loty ( > (@ — Mm)wklj> = Aisign(pr;), when pu; # 0,
=1 =1

1 < ?
-, L®<H>7k< > (wa — p)ww + fij“kjj) < A1, when ju;; = 0.
o 1=1,1#]
Therefore, the update of ,LLI(;;-) is given as:
Ly - (i-1)
t t—1
E ZL@(t_1>7k(mi)< Z (l‘il — lul(d ))wkl] =+ .I’ijl(w] )> S )\1,
i=1 I=1,1#]

then ,u,(;) = 0; Else

1) 1)
) = ("5 3 Lornate) {3 2 Fona(ed (")
1 -1 -1 . -1

ZL@(t Dk -’131 (Z,Ut )wklj ,U](:] )Wz(;jj )) - AlSIgn(ﬂl(ctj ))}

Using the definitions of glyj(a:;@g*l)) and g ;(x;; @,(f*l)), we finish the proof of
Lemma 2.1.2. [

2.7.2 Proof of Lemma 2.1.3:

Recall that in (2.1.7)

n K

Q010 ) = L33 L y(@)log i, + log il ©,)] ~ R(O).

i=1 k=1

3
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Then,
1 n K
max — Z Le-1 i (x;)[log m; + log fi(xi; ©))] — R(O)
i
1 n K » 1
= - Lew- k()] — Zlog(2n) + = log det(£2
ana:éK n;k:1 ot (x;)[log Ty 5 og(2m) + 5 og det(€2;,)
1 T 1
—5 (@i — ) Q@i — )] - SR(O)
Q1,....Qx N Pt n — S NNl k 7 k k\L; k
1 & _
= — log det(€2;) — t S — R(O©
a5, 7 2 e log det(€2) — race(5,8)] ~ R(©),

where the last equality is because

1 n
= Lot (i) (@i — )" Qs — par)
g
1 T

= — ) trace((m; — ) (i — ) ")
n x, €A
1

— —trace( Z (x; — pg) (i — uk)TQk>.
n x; €Ay

Then plugging in the last update of u; leads to the desirable result. [

2.8 Supporting Lemma

Lemma 2.8.1. Consider a finite number of independent centered sub-gaussian random

variables X;. Then ). X, is also a centered sub-gaussian random variable. Moreover,

=

where C' is an absolute constant.

2
<o IXI, .

b2 i

Lemma 2.8.2. Let X,Y be two sub-Gaussian random variables. Then Z = X - Y is

sub-exponential random variable. Moreover, there exits constant C' such that

1211y, < C XMy, - 1Y My, - (2.8.1)
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Lemma 2.8.3. Let X be sub-Gaussian random variable and Y be sub-exponential
random variables. Then X — E[X] is also sub-Gaussian; Y — E[Y] is also sub-

exponential. Moreover, we have

X = E[X]l,, <2[X],,, 1Y =E}], <2[Y],, .

s [

Lemma 2.8.4. Suppose X, Xs,..., X, are n iid centered sub-Gaussian random

variables with || X[y, < K. Then for every ¢t > 0, we have

1 — Cnt?
(o)

where C is an absolute constant.

Lemma 2.8.5. Suppose X1, Xs,..., X, are n iid centered sub-expoential random

variables with || X ||y, < K. Then for every ¢ > 0, we have

1< 2ot
P(E;Xi 225) > 2-exp (—Cmin{ﬁ,?}n>,

where C is an absolute constant.

Lemma 2.8.6. Hoeffding’s inequality Suppose X, X5 ... X, are independent random

variable, a; < X; < b;, then we can have

—2ne?
P( >€>§Qexp{l2” e
n i=1\""7 t

Moreover, if a; = 0 and b; = 1, then we have

'

1 n
- ; (Xi —EX;)

1 n
- ;Xi ~EX;)

>a>>1—26%3
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3. SPARSE AND LOW-RANK TENSOR ESTIMATION
VIA CUBIC SKETCHINGS

3.1 Preliminary

We introduce notations and operations on the matrix. For matrices A = [ay,...,a ] €
R/ and B = [by,...,br] € RE*E the Kronecker product is defined as a (IK)-by-
(JL) matrix A® B=[a; ® B ---a; ® B|, where a; ® B = (a;;B",...,a;;B")".

If A and B have the same number of columns J = L, the Khatri-Rao product is
defined as A ® B = [@, o bj,ay0by, -+ ,ay0b;] € RIEXJIf the matrices A and
B are of the same dimension, the Hadamard product is their element-wise matrix

product, such that (A * B);; = A;; - B;;. For matrix X = [z; - - x,] € R™*", we also

denote the vectorization vec(X) = (z/,...,x,)) € R"™ and column-wise /5 norms
as Norm(X) = (||z1]|a; - - -, ||Ta]l2) € RY*™.

In the end, we focus on tensor notation and relevant operations. Interested readers
are referred to (31) for more details. Suppose X' € RP1*P2%P3 ig an order-3 tensor, then
the (7, j, k)-th element of X' is denoted by [X];;x. The successive tensor multiplication
with vectors u € RP?2, v € RP3 is denoted by X Xoux3v = Zje[pﬂ’le[pg] ujv AL € RPL
We say X' € RP1*P2*P3 ig rgnk-one if it can be written as the outer product of three

(1))

vectors, 1.e., X = @1 0 &y 0 3 or [X];jp = 1;x9;xs;, for all 4, j, k. Here “o” represents
the vector outer product. X is symmetric if [X];x = [X]i; = [X]jix = [X]j =
[X]ki; = [X]xji for all i, j, k. Rank-one tensor is symmetric if and only if it can be
decomposed as x o x o x for some vector x.

More generally, we may decompose a tensor as the sum of rank one tensors as

follows,
K

X = an$1k0$2kom3k, (311)
k=1
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where 1, € R, 1, € S, oy, € SP271 x5, € SP~L. This is the so-called CANDE-
COMP/PARAFAC, or CP decomposition (31) with CP-rank being defined as the
minimum number K such that (3.1.1) holds. {xyx}5 |, {zax} i |, {xax } 5| are called
factors along first, second and third mode. Note that factors are normalized as unit
vectors to guarantee the uniqueness of decomposition, and n = {n,...,nx} plays an
analogous role of singular values in matrix value decomposition here. Several tensor
norms also need to be introduced. The tensor Frobenius norm and tensor spectral

norm are defined respectively as

pr P2 P3

(X, uovow)
XN = [ D D> X2 X = sup (3.1.2)

werrn ek awcsos [ullaol2lw]ls”

where (X,Y) = 3, Xjdije. Clearly, |[X[|7 = (X, X). We also consider the

following sparse tensor spectral norm,

| X]|s := sup [(X,aoboc)|. (3.1.3)
lall=llbl|=[lc[=1
max{|[allo,[|bllo,[lcllo}<s

By definition, ||X]|s < ||X]|op. Suppose X = &1 0 x5 0 &3 and Y = y; 0 Y2 0 y3 are
two rank-one tensors, then it is easy to check that ||X|p = ||z1||2]|z2||2||zs]2 and

(X, V) = () y1) (23 y2) (5 ys)-

3.2 Symmetric Tensor Estimation via Cubic Sketchings

In this section, we focus on the estimation of sparse and low-rank symmetric

tensors,
yzz<g*7%>+€“ %:wiowiowiERpoXp, izl,...,n, (321)

where @x; are random vectors with i.i.d. standard normal entries. As previously
discussed, the tensor parameter .7 * often satisfies certain low-dimensional structures

in practice, among which the factor-wise sparsity and low-rankness (41) commonly
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appear. We thus assume .7* is CP rank-K for K < p and the corresponding factors

are sparse,

K
T =3 niBioBioBi. with |Bill=1 |8l < s.VkE[K].  (322)
k=1

The CP low-rankness has been widely assumed in literature for its nice scalability
and simple formulation (34; 43; 49). Different from the matrix factor analysis, we do
not assume the tensor factors @j here are orthogonal. On the other hand, since the
low-rank tensor estimation is NP-hard in general (83), we will introduce an incoherence
condition in the forthcoming Condition 3 to ensure that the correlation among different
factors B; is not too strong. Such a condition has been used in recent literature on
tensor data analysis (84), compressed sensing (85), matrix decomposition (86), and
dictionary learning (87).

Based on observations {y;, Z;}",, we propose to estimate .7* via minimizing the
empirical squared loss since the close-form gradient provides computational conve-
nience,

—

J = argmin L(7) subject to J is sparse and low-rank, (3.2.3)
7

where

L(T) =L (B, .., Bk) = Z (yi — (7, 23))°

L B N (3.2.4)
= n; (yz_;nk(wiﬁk) ) .
Equivalently, (3.2.3) can be written as,
1 - T 213)>
min 23 (= Lomlal ) .

st |Bella = 1, 1Bello < s, for k € [K].

Clearly, (3.2.5) is a non-convex optimization problem. To solve it, we propose a

two-stage method as described in the next two subsections.
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3.2.1 Initialization

Due to the non-convex optimization (3.2.5), a straightforward implementation of
many local search algorithms, such as gradient descent and alternating minimiza-
tion, may easily get trapped into local optimums and obtain sub-optimal statistical
performances. Inspired by recent advances of spectral method (e.g., EM algorithm
(88), phase retrieval (89), and tensor SVD (62)), we propose to evaluate an initial
estimate {n,(co), ﬁ,‘j’)} via the method of moment and sparse tensor decomposition (a
variant of high-order spectral method) in the following Steps 1 and 2, respectively.
The pseudo-code is given in Algorithm 1.

Step 1: Unbiased Empirical Moment Estimator. Construct the empirical

moment based estimator 7,

52:1 iL; O L; O X
6[ Zy

P
—E (m1oejoej+ejomloej+ejoejom1)}, (3.2.6)
=1
n
where my ;= — 5 Y;x;, €; is the canonical vector.
n
i=1

As will be shown in Lemma 4, 7, is an unbiased estimator of .7*. The construction
of (3.2.6) is motivated by high-order Stein’s identity ((90); also see Theorem 9 for a
complete statement). Intuitively speaking, based on the third-order score function for a
Gaussian random vector : S3(z) = zoxox—) " (Toejoe;+ejoxoe;+ejoe;ox),
we can construct the unbiased estimator of .7 * by properly choosing a continuously
differentiable function in high-order Stein’s identity. See the proof of Lemma 4 for
more details.

Step 2: Sparse Tensor Decomposition. The method of moment estimator

obtained in Step 1 provides an initial estimate for tensor .7*. Then we further obtain



7

good initialization for the factors {n,(co), ﬁ,(j’)} via truncation and alternating rank-1

power iterations (51; 91),

K

0 0 0 0

T 08 0B o .
k=1

Note that the tensor power iterations recover one rank-1 component per time. To
identify all rank-1 components, we generate a large number of different initialization
vectors at first, implement a clustering step, and choose the centroids as the estimates
in the initialization stage. This scheme originally appears in tensor decomposition
literature (84; 91), although our problem setting and proof techniques are very different.
This procedure is also very different from the matrix setting since the rank-1 component
in singular value decomposition is mutually orthogonal, but we do not enforce the
exact orthogonality here for .7*.

More specifically, we firstly choose a large integer M > K and generate M starting
vectors {bﬁg)}%zl € R? through sparse SVD as described in Algorithm 3. Then for
each b&i’), we apply the following truncated power update:

l l T (l1+1
E(H_l) _ 7; ><2 b7(ln) ><3 b7(ln) ’ bgj_l) _ ng)in+1 )) 7
172 %2 b x5 8, |1 Ta(B% ™) 12

m

where Xo, X3 are tensor multiplication operators defined in Section 3.1 and Ty(x) € R?
is a truncation operator that sets all but the largest d entries in absolute values to

zero for any vector & € RP. It is noteworthy that the symmetry of 7, implies
7; Xngm) X3b£7l1) :7; legz) X3b£711) :7; legrll) X2b£7lz)‘

This means the multiplications along different modes are the same. We run power
iterations till its convergence, and denote b,, as the outcome. Finally, we apply

K-means to partition {b,,}*_, into K clusters, then let the centroids of the output

clusters be {Béo)}le and calculate n,(co) =Ts X4 ﬁ,go) Xo :31(90) X3 B,go) for k € [K].
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Algorithm 1 Initialization in cubic sketchings
Require: response {y;}? ;, sketching vector {x;}}" ;, truncation level d, rank K, stopping

error € = 1074,
1: Step 1: Calculate the moment-based tensor 75 as (3.2.6).
2: Step 2:
33 Form=1toM
Generate b$,9) through Algorithm 3.

4: Repeat power update:
0 . p® Z(1+1)
gy = Toxabmoxabn - peen o Talbn ) g
17 %2 bl x5 b |2 1T (B )]l
5. Until b5 — ||, < e.
6: End for.

7:  Perform K-means for {b%)}%zl. Denote the centroids of K clusters by {ﬁ]go)}szl.
8 Calculate n,io) =Ts X1 5;(60) X9 5;(60) X3 Bl(go)v k€ [K].

9: return symmetric tensor estimator {n,(co),ﬁl(go)}kf(:l.
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3.2.2 Thresholded Gradient Descent

After obtaining a warm start in the first stage, we propose to apply the thresholding
gradient descent to iteratively refine the solution to the non-convex optimization
problem (3.2.5). Specifically, denote X = (xy,...,x,) € RP*" y = (y1,...,yn) €
R", n=(n,...,nx) € RE and B = (B4,...,Bk) € RP*K_ Recall that L(B,n) =
L(.7), and hence let

VeL(B,n) = (Vg L(B.n)',.... Vg L(B,n)") € RZPE,

be the gradient function with respect to B. Based on the detailed calculation in

Lemma 3.11.1, VgL(B,n) can be written as
6
VeL(B,n) = —[{(B'X) Vn—yl' [{(B'X)' Yon) o X]', (327

where {(BTX)"}? and {(B"X)"}? are entry-wise cubic and squared matrices of
(BTX)". Define o, (z) as the thresholding function with a level h that satisfies the

following minimal assumptions:
lon(x) — x| < h,Vo € R, and pp(x) =0, when |z| < h. (3.2.8)

Many widely used thresholding schemes, such as hard thresholding Hj () = 2I(jz>n),
soft-thresholding Sy(z) = sign(z)max(|z| — h,z), satisfy (3.2.8). With slightly
abuse of notations, we further define the vector thresholding function as ¢p(x) =
(en(z1),. .., onlxp)), for @ € RP.

The initial estimates (°) and B(® will be updated by thresholded gradient descent
in two steps summarized in Algorithm 2. It is noteworthy that only B is updated in
the Step 3, while  will be updated in Step 4 after the update of B is finished.

Step 3: Updating B via Thresholded Gradient descent. We update B

in each iteration step via thresholded gradient descent,

veo(BUY) = ¢, m), (vee(BY) — ngaB“), 7). (3.2.9)
)

Here,
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e 11 is the step size and ¢ = Y7, y?/n serves as an approximation for (4, ;)

(see Lemma 15);

e h(B) € R™¥ is the thresholding level defined as

A(B) = [ “E L {(BTX) P -y {(BTX)T P on0T)

Step 4: Updating n via Normalization. We normalize each column of B(")

and estimate the weight parameter as

5_(6.. 3 g" Bic’
B - B AR 7/3 T - 7t )
(Prreee ) (!\5§T’Il2 Hﬁ&?\b) (3.2.10)

.
~ ~ ~ 0 T 0 T
7= G i) = (1B 018 3)

The final estimator for J* is

K
T = Bk o Br o B
k=1

Remark 1 (Stochastic Thresholded Gradient descent). Evaluating the gradient (3.2.7)
at each iteration requires O(npK?) operations, which is an issue when n or p is large.
To economize the computational cost, a stochastic version of thresholded gradient
descent algorithm can be easily carried out by sampling a subset of summand functions
(3.2.7) at each iteration. This will accelerate the procedure especially in the case
of large-scale settings. Details could refer to Section 3.11.2 in the supplementary

materials.

3.3 Theoretical Analysis

In this section, we establish the geometric convergence rate in optimization error
and minimax optimal rate in statistical error of the proposed symmetric tensor

estimator.
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Algorithm 2 Thresholded gradient descent in cubic sketchings
Require: response {y;}!" ;, sketching vector {x;}?_,, step size p, rank K, stopping error

e = 1074, warm-start {n,go),ﬁ,go)}kfil.
1: Step 3: Let t = 0.
2:  Repeat thresholded gradient descent
3: e Compute thresholding level h(B).

e (Calculate the thresholded gradient descent update
vec(BUY)) = ¢ unim (VGC(B(t)) - %VBE(B(t),n(O))>,
é

where ¢ = L 3™ 42, The detailed form of VgL (B, n?) refers to (3.2.7).
4:  Until | BT — BO)|p <e.
5: Step 4: Perform column-wise normalization and update the weight as (3.2.10). Con-
struct the final estimator 7 = Zlf:l ﬁk,@k o Bk o Bk

6: return symmetric tensor estimator .7 .

Algorithm 3 Sparse SVD
Require: tensor 7, cardinality parameter d.

1. Compute 8 = Ty(8), where 6 ~ N (0, I,).

2: Calculate u as the leading singular vector of 7T, x1 6.

3: return the sparse vector Ty(u)/||ul|2.
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3.3.1 Assumptions

Conditions 1-3 are on the true tensor parameter .7* while Conditions 4-5 are on
the measurement scheme. The first condition guarantees the model identifiability for

CP-decomposition.

Condition 1 (Uniqueness of CP-decomposition). The CP-decomposition form (3.2.2)
is unique in the sense that if there exists another CP-decomposition 7* = Zszll n B; o

B o B, it must have K = K’ and be invariant up to a permutation of {1,..., K}.

For technical purpose, we introduce the following conditions to ensure that the
CP-decomposition of .7* has a regular form in the sense that the operator norm of
J* can be bounded by the largest factor and all factors are in the same order. Similar

assumptions were previously used in literature (e.g., (32; 51)).

Condition 2 (Parameter space). The CP-decomposition 7* = Sr | niB; o B o B;

satisfies
||‘7*||0p S Cn:naw K = 0(8)7 and R = n:nax/n:nin S C, (331)

for some absolute constants C, C’, where 0%, = mingn; and 7} = max;n;. Recall

that s is the sparsity for 3;.

The performance of Step 2, i.e. the tensor decomposition for initialization, is
crucial to the final estimation. However, as shown in the seminal work of (83),
the estimation of the low-rank tensor is NP-hard in general. Hence, we impose the

following incoherence condition that is widely used in tensor decomposition literature

(51; 91).

Condition 3 (Parameter incoherence). The true tensor components are incoherent

such that

N[ =

11 §
— * * < : ~1 -1 _—
r |max (B, Br,)| <min{C K"4R™",s

2

where R is the singular value ratio defined in (3.3.1) and C" is some small constant.
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Remark 3.3.1. The preceding incoherence condition has been widely used in different
scenarios in recent high-dimensional research, such as compressed sensing (85), matrix
decomposition (86), and dictionary learning (87). It can also be viewed as a relaxation
of orthogonality: if {37, ..., 3%} are mutually orthogonal, I' equals zero. In addition,
we can show from both theory (Lemma 28 in the supplementary materials) and
simulation (Section 3.6) that the low-rank tensor .7* induced by (3.2.2) satisfies the
incoherence condition with high probability, if the component vectors 3; are randomly

generated, say from Gaussian distribution.
We also introduce the following conditions on noise and sample complexity.

Condition 4 (Sub-exponential noise). The noise {¢;}7 , are i.i.d. randomly gen-
erated with mean 0 and variance o2 satisfying 0 < ¢ < C Yk ni. (€/0) is sub-
exponential distributed, i.e., there exists constant C. > 0 such that ||(¢;/0)||y, =

sup,>1 p~ ' (Ele;/a|P)/? < C¢, and independent of {27} ;.

The sample complexity condition is crucial for our algorithm, especially in the
initialization stage. Ignoring any polylog factors, Condition 5 is even weaker than the

sparse matrix estimation case (n > s?) in (89).

Condition 5 (Sample complexity). We assume a sufficient number of observations is

observed,

111 §
n > C" K?*(slog(ep/s))2 log* n.

3.3.2 Main Theoretical Results

Our main Theorem 3 shows that based on a good initializer, the output from
the proposed thresholded gradient descent can achieve optimal statistical rate after

sufficient iterations. Here, we define a contraction parameter

8
0<k=1-32uK2 R 3 <1,

2 -
and also denote £; = 4K nmixes and & = Con, ;3 /16 for some Cy > 0.
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Theorem 3 (Statistical Error and Optimization Error). Suppose Conditions 3-5 hold

and the initial estimator {B,io), n,io)}le satisfies

max {||8" - B;

0 . _
1<k<K 2’ ‘nl(c - nk’} SK, (3.3.2)

with probability at least 1 — O(1/n) and |supp( ,(CO))\ < s. Assume the step size

i < po, where pq is defined in (3.9.6). Then, the output from the thresholded gradient

descent update in (3.2.9) satisfies:

e For any t =0,1,2,..., the factor-wise estimator satisfies
o D o e ¢, o 0°slogp
Z N By, — /By, ) <ER & , (3.3.3)
with probability at least 1 — O(tKs/n).
e When the total number of iterations is no smaller than
T*:(lo (———v1)+1lo é)/10 k! (3.3.4)
& o?slogp & & s o

there exists a constant C; (independent of K, s,p,n,0?) s.t. the final estimator

§: Z;ﬁil 77;(;)) ,(CT*) o ﬁ,‘f*) o ,B,iT*) is upper bounded by

2 < C102Kslogp7

H?- T

i - (3.3.5)

with probability at least 1 — O(T*Ks/n).

Remark 2 . From (3.3.3), the error bound can be decomposed into an optimization
error £1k' (which decays with a geometric rate as iterations) and a statistical error
52@ (which does not decay as iterations). In particular, the convergence rate of
the optimization error relies on the rank K and the singular value ratio R in the sense
that the smaller K or R, the faster convergence. Also from (3.3.5), we note that in

the special case that o = 0, T exactly recover .7 * with high probability.

The next theorem shows that Steps 1 and 2 of Algorithm 1 provides a good

initializer required in Theorem 3.
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Theorem 4 (Initialization Error). Suppose the number of initializations L > K Gyt

where v is a constant defined in (3.9.3). Given that Conditions 1-4 hold, the initial

estimator obtained from Steps 1-2 with a truncation level s < d < (C's satisfies

max {181 = Bille, " — nil} < Col ROy s + VET?, (3.3.6)

1<k<K

and ]supp(ﬁ,go)ﬂ < s with probability at least 1 — 5/n, where

Onps = (log n>3(\/ % + \/W). (3.3.7)

Moreover, if the sample complexity condition 5 is satisfied, then the above bound

satisfies (3.3.2).

Remark 3 (Interpretation of initialization error). The upper bound of (3.3.6) consists
of two terms, which corresponds to the approximation error of 7, to .7* and the
incoherence condition of 3;’s, respectively. Especially, the former converges to zero
as n grows while the latter does not. This indicates that the convergence rate of the
initial estimate is significantly slower than that of the final estimate after iterative

updates, unless

slog(ep/s)

> (g1 2 d 1< .
n 2 (slog(ep/s))” an S e

More detailed numerical comparisons will be provided later in Section 3.6.

The proof of Theorems 3 and 4 are involved and postponed to Section 3.9.1-3.9.2
in the supplementary materials. The combination of Theorems 3 and 4 immediately

yields the following upper bound for the final estimate as one main result in this
paper.

Theorem 5 (Upper Bound). Suppose Conditions 1 — 5 hold, s < d < Cs. After T*
iterations, there exists a constant C; not depending on K, s, p,n,o?, such that the
proposed procedure yields

2 < Cio%Ks logp7

H?— T

(3.3.8)

F n

with probability at least 1 — O(T*Ks/n), where T* is defined in (3.3.4).
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The above upper bound turns out to match with the minimax lower bound for a

large class of sparse and low rank tensors.

Theorem 6 (Lower Bound). Consider the following class of sparse and low-rank

tensors,

T =K , <s, for k € [K],
Foa {7 Y k1 MeBr © B o B, || Brllo < s, for (K]  (33.9)

7 satisfies Conditions 1, 2, and 3.

Suppose that {2;}, are i.i.d standard normal cubic sketchings with i.i.d. N(0,c?)

noise in (3.2.1). We have the following lower bound result,

2 Kslog(ep/s)

— 2
inf sup EH?—?HFZC -

T TeFpr.s

The proof of Theorem 6 is deferred to Section 3.9.3 in the supplementary materials.
Combining Theorem 5 and Theorem 6 together, we immediately obtain the following
minimax-optimal rate for sparse and low-rank tensor estimation with cubic sketchings

when logp =< log(p/s):

2 _ 2 Ks log(p/s)‘
F n

inf  sup EH?— T (3.3.10)

T y*Efp7K75

The rate in (3.3.10) sheds light upon the effect of dimension p, noise level o2, sparsity

s, sample size n and rank K to the estimation performance.

Remark 4 (Non-sparse low-rank tensor estimation via cubic-sketchings). When the

low-rank tensor .7* is not necessarily sparse, i.e.,

T =K o B o By, for k € [K],
T e Fyx =17 > k1 MeBr 0 Br o Br (K] ’
7 satisfies Conditions 1, 2, and 3

we can apply the proposed procedure with all the truncation/thresholding steps
removed. If n > O(p*?), one can apply similar arguments of Theorems 3-5 to show
that the output estimation T satisfies

2 2
< 7 hp (3.3.11)

F n

H?—y*

for any .7* € F, x with high probability. Furthermore, similar arguments of Theorem

6 imply that the rate in (3.3.11) is minimax optimal.
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Remark 5 (Comparison with existing matrix results). Our cubic sketching tensor
results are not a direct extension of the existing matrix results. For example, (55; 56)
studied the low-rank matrix recovery based on rank-1 projections: y; = & Tx; + €
based on the convex nuclear norm minimization. The theoretical properties of their
estimate are analyzed under a ¢ /¢5-RIP or Restricted Uniform Boundedness (RUB)
condition. However, tensor nuclear norm is computationally infeasible and following
the arguments in (89; 92), one can check that our cubic sketching framework does
not satisfy RIP or RUB conditions in general. Thus, these previous results cannot be
directly applied.

In addition, the analysis of gradient updates for the tensor case is significantly
more complicated than the matrix case. First, we require high-order concentration
inequalities for the tensor case since the cubic-sketching tensor leads to high-order
products of sub-Gaussian random variables (see Section 3.3.3 for details). The
necessity of high-order expansions in the analysis of gradient updates for the tensor
case also significantly increases the hardness of the problem. To ensure the geometric
convergence, we need much more subtle controls on the regularity conditions comparing

to the ones in the matrix case (92).

3.3.3 Key Lemmas: High-order Concentration Inequalities

As mentioned earlier, one major challenge for theoretical analysis of cubic sketching
is to handle heavy tails of high-order Gaussian moments. One can only handle up-to
second moments of sub-Gaussian random variables by directly applying the existing
Hoeffding’s or Bernstein’s concentration inequalities. Rather, we need to develop
the following two high-order concentration inequalities as technical tools: Lemma 1
characterizes the tail bounds for the sum of sub-Gaussian products, and Lemma 2
provides the concentration inequalities for Gaussian cubic sketchings. The proofs of

Lemma 1 and 2 are given in Section 3.8.2.
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Lemma 1 (Concentration inequality for sum of sub-Gaussian products). Suppose

X, = (mlTZ, . ,:B,L)T € R™P { € [n| are n i.i.d random matrices. Here, x;; is the

j-th row of X; and suppose it is an isotropic sub-Gaussian vector. Then for any

vectors @ = (ay ...,a,) € R", {B;}7L; CRP, and 0 < § < 1, we have

n

);az]l_[ acwﬁj <Za,1n_1[1acwﬁj >‘

=1

3

< CTT 1Bl (llall<(log 67" + lall2(log 57)2).
7j=1
with probability at least 1 — 9 for some constant C.

Note that in Lemma 1, entries in each matrix X; are not necessarily independent
even { X}, are independent matrices. Building on Lemma 1, Lemma 2 provides
a generic spectral-type concentration inequality that can be used to quantify the
approximation error for 7, introduced in Step 1 of the proposed procedure.

Lemma 2 (Concentration inequality for Gaussian cubic sketchings). Suppose {@1;}7, w

N(O, L), {@o}, S N(0, L), {23:}7-, X N(0,1,), B € R, B, € RP, B € R
are fixed vectors.
e Define Mg, = %ZZ Hzrioxgomxs;, BroBs 0ﬁ3>w110w210w3z Then E(Mysy) =
B1 o By 0 B3, and
| My — E M)

/ log ep 5 /slog ep/s
< C( logn /9) /5) Hﬁl” [1B2]]2118s 2,

with probability at least 1 — 10/n?.

e Define Msym = %Z?:1<$1i0$1i0$17;,ﬂ1 Oﬂl oﬂ1>w1iow1ioa}h~. Then E(Msym) =
6B10B10B1+33 " _(Bioenocen+e,oBioe,+e,oe,opB) and

HMsym - sym

/sSIOg eps /slog eps
C(logn)? /s) /2) ||ﬂ1H27

with probability at least 1 — 10/n3.
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Here, C' is an absolute constant and || - || is the sparse tensor spectral norm defined

in (3.1.3).

Note that Mgy, is the major term in the unbiased empirical moment estimator 7
in (3.2.6), while M, corresponds to the non-symmetric unbiased empirical moment

estimator 7 that will be introduced later in (3.5.4).

3.4 Application to High-Order Interaction Effect Models

In this section, we estimate high-order interaction effect models in the cubic
sketching framework. Specifically, we consider the following three-way interaction

model

P P P
y =& + Zfizli + Z Yij 212y + Z Nijkzuzze e, l=1,...,n. (3.4.1)
i=1

ij=1 i.j.k=1
Here &, v, and n are coefficients for main effect, pairwise interaction, and triple-wise
interaction, respectively. Importantly, (3.4.1) can be reformulated as the following

tensor form (also see the left panel in Figure 1.2)
y=(B,xjoxjox))+¢, [=1,...,n, (3.4.2)

where z; = (1,2])" € RP*! and B € RPHI)xP+)x(+1) i 3 tensor parameter corre-
sponding to coefficients in the following way:

(

Bio,0,0 = &os

Bpipapap) = (Mijk)1<ijk<ps

(3.4.3)
B[O,l:p,l:p] = B[l;p,o,1;p] = B[l:p,l:p,(]] = (%j/g)lgi,jép?

B[O,O,l:p] = Z5)[0,1:}0,0] = B[l:p,O,O] - (51/3)19'9;-

\

We next argue that it is reasonable to assume B is low rank and sparse in the tensor
formulation of high-order interaction models. First, in modern biomedical research
such as (93), only a small portion of coefficients contribute to the response, leading to

a highly sparse B. Further, (94) suggested that for the low-enough rank it is suitable
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to model sparse tensors as arising from sparse loadings, saying CP-decomposition.
Moreover, this low-rank-and-sparse assumption (or approximation) seems necessary
when the sample size is limited. Specifically, we assume B is of CP rank-K with
s-sparse factors, where K, s < p. It is easy to see that the number of parameters in
(3.4.4) is K(p+ 1), which is significantly smaller than (p + 1)3, the total number of
parameters in the original three-way interaction effect model (3.4.1). In this case,
(3.4.2) can be written as

K

Y= <Zﬁk5k05k05k,$zowzowl>+6z, I=1,...,n,

k=1 (3.4.4)

where [|Bil2 =1, [Billo <s, ke [K]

By assuming z N,(0, I,), the high-order interaction effect model (3.4.2) reduces
to the symmetric tensor estimation model (3.2.1) with the only difference that the first
coordinate of a;, i.e., the intercept, is always 1. To accommodate this slight difference,
we only need to adjust the initial unbiased estimate in the above two-step procedure.
We first obtain 7 in (3.2.6) by replacing «; therein by x;, where x; corresponds the

{-th observation

1 <& 1<
7;:% E w10 T 0T — & E (acejoej+ejoaoce;+ejoejoa),
=1

. 7= (3.4.5)
1
where a = — E YTy,
n
1=1

then construct empirical-moment-based initial tensor 7, as
o Fori,j, k # 0, Tk = Tstigr- And Tepijo) = Tsigo)s Tsrjogn) = Tsogkls Tsrfion) =
Tsi,0,]-

o For i # 0, Ty0,04 = Toj0,0 = Tefi0,0 = %7;[0,0,2'] - %(Zizl Ttk ki) — (P + 2)as).

® Ty000 = TI,Q(Zizl Tso.kk) — (2 + 2)T50,00)-

Lemma 5 verifies that 7, is an unbiased estimator for B.
Theoretical results in Section 3.3 imply the following upper and lower bound results

in this particular example.
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Corollary 1 . Suppose that zy,..., 2z, are i.i.d. standard Gaussian random vectors
and B satisfies Conditions 1, 2 and 3. The output, denoted as l§, from the proposed
Algorithms 1 and 2 based on Ty satisfies

2 2
< of Kslogp (3.4.6)

F n

HE—B

with high probability. On the other hand, considering the following class of B,

B =31 B o Bro B ||Brllo < s, for k € [K],
B satisfies Conditions 1, 2, and 3,

]:p-i—l,K,s == B .

then the following lower bound holds,

2 2
> o Kslogp.
B F n

B Be-Ferl,K,s

inf sup E HB\— B

3.5 Non-symmetric Tensor Estimation Model

In this section, we extend the previous results to the non-symmetric tensor case.

Specifically, we have 7% € RP1*P2XP3  and

yi = (T, Zi) + €, Zi=uiov;ow;, i€ [n], (3.5.1)

where u; € RP',v; € RP?2, w,; € RP? are random vectors with i.i.d. standard normal

entries. Again, we assume .7 * is sparse and low-rank in a similar sense that

K
T* = ZUZIBTIC ° Bay © By,
k=1 (3.5.2)

1BTkll2 = [1B2ll2 = 1834l = 1, max{{|Billo, | Baxllo; Baxllo} < s.
Denote the following;:
¢ By = (Bu, - ,Bik), Bo = (Bo1,--- ,P2x), B3 = (Bs1, -+ , Bxk),

o U= (uy,...,u,), V=(v,...,0,), W= (wy,...,w,),
n=( ) y=. )
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Then, the empirical risk function can be written compactly as

L(B,,B;,B3,n) = ! H(UTBl) * (VTB2) * (WTB?)) ‘n-vy

n

z. (3.5.3)

We note that (3.5.3) is non-convex, but fortunately tri-convex in terms of By, By and
Bj. This allows us to develop a block-wise thresholded gradient descent algorithm as
detailed below.

The major steps of the estimation procedure for non-symmetric tensors are sketched
below. The complete algorithm is deferred to Section 3.10.1 in the supplementary

materials.

Step 1: (Method of Tensor Moments) Construct an empirical-moment-based

estimator,
1 n
T = - Z Yiw; 0 v; o w; € RP*P2XP3 (3.5.4)
=1
to which sparse tensor decomposition is applied for initialization.

Step 2: (Block-wise Gradient descent) Lemma 17 in the supplementary mate-
rials shows that the gradient function for (3.5.3) with respect to B; can be

written as
VBlﬁ(Bth,B:zan) = DT(ClT © U)T € Rlx(le)» (3-5-5)

where D = (B]U) (B, V) '%(B; W) 'n—yand C, = (B, V) "«(B;W)'®
n'. Fort =1,...,T we fix Bét) and B?()t) and update BYH) via block-wise

thresholded gradient descent,

veo(B{"*) = (vee(B) — £V, (B, BYY, B m)).

¢

P uh(B)
)

where ¢ = > | y2/n, p1 is the step size and h(B) = \/M{D2}T{CQ}. The

n2

updates of By, B3 are similar.

The main theoretical analysis is different from the symmetric one in two folds.

First, the non-symmetric cubic sketching tensor is formed by three independent
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Gaussian vectors. This leads to differences in many high-order moment calculations.
Second, the corresponding CP-decomposition, i.e., (3.5.2), essentially forms a bi-convex
optimization. In this case, standard convex analysis for vanilla gradient descent (95)
could be applied given a good enough initialization.

We impose similar regularity conditions whose detailed forms and explanations
are postponed to Section 3.10.1 and the proof to Section 3.10.2. The main theorems

for non-symmetric tensor estimation are presented as follows.

Theorem 7 (Upper Bound). Suppose Conditions 6 — 9 in the supplementary materials
hold and n > (slog(po/s))*/?, where py = max{p, ps, p3}. For any t = 0,1,2, ..., the
estimation output by Algorithm 3.10.1 satisfies

K 3 9 2
3 <0, (w4 TR Slogpo)
2
k=

Z - n

1 j=1

SBT3/ i B

for some 0 < kK < 1. When the total number of iterations is no smaller than

log(=—— Vv 1)/log ™!, the final estimator T satisfies

o2slog po

|77, < o),

Theorem 8 (Lower Bound). Consider the class of incoherent sparse and low-rank
tensors F = {7 : 7 = 31", Bk o Bor© Bai |Bikllo < s for i = 1,23 k=1,... K},
If {2;}%, are i.i.d standard normal cubic sketchings with i.i.d. N(0,0?) noises in

(3.5.1), the following lower bound holds,

— 2 25K 1 .
inf sup E Hﬂ - 9” > Co"skK log(e po/s). (3.5.6)
T TeF F n

It can be seen from Theorems 7 and 8 that our proposed algorithm achieves
minimax-optimal estimation error rate in the class of F as long as log(po) =< log(po/s).
3.6 Numerical Results

In this section, we empirically examine the effect of noise level, CP-rank, sample

size, dimension, and sparsity on the estimation performance. We also examine
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the robustness of the proposed algorithm under the setting when the incoherence
assumption used in theory fails to hold.

In each setting, we generated 7* = Zle B; o Bf o By, where |supp(B;)| = s
was uniformly selected from {1,...,p}, the nonzero entries of 3; were drawn from
standard Gaussian distribution. Next we normalized each vector 3; and aggregated
the coefficient as n;. The cubic sketchings {.Z;}7_, were generated as Z; = x;ox;ox;,
where {x;}! | were from standard Gaussian distribution. The noise {¢;}7; YN (0,0?)
or Laplace(0,0/+v/2). Additionally, we adopt the following stopping rules: (1) the
initialization iteration (Step 2 in Algorithm 1) is stopped if ||b$7l1+1) - b$f2||2 <1075 (2)
the gradient update iteration (Step 3 in Algorithm 2) is stopped if | BT+ — B™) || <
107, All presented results were based on 200 repetitions. The code was written in R
and implemented on an Intel Xeon-E5 processor with 64 GB of RAM.

First, we consider the percent of successful recovery in the noiseless case. Let
K =3, s/p=0.3, p=30 or 50, so that the total number of unknown parameters
in 7* is 2.7 x 10* or 1.25 x 10°. The sample size n ranges from 500 to 6000. The
recovery is called successful if the relative error ||§ — T e/ |7 lF < 1074 We

report the percent of successful recovery in Figure 3.1.
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% o // '/'
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S < | S
[ZK=] A N
Y 7
(o] .
€ N o]
o=} K4
% / -4 p=30

Ko

Qo lagb-o0 ~e- p=50

o

;

0 1000 2000 3000 4000 5000 6000
sample size

Fig. 3.1. Percent of successful recovery with varying sample size.
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It is clear from Figure 3.1 that the empirical relation with dimensionality and
sample size is consistent with our theory.
We then move to the noisy case where the empirical estimation error is examined.

We select K =3, s/p = 0.3, p =30 or 50, {¢;}, i

N(0,0?) and consider two specific
scenarios: (1) sample size n = 6000, 8000, or 10000, s/p = 0.3, the noise level o
varies from 0 to 200; (2) noise level o = 200, sample size n varies from 4000 to 10000,
p =30, s/p=0.1,0.3,0.5. The estimation errors in terms of Hj\— J*||r under these
two scenarios are plotted in Figures 3.2 and 3.3, respectively. From these results,
we can see that the proposed algorithm achieves reasonable estimation performance:

Algorithms 1 and 2 yield more accurate estimation with smaller variance o and/or

large value of sample size n.
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Fig. 3.2. Estimation error for different noise levels. The left panel is p = 30
and the right panel is p = 50.
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Fig. 3.3. Estimation error for different sample sizes. The left panel is for
initial estimation error and the right panel is for final estimation error.

Next, we demonstrate that the low-rank tensor parameter .7* with randomly
generated factors 3; satisfies the incoherence Condition 3 with high probability. Set
the CP-rank K = 3 and the sparsity level s/p = 0.3 with the dimension p ranging
from 10 to 2000. We compute the incoherence parameter I' defined in Condition
3. The left panel of Figure 3.4 shows that the incoherence parameter I' decays in a
polynomial rate as s grows, which matches the bound in Condition 3. Recall we also

provide theoretical justification on this point in Lemma 28.
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Fig. 3.4. Left panel: incoherence parameter I' with varying sparsity. Here,
the red line corresponds to the rate /s required in the theoretical analysis.
Right panel: average relative estimation error for tensors with varying
incoherence.

We further examine the performance of the proposed algorithm when the incoher-
ence condition required in the theoretical analysis fails to hold. Specifically, we set
the CP-rank K = 3, p = 30, and the sparsity level s/p = 0.3. We construct enormous
copies of tensor parameter Z* with i.i.d. standard normal factor vectors 3;. For each
J;", we calculate the incoherence I'; defined in Condition 3, and then manually pick

40 parameter tensors .77 such that
0.01-(j—1)<T; <0.01-5 for j ={1,2,...,40}.

By this construction, we obtain a set of tensor parameter {77} with incoherence
uniformly varying from 0 to 0.4. The right panel of Figure 3.4 plots the relative error
for estimating .7 based on observations from cubic sketchings of .77 based on 1000
repetitions. We can see that the proposed algorithm achieves small relative errors
even when the true factors are highly coherent.

Moreover, we consider another setting with Laplace distributed noise which is a
sub-exponential random variable. Suppose {¢;}" “ Lap(o) with density f(z) =
Lexp(—2[z|/o). With n = 3000, p = 30, and varying values of o, the average

estimation error and its comparison with Gaussian noise setting are provided in Figure
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3.5. We note that the estimation errors under Laplace noise are slightly higher than

those under Gaussian noise.
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Fig. 3.5. Comparison of estimation errors between Laplace error and
Gaussian error.

Next, we compare the estimation errors of initial and final estimators for different
ranks and sample sizes. First we set K = 3, p = 30, s/p = 0.3 and consider the noiseless
setting. It is clear from Figure 3.6 that the initialization error decays sufficiently, but
does not converge to zero as sample size n grows. This result matches our theoretical
findings in Theorem 4. As discussed in Remark 3, the initial stage may yield an
inconsistent estimator due to the incoherence among 3;’s. After sufficient steps of
thresholded gradient descent (Steps 3 and 4 in Algorithm 2), the initial estimator
is refined to lead to the final estimate that is proven to be minimax-optimal. Thus,
we evaluate and compare estimation errors for both initial and final estimators for
K = 3 or 5 and growing sample sizes n. We can see from the right panel of Figure 3.6,
the final estimator is more stable and accurate compared with the initial one, which

illustrates the merit of thresholded gradient descent step of the proposed procedure.
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Fig. 3.6. Log absolute estimation error of initial estimation error (left
panel) and initialization/final estimation error comparisons (right panel).

Last but not the least, we compare the performance of our method with the
alternating least square (ALS)-based tensor regression method (32). We specifically
consider two schemes for the initialization of ALS: (a) {B,E;O)} were generated as i.i.d.
standard Gaussian (cold start), and (b) {B,go)} were generated from the proposed

% N(0,2002),

Algorithm 1 (warm start). Setting K =2, s/p = 0.2, p =30, {e;},
we applied both our proposed procedure and the ALS-based algorithm, and recorded
average estimation errors with standard deviations for both initial and final estimators
in Table 3.6. From the result, one can see our proposed algorithm significantly
outperforms the ALS proposed by (32) under both cold and warm start schemes.
The main reason was pointed out in Remark 5: the cubic sketchings setting possesses

distinct aspects compared with the i.i.d. random Gaussian sketching setting, so that

the method proposed by (32) does not exactly fit.

3.7 Discussions

The current paper focuses on the third order tensor estimation. But, all the results
can be extended to higher-order case via high-order sketchings as follows. To be
specific, suppose

yi = (T ) +e, i=1,...,n,
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Table 3.1.
The estimation error and the standard deviation (in subscript) of the
proposed method and ALS-based method.

Sample size ours warm start | cold start initial
n =4000 | 4.023¢135 | 32.8281 798 | 37.7851.933 | 38.0321 748
n = 5000 | 1.9450 097 | 32.3469.343 | 36.9625.106 | 33.7161 786
n = 6000 | 1.773p092 | 22.2201915 | 59.9723407 | 25.57971 483

where * € (RP)®™ is an order-m, sparse, and low-rank tensor. In order to estimate
T* from {y;, x;}!,, one can first generalize Theorem 9 to construct the order-m
tensor moment estimate for the initial stage, by noting that the score function S,,(x)

and the density function p(x) satisfy a nice recursive equation:
Sm(w) = _Smfl(w) oV lng(«’B> - VSmfl(w)

Then, one can similarly perform high-order sparse tensor decomposition and thresh-
olded gradient descent to estimate .7*. On the theoretical side, by a careful general-

ization of the truncation argument and t(s/m)-norm concentration inequality, we can

m/2

similarly show under mild conditions, when n > C(logn)™(slogp)™/?, the proposed

procedure achieves the following rate of convergence with high probability,

- o Kmslog(p/s)

~ Y

2
F n

o

where C' > 0 is some constant which does not depend on n,p, K, m and o?. The

minimax optimality can be shown similarly.

3.8 Proofs

In this section, we provide detailed proofs for empirical moment estimator and

concentration results in Sections 3.8.1 and 3.8.2.
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3.8.1 Moment Calculation

We first introduce three lemmas to show that the empirical moment based tensors
(3.2.6), (3.4.5), and (3.5.4) are all unbiased estimators for the target low-rank tensor in
the corresponding scenarios. Detail proofs of three lemmas are postponed to Sections

3.9.5, 3.9.6 and 3.9.7 in the supplementary materials.

Lemma 3 (Unbiasedness of moment estimator under non-symmetric sketchings).
For non-symmetric tensor estimation model (3.5.1) & (3.5.2), define the empirical-

moment-based tensor 7 by
1 n
7- = gzlylul o V; OWw,;.
1=

Then 7T is an unbiased estimator for .7, i.e.,

K
E(T) = Z MeB1x © Bak © Bi-
k=1

The extension to the symmetric case is non-trivial due to the dependency among
three identical sketching vectors. We borrow the idea of high-order Stein’s identity,
which was originally proposed in (90). To fix the idea, we present only third order

result for simplicity. The extension to higher-order is straightforward.

Theorem 9 (Third-order Stein’s Identity, (90)). Let @ € R? be a random vector with
joint density function p(x). Define the third order score function Ss(x) : R? — RP*P*P
as S3(x) = —V3p(zx)/p(x). Then for continuously differentiable function G(x) : R? —

R, we have

E[G(z) - S5(z)] = E [V°G(z)] . (3.8.1)

In general, the order-m high-order score function is defined as

m Vp(T) _

Interestingly, the high-order score function has a recursive differential representation

Spm(x) = —=8n-1(x) o Viogp(x) — VS,,—1(x), (3.8.2)
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with Sp(x) = 1. This recursive form is helpful for constructing unbiased tensor
estimator under symmetric cubic sketchings. Note that the first order score function
Si(x) = —Vlog p(x) is the same as score function in Lemma 26 (Stein’s lemma (96)).
The proof of Theorem 9 relies on iteratively applying the recursion representation of
score function (3.8.2) and the first-order Stein’s lemma (Lemma 26). We provide the
detailed proof in Section 3.9.4 for the sake of completeness.

In particular, if « follows a standard Gaussian vector, each order score function

can be calculated based on (3.8.2) as follows,

Si(x) =, S(x) =x o — lyxa,

P (3.8.3)
33(33):momom—z(azoejoej+ejo:voej+ejoejoaz>.
j=1

Interestingly, if we let G(x) = S0 ni(x' ;)% then

K
VG(@) = 0B o B o B (3.8.4)

k=1
which is exactly 7*. Connecting this fact with (3.8.1), we are able to construct the

unbiased estimator in the following lemma through high-order Stein’s identity.

Lemma 4 (Unbiasedness of moment estimator under symmetric sketchings). Consider
the symmetric tensor estimation model (3.2.1) & (3.3.9). Define the empirical first-
order moment m; := %2?21 yix;. If we further define an empirical third-order-

moment-based tensor 7, by

p

n
111
7;:6[55 yia:,-oa:,-oa:i—g (mloejoej—irejomloej—l—ejoejoml)],
i=1 j=1

then
K
E(T;) =Y _ ;B o Br o By
k=1

Proof. Note that y; = G(x;) + ¢;. Then we have

B(1 3 (o) = B(+ Y (6w + )il

=1



103

where S3(x) is defined in (3.8.3). By using the conclusion in Theorem 9 and the fact
(3.8.4), we obtain

n K
() =B, L isile) = Y uisio B0 0y

since ¢; is independent of x;. This ends the proof. [ |

Although the interaction effect model (3.4.1) is still based on symmetric sketchings,
we need much more careful construction for the moment-based estimator, since the
first coordinate of the sketching vector is always constant 1. We give such an estimator

in the following lemma.

Lemma 5 (Unbiasedness of moment estimator in interaction model). For interaction

effect model (3.4.1), construct the empirical moment based tensor 7T as following

e Fori,j,k #0, ﬁ/[i,j,k} = 7;[z',j,k]- And 7;’[1',3',0] = 7;[1',3',0}, 7;’[0,j,k} = 7;[0,j,k]> 7;’[i,0,k] =

Tsi,0,1]-
e Fori#0, Ts’[o,o,z‘] = 7;/[0,1‘,0] = 7;’[i,0,0] = %7;[0,0,i] - é(Zizl 7;[k,k,z‘] —(p+2)a;).
® To000 = 555 et Teloksl — (2 +2)To00,0))-

The 7, is an unbiased estimator for B, i.e.,

K
E(Te) = > B o Br o By
s

3.8.2 Proofs of Lemmas 1 and 2: Concentration Inequalities

We aim to prove Lemmas 1 and 2 in this subsection. These two lemmas provide
key concentration inequalities of the theoretical analysis for the main result. Before

going into technical details, we introduce a quasi-norm called ,-norm.

Definition 2 (i,-norm (57)). The ¢,-norm of any random variable X and « > 0 is
defined as

1X [y, := inf {C € (0,00) : Elexp(|X]/C)°] < 2}.
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Particularly, a random variable who has a bounded 5-norm or bounded ;-norm
is called sub-Gaussian or sub-exponential random variable, respectively. Next lemma
provides an upper bound for the p-th moment of sum of random variables with bounded

a-norm.

Lemma 6 . Suppose Xi,...,X, are n independent random variables satisfying

| Xillp < b with a > 0, then for all @ = (a4, ...,a,) € R" and p > 2,

(E’ i a; X; — E(i a; X;) p>%

Ci(a)b(ypllalz +p*[lallw), if0<a<1;
Co(a)b(ypllalz +p*|alla-), ifa>1.

where 1/a* 4+ 1/a =1, Cy(«), Cy(a) are some absolute constants only depending on

(3.8.5)

Q.

If 0 < a <1, (3.85) is a combination of Theorem 6.2 in (97) and the fact that
the p-th moment of a Weibull variable with parameter « is of order p¥/®. If a > 1,
(3.8.5) follows from a combination of Corollaries 2.9 and 2.10 in (98). Continuing
with standard symmetrization arguments, we reach the conclusion for general random
variables. When oo = 1 or 2, (3.8.5) coincides with standard moment bounds for a sum
of sub-Gaussian and sub-exponential random variables in (82). The detailed proof of
Lemma 6 is postponed to Section 3.9.8.

When 0 < a < 1, by Chebyshev’s inequality, one can obtain the following
exponential tail bound for the sum of random variables with bounded ,-norm.
This lemma generalizes the Hoeffding-type concentration inequality for sub-Gaussian
random variables (see, e.g. Proposition 5.10 in (82)), and Bernstein-type concentration

inequality for sub-exponential random variables (see, e.g. Proposition 5.16 in (82)).

Lemma 7 . Suppose 0 < a < 1, Xy,...,X,, are independent random variables
satisfying ||X;||y, < 0. Then there exists absolute constant C'(«) only depending on «
such that for any a = (ay,...,a,) € R" and 0 < § < 1/€?,

i=1 i=1

< C(a)bllall2(logs™")"? + C(a)bl|alloc (log o~") "/
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with probability at least 1 — 9.
Proof. For any t > 0, by Markov’s inequality,
i=1 i=1 i=1 i=1

" " P o P
B[S X~ E( X aXi)| Clapw(yvollall + 9 al)
< <
- tP - tP

> 1)

Y

where the last inequality is from Lemma 6. We set ¢ such that exp(—p) = C(a)?b"(/p||a||2+
p"%||a||s)?/tP. Then for p > 2,

’ZaX E(ZaX)

holds with probability at least 1 — exp(—p). Letting § = exp(—p), we have that for

< eC(a)p(vllall + 1" |al)

any 0 < § < 1/,

i=1 =1

holds with probability at least 1 — . This ends the proof. |

C(@)b( (10572 + lal lo 57,

The next lemma provides an upper bound for the product of random variables in

p-norm.

Lemma 8 (1, for product of random variables). Suppose Xj, ..., X,, are m random
variables (not necessarily independent) with t,-norm bounded by || Xy, < K. Then
the o /m-norm of HT’Zl X is bounded as

m

11%

Jj=1

m
<[«
wa/m 7=l

Proof. For any {z;}7, and a > 0, by using the inequality of arithmetic and
geometric means we have

()™ = (i) < i xier

J
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Since exponential function is a monotone increasing function, it shows that

Tz \e/m 1 o= z; o
o (IITZ1) " e (X121
j=1""J j=1 7

. y Lo (3.8.6)
_ Lja m Lja
—(Hexpuﬁ )) SaZGXP(z' ).
7=1 7=1
From the definition of ¥,-norm, for j = 1,2, ..., m, each individual X; has
X
E(exp(‘K—]’)a> < 2. (3.8.7)

J

Putting (3.8.6) and (3.8.7) together, we obtain

Therefore, we conclude that the 1q/,-norm of [, Xj is bounded by [[7", K;. W

Proof of Lemma 1. Note that for any j = 1,2,...,m, the 1);-norm of X]T,Bj is
bounded by ||3;]|2 (82). According to Lemma 8, the t/,-norm of H;”:l(XjTﬂj) is
bounded by H;il |B;l]2. Directly applying Lemma 7, we reach the conclusion. W

Proof of Lemma 2. We first focus on the non-symmetric version and the proof

follows three steps:

1. Truncate the first coordinate of xy;, xo;, ®3; by a carefully chosen truncation

level;
2. Utilize the high-order concentration inequality in Lemma 20 at order three;
3. Show that the bias caused by truncation is negligible.

With slightly abuse of notations, we denote a, x,y etc. as their first coordinate of

a,x,y etc. Without loss of generality, we assume p := max{p;, p2, ps}. By unitary
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invariance, we assume 3; = By = B3 = e, where e; = (1,0,...,0)". Then, it is

equivalent to prove

]

- H_ E X13X2;T3;XL1; © Lo; © L3 — €1 0 €1 0€;

/ 31 1
< Cllogn)*(y/)® og’ p/s /slog(p/s) ogp/s

Suppose 1 ~ N(0,I,,),x2 ~ N(0,1,,), 23 ~ N(0, I,,) and {xy;, T2, x3;}7, are

S

n independent samples of {1, 2, x3}. And define a bounded event G, for the first

coordinate and its corresponding population version,
n = {mlaXﬂIlz"a | T3], |25} < M}, G = {max{|zy], |22], |z3]} < M},
where M is a large constant to be specified later. Decomposing || Mysy — E(Mysy )]s as

e

S

< HE E L13X2;T3iL13 © L2 O L33 — I[‘3<9513325U:3wl 0 T2 0 w3|g> H
. S

J/

Vv
M7 :main term

+ HIE(:Ela:gxgml o DN wg!Q) —eyoeoen| ,
S
NS

My :bias term
we will prove that Ms is negligible in terms of convergence rate of M;.
Bounding M. For simplicity, we define x| = x1|G, @}, = x2|G, x} = x3|G, and
{z!,;, @},;, x5, | are n independent samples of {x), ), «;}. According to the law of

total probability, we have

P(on>0) <5(a)

n
1
/ / / / / / ) ) )
+ P( HE E L1313 © T3 © Ty Lz — E(%% © Tydy O :)33w3> 2 t>-
. S
=1 ~— J/
M

: / / / !/ / !/ :
According to Lemma 22, the entry of x,x;, x5,x);, 25,5, are sub-Gaussian random

variable with v¢;-norm M?2. Applying Lemma 20, we obtain

]P)<M11 > C1M65n,s) <

D=
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where 4, , = ((slog(p/s))?/n?)Y/? + (slog(p/s)/n)*/2.
On the other hand,

P(G5) <3 P(lwyi| > M) < 3ne' =0’

i=1

Putting the above bounds together, we obtain
]P’(Ml > 01M65n75> < 1/s + 3ne!CM,

By setting M = 24/logn/Cs, the bound of M; reduces to

64C,

b1, > 810
1= Cg)

5 s (l0g n)3) <13 (3.8.8)
Bounding M,. There exists o € SP~! such that
My = |E(w1225(2] 0)(@] 0) (@7 0)|G) ~ (e] )",
Since z; is independent of zy for any j # k, E(zi(x{ 0)|G) = E(2301|G). Then
My = |B(afudedet|o) - ]

oK (l‘?

1| < M)E(x%

|zo| < M)E(x§

|$3| < M) - Q?f

)

where the second equation comes from the independence among each coordinate of
{@1i, s, 3}

By the basic property of Gaussian random variable, we can show
1> E(xf\\xi| < M) >1-2oMe M2 =123

Plugging them into M,, we have

3
My < Jodl|(1 - 2me ) -]
< ‘12M26_M2 — Me M2 _ g P2
< ‘26M36_M2/2 ,

where the second inequality is due to ||g||3 = 1 and the last inequality holds for a
large M > 0. By the choice of M = 24/logn/Cs, we have My < 208/0;’/2(10g n)z /n?

for some constant Cy. When n is large, this rate is negligible comparing with (3.8.8)
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Bounding M: We put the upper bounds of M; and Ms together. After some

adjustments for absolute constant, it suffices to obtain

(M1+M2<Clogn /5 log p/s /slog p/s 1__

This concludes the proof of non-symmetric part. The proof of symmetric part remains

similar and thus is omitted here. [ |

3.9 Additional Results
3.9.1 Proof of Theorem 4: Initialization Effect

Theorem 4 gives an approximation error upper bound for the sparse-tensor-
decomposition-based initial estimator. In Step I of Section 3.2.1, the original problem

can be reformatted to a version of tensor denoising;:
Ts=T"+E&, where &=T,—E(T). (3.9.1)

The key difference between our model (3.9.1) and recent work is that £ arises from
empirical moment approximation, rather than the random observation noise considered

n (91) and (51). Next lemma gives an upper bound for the approximation error.

Lemma 9 (Approximation error of 7;). Recall that & = T; — E(7;), where T; is
defined in (3.2.6). Suppose Condition 4 is satisfied and s < d < Cs. Then

[Ells+a < zclzn;(\/sgl%f’/s)ﬂ/“oiﬂ)aogn)‘* (3.9.2)

with probability at least 1 — 5/n for some uniform constant C4.

Next we denote the following quantity for simplicity,

’yzcgmm{R(: \/S_ff \2[( \/?f}, (3.9.3)
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where R is the singular value ratio, K is the CP-rank, s is the sparsity parameter, I'
is the incoherence parameter and C5 is uniform constant.
Next lemma provides theoretical guarantees for sparse tensor decomposition

method.

Lemma 10 . Suppose that the symmetric tensor denoising model (3.9.1) satisfies
Conditions 1, 2 and 3 (i.e., the identifiability, parameter space and incoherence).
Assume the number of initializations L > K 57" and the number of iterations N >
Cylog <v/ (ﬁHEHsH + \/ffz)> for constants Cj,Cy, the truncation parameter

s < d < (Cs. Then the sparse-tensor-decomposition-based initialization satisfies

. * C
max {81 = Billa, I — nil} < —HlIEora + VET?, (3.9.4)

for any k € [K].

The proof of Lemma 10 essentially follows Theorem 3.9 in (51), we thus omit the

detailed proof here. The upper bound in (3.9.4) contains two terms: n€mf; |€||s+a and
VK2, which are due to the empirical moment approximation and the incoherence
among different By, respectively.

Although the sparse tensor decomposition is not optimal in statistical rate, it does

offer a reasonable initial estimation provided enough samples. Equipped with (3.9.2)

and Condition 2, the right side of (3.9.4) reduces to

Cy

*
min

< 20104KR< /s3log;(p/8)+ /SIqugp/s)>(logn)4+\/?F2,

with probability at least 1 —5/n. Denote Cy = 4 - 2160 - C1C}. Using Conditions 3

I€ls4a+ VKT

and 5, we reach the conclusion that

max {18 = Billa, Inl” —mil } < K~ R72/2160,

with probability at least 1 — 5/n. |
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3.9.2 Proof of Theorem 3: Gradient Update

We first introduce the following lemma to illustrate the improvement of one step
thresholded gradient update under suitable conditions. The error bound includes two
parts: the optimization error that describes one step effect for gradient update, and
the statistical error that reflects the random noise effect. The proof of Lemma 11 is
given in Section 3.9.10 in the supplementary materials. For notation simplicity, we

drop the superscript of 77,(;)) in the following proof.

Lemma 11 . Let ¢t > 0 be an integer. Suppose Conditions 1-5 hold and {ﬁ,(f),nk}

satisfies the following upper bound

\/_:Bk'

2
< AR nuitsel, max )nk - 77,’;‘ < €o, (3.9.5)

4
with probability at least 1 — O(K/n), where g = KR 3/2160. As long as the step

size u satisfies
32R20/3

3K[220 + 270K’ (3.9.6)

O<p<p=

then {B,itﬂ)} can be upper bounded as

2
t+1 = %
v/ 1k ](g+)_\3/7]k;18k )

QK—QR—gn*%M

A |

R statistical error
optimization error

8 K
< (1 _ 32pK‘2R_3> i :
n

[

with probability at least 1 — O(Ks/n).

In order to apply Lemma 11, we prove that the required condition (3.9.5) holds at
every iteration step t by induction. When ¢ = 0, by (3.3.2) and Condition 2,

|8 -5,

< €0, |Mk —77;‘ < €0, for k € [K]a
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holds with probability at least 1 — O(1/n). Since the initial estimator output by first

stage is normalized, i.e., ||ﬁ;(€0)||2 = ||B;]l2 = 1, by triangle inequality we have

— VP V B V1B — /B
0) i,/—*ﬁ* ) < {5/_*[3(0)+€/_*6(0) {s/_*l@* )

VAIL 0 _

IN

Note that

€0
€
24+ 7777k+(\/_2_0\/_

This implies

Y B, < 28/nieo.

with probability at least 1 — O(1/n). Taking the summation over k € [K], we have

2
24% < AKnuiiel,

BY — ¢/t ﬂk

with probability at least 1 — O(K/n), which means (3.9.5) holds for ¢ = 0.
Suppose (3.9.5) holds at the iteration step ¢ — 1, which implies

2
VB = /i,

k=1

8 & 52
K2R 33 o°slogp

min

K
8 2
< (1 . 32uK‘2R_§> VY — s
2
k=
2

*3 § *2 *_ 1
<aRmoct — (128K R Syitact — 200K 2R 50, T OER),
n

mln

Since Condition 5 automatically implies

n C’OJQR* 5. K
> min ,
slogp — 64el

for a sufficiently large C, we can obtain

= /B

< 4K77max50

By induction, (3.9.5) holds at each iteration step.
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Now we are able to use Lemma 11 recursively to complete the proof. Repeatedly

using Lemma 11, we have for t =1,2,...,

t+1 \/_,Bk

I~

Colr? 025 log p
16 n

N
< (1 . SQMK‘QR_?:)

2
= /B, +

with probability at least 1 — O(tKs/n). This concludes the first part of Theorem 3.

When the total number of iterations is no smaller than

log(Can 05 log p) — log(64nmas K con)

T =
log(1 — 32uK—2R~%/3) ’

the statistical error will dominate the whole error bound in the sense that

4
e oA N

0377:;1_ir13 028 lng
with probability at least 1 — O(T*Ks/n).

3.9.7
iy 72 08D, (39.7)

The next lemma shows that the Frobenius norm distance between two tensors can
be bounded by the distances between each factors in their CP decomposition. The

proof of this lemma is provided in Section 3.9.11.
Lemma 12 . Suppose .7 and .7 * have CP-decomposition .7 = szzl NeBr © Br o By
and 7% = Y0 niBo Bt o By If [ — ni| < c, then
K
2

F§9(1+c)(K kB — /1B, z><2(3/77_2)4>

k=1 k=1

Denote 7 = Ele nkﬁ,(gT*) o B,i o ,8 ™). Combing (3.9.7) and Lemma 12, we

‘y—y*

have
L d
— 2 Can_ .3 0251 <2
Hﬂ— 747 < 91+ &) 3%“““ T 58P gyt
F
_ 9C3R0*Kslogp
4 n ’

with probability at least 1 — O(T'Ks/n). By setting C; = 9Cy/4, we complete the

proof of Theorem 3. [ |
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3.9.3 Proofs of Theorems 6 and 8: Minimax Lower Bounds

We first consider the proof for Theorem 8 on non-symmetric tensor estimation.

Without loss of generality we assume p = max{p, p2, ps}. We uniformly randomly

.....

.....

M > 01is a large integer to be specified later. Then we construct {,B(k’m)}mzl,...,M CRP
k=1,..K
as

(k) VA, if j e Qm),
Bj = )

0, if j ¢ Qkm),
A > 0 will also be specified a little while later. Clearly, ||3®*™) — gkm2)|12 < 25)

for any 1 < k < K, 1 < my,my < M. Additionally, |[Q®™1) 0 Qkm2)| satisfies the

hyper-geometric distribution: P (|Q*m) 0 Qkm2)| = ¢) = <i)((§):t)

Let wkmums) — ‘Q(k’ml) N Q(k’m2)|, then for any s/2 <t < s,

s-(s—t+1)  (p—s)--(p—2s+t+1)

: t
(kym1,m2) __ o t! (s—1)! S ' S
P (U} 1,m2) t) = p--(p—s+1) < (t m

s!

t t

e (5 ) (A
- p—s+1) “ \p—s+1

Thus, if n > 0, the moment generating function of w®m1m2) — 5 satisfies

E exp (n (w(k,ml,m) _ f))

2
k,mi,m S - s kmi,ma)
<exp(0) 'P<w( M) < 5) + ) exp (77 (t—§>> P (wlkmim2) = ¢)
t=[s/2)+1
<I+ > (4s/(p—s+1) exp (nt — 5/2))
t=[s/2)+1
1

<1+ (4s/(p — 5+ 1))*?

1—4s/(p—s+1)-en
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By setting n = log((p — s+ 1)/(8s)), we have

/\
MN
k‘
3
5
&‘”
W
=
N~
I
==
VR
]~
S
bl
3
3
»
R
|
V)
==
~_—

k=1 1
(k’m ;1M ) — ﬁ K mi,m S
_Bew (77<Zk=1w =) I Be (awt ) )
- exp (77 . %) exp(n - %)
K — 1
< (14 (4s/(p—s+1))** 2)KeXp (—ST log (%))

<exp (—cosK log(p/s))

for some small uniform constant ¢q > 0.

Next we choose M = |exp(co/2 - sK log(p/s))|. Note that

8% = BEmE = X (JQm\ Q] 4 Qi Q)
=\ (‘Q(k,mﬂ‘ + ‘Q(k,mz)‘ -9 ‘Q(k,ml) n Q(k7m2)|)
=2\ (3 _ |Q(k,m1) N Qkm2) ‘) ’

then we further have

K
K\
P (Z |@%m) — glkma) |2 > ST,w <my < my < M>
k=1

K
3K
—P (Z wkmums) < T’W <my, < my < M)

k=1

oy M1
- 2

>1 — M?exp (—cosK log(p/s)) > 0

exp (—cosK log(p/s))

.....

-----

sKA 9
2 1<m?<11722<MZ”/6 (kym1) km2)H2

(3.9.8)
max Z\\g(kml_ B ||” < 25 KA.

1<m1<m2<M

77777

.....

(3.9.8).
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k-th
PONS
Next, recall the canonical basis e = (0,..., 1 ,0,---,0) € RP. Define
K
Fm) — Z,B(k’m) oe,oey, 1<m<M.
k=1

For each tensor .7(™ and n i.i.d. Gaussian sketches u;, v;, w; € RP, we denote the

response

y(m) = {yz'(m)} ) ?/gm) = <Ui © v; ° w;, y(m)> + €,
i=1

where ¢; Y N(0,0%), i=1,...,n. Clearly, (y(m), u,v, 'w) follows a joint distribution,
which may vary based on different values of m.
In this step, we analyze the Kullback-Leibler divergence between different distri-

bution pairs:

p(y(m1)7 u’ U7 w)

D (m1) (m2) =K, .
ke (Y™ u,0,w), (Y7, u, v, w)) W) pyma) v, w)

Note that conditioning on fixed values of u, v, w,

K
yz(m) ~ N (Z(,@(k’mﬁui) (e T,) - (e Tw), ‘72> :

k=1

By the KL-divergence formula for Gaussian distribution,

E p(y™), u, v, w)
(y(m1)7u7’v7’w) p(y(m2)7u7v7w) ”Un’lh’w

n K 2
3 (3 (8 ) () ()

=1 k=1

Therefore, for any m; # ma,

Dkr, ((y(ml), w, v, w), (Y u, v, w))

n K 2
1 _
“Evowy 3 (Xj(ﬂ““ml) - ﬁ"“mﬂ)Tuo(e(’“”va(e"“”wi)) "

=1 k=1
0_,2 n K . . .
=T 3 SRR — B Ty By () 01 By (€ T
=1 k=1
no—? &
=== > 8% — pE3 < o nks).
k=1
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Meanwhile, for any 1 < m; < mgy < M,
K

S (B — gl o k) o

k=1

|7 m) — g(m2))| =

F

Z Bt — gkma2 57 [2E2

By generalized Fano’s Lemma (see, e.g., (99)),

sK\ ) o 2nK s\ + log?2
log M '

inf sup E|.7 — 7 ||p >
T TeF 2

Finally we set A = % log(p/s) for some small constant ¢ > 0, then

2 S co’sK log(p/s)
pu— n .

inf sup E||7 — |[% > (igf sup E||.7 — 9HF)
7 FeF 7 TeF
which has finished the proof of Theorem 8.
For the proof for Theorem 6, without loss of generality we assume K is a multiple
of 3. We first partition {1,...,p} into two subintervals: Iy = {1,...,p— K/3}, I, =
,,,,, v as (MK/3) subsets of

— K/3
{1,...,p— K/3}, and construct {Bkm)} n=t,..M C RPE/3
K

{p— K/3+1,...,p}, randomly generate {Q*m)}

-----

0, ifj¢Qkm,

With M = exp(csK log(p/s)) and similar techniques as previous proof, one can show

there exists positive possibility that

K/3
SKA (k,m1) (kyma2) 1|2
; 1<mf21}32<MZ”5 — plm2)|2
K/3
2sK
(k;m1) k‘mg 2 <
1<m112%)§2<MZ||13 H 3 A

We then construct the following candidate symmetric tensors by blockwise design,

(m) K/3 g(km)

(11, 12 L] — oe oel)

K/3 (k) (k,m) (k )
Tm) ¢ RPXPXP ¢ 7&2 I, 15] 1evop ce

m K/3 ,m)
T§2I2m > / Lel®) o ek o gk

(m) (m)
7&1 1)’ 7&1 I1,15)? 7&1 In,11]? 7—[12,11,11}7 Ti1y 1,1, 2r€ all zeros.
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Then we can see for any u € RP,

K/3

<7-(m)7 uouou) =3 Z (5(k,m)Tuh) . (e(k)TuI2)2 .
k=1

The rest of the proof essentially follows from the proof of Theorem 8. [ |

3.9.4 Proof of Theorem 9: High-order Stein’s Lemma

The proof of this theorem follows from the one of Theorem 6 in (90). For the sake
of completeness, we restate the detail here. Applying the recursion representation of

score function (3.8.2), we have

E[G@)Si(x)] = E[G(@)(-Sile)oValogp(e) - Vasu(®))]
= —E[G(2)S:(2) 0 Valogp(x)| - E[G(2)VaS:(@))].

Then, we apply the first-order Stein’s lemma (see Lemma 26) on function G(x)Ss(x)

and obtain

E|G@)S)(2)] = E[V:(C@)S(@))| - E[C@)Vasi@)]
- K [VmG(w)Sz(w) + VmSQ(a:)G(m)} —-E [G(w)VmSQ(CE))]
- E [V;CG(CB)&(J/’)] :

Repeating the above argument two more times, we reach the conclusion. [ |

In this subsection, we present the detail proofs of moment calculation, including

non-symmetric case, symmetric case, and interaction model.
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3.9.5 Proof of Lemma 3

By the definition of {y;} in (3.5.1) & (3.5.2), we have

1 n 1 n
E<—E iWUi O V; z) ——E<—E iU O V; z)
P YiU; 0 V; O W - €,U; O V; O W

=1

< ZZ lk ’U,7, Qk ’UZ)( ;,;r’wz)uz ov; O’LU,L‘).

=1 k=1

(3.9.9)

First, we observe E(e;u; o v; o w;) = 0 due to the independence between ¢; and

{u;,v;, w;}. Then, we consider a single component from a single observation
M =E(( T;uz)( ;I;rvz)< ;I;rwz)uz ow;ow;), i € [n],k € [K].

For notation simplicity, we drop the subscript ¢ for i-th observation and k for k-th

component such that
M = E(( Ta)(8:T0) (8T w)uo v o 'w> € RP<P2xPs, (3.9.10)
Each entry of M can be calculated as follows

Mg = E((81Tu)(8; v)(8;Tw)usv;uy )

= ( Briwi + Zﬁlmum z) ( (Bajui + ZBQmUm U])

m#i m#j
m#k

which implies M = 3; o B3 o 33. Combining with n observations and K components,

we can obtain

n K

l Z Z niBik © Bok © Bar.

i=1 k=1

3

This finished our proof. [ |
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3.9.6 Proof of Lemma 4

In this subsection, we provide an alternative and more direct proof for Lemma 4.
We consider a similar single component of (3.9.10) but with a symmetric structure,
namely, M, = E(( “Tx)zoxo :13) Based on the symmetry of both underlying

tensor and sketchings, we will verify the following three cases:

e When ¢ = j = k, then

My, = E(fwi+ Y Brn) o
m#i
= E(:% +36%2() Bram)
m#i
43003 Brn) '+ (3 ) !
= 158 + J;Z By = 96::? 65;°.
m#i

The last equation is due to [|3*]|2 = 1.

e When i # j # k, then

3
M, = E@ﬁrﬂ?w+@m+-235%m>%%m

m#i,jk

* * * 3
= E(ﬁz T; + 6j Z; + kak) TiX ;T

= 60755 B
e When i = j # k, then

* * % 3 2
M, = E(ﬁz T + B + Z ﬁmxm> T;Tk
m##i,k

= 9828, + 357 + 365 Y 52)
m#i,k
= 9826; +36:( D B2)
m#£i
= 3B +683728.
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Therefore, it is sufficient to calculate M, by
K P
M, =3ZWZ(ZﬁZOGmOem+em06zoem+emoem0ﬁ}§>
k=1 m=1

K
+6)_1iB o By o By
k=1

The first term is the bias term due to correlations among symmetric sketchings.
Denote My = £ 377" | y;a; and note that E(% S yzzm) =33 % niB;. Therefore,

the empirical first-order moment M; could be used to remove the bias term as follows

p
]E(MS—Z(Mloemoem—i—emoMloem—i—emoemoMl))

m=1
K
= 6> miBioBo By
k=1
This finishes our proof. [ |

3.9.7 Proof of Lemma 5

As before, consider a single component first. For notation simplicity, we drop the
subscript [ for [-th observation and & for k-th component. Since each component is

normalized, the entry-wise expectation of (3"x)%>x o x o  can be calculated as

:]E(ﬂTaz)%: oxo a: 000 360 — 26,
:E(BT:I:)3:C ore :13 004 36
:E(ﬁTmf’m oxo w = 6808 + 300
:E(,@T.’B)?’CB oxo a: 0is 65003,
_E(IBT;E)S:E oxo :c_ = 657 + 98
_E(ﬂTm)Sm oxo a:- " = 652-25]- + 38,
E(3'2) 'z oz o] =68
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Due to the symmetric structure and non-randomness of first coordinate, there are bias
appearing for each entry. For ¢, j, k # 0, we could use Y * _(acey,oe,+e,o0a0
em + e, 0 e, 0a) to remove the bias as shown in the previous proof of Lemma 4. For
the subscript involving 0, the following two calculations work for removing the bias,
B(27 — 200" T — 0+ Da)) = 26
3 6 e

1 p
E<2p _ 2<; Tsorns — (P + 2)79[0,0,0])) =G5

This ends the proof. [ |

3.9.8 Proof of Lemma 6

Without loss of generality, we assume || X;||y, = 1 and EX; = 0 throughout this
proof. Let 8 = (log2)"/® and Z; = (| X;| — B), where (z), =z if 2 > 0 and (z), =0
if else. For notation simplicity, we define || X||, = (E|X|?)!/? for a random variable
X. The following step is to estimate the moment of linear combinations of variables
{Xihin,

According to the symmetrization inequality (e.g., Proposition 6.3 of (100)), we
have

(3.9.11)

n n n
i=1 p i=1 P i=1

where {e;}" , are independent Rademacher random variables and we notice that

)
p

g;X; and ;| X;| are identically distributed. Moreover, if |X;| > 3, the definition of
Z; implies that |X;| = Z; + f. And if |X;| < 8, we have Z; = 0. Thus, we have
| Xi| < Z; + B at any time and it leads to

>l < o Laa+ 2, (39.12)
By triangle inequality,
D R D R DL (39.13)
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Next, we will bound the second term of the RHS of (3.9.13). In particular, we will
utilize Khinchin-Kahane inequality, whose formal statement is included in Lemma 27

for the sake of completeness. From Lemma 27 we have

[ eesl, = (379" e,
=1

< 5@”2%‘&‘ )
i—1

(3.9.14)

Since {g;}7_, are independent Rademacher random variables, some simple calculations

implies

<E<i6iai)2>l/2 = <E<i€?af+2 Z 5i5jaiaj>>l/2
i=1 P

1<i<j<n
1/2
= (ZcﬂEa +2 Z aza]]EszEej)
1<i<j<n
n N%
_ (Za) = [|all-. (3.9.15)
i=1

Combining inequalities (3.9.12)-(3.9.15),

2”5;&,61‘ S QHETL:(IZ'{-:Z'ZZ
i=1 P i=1

Let {Y;}, are independent symmetric random variables satisfying P(|Y;| > t) =

(3.9.16)

exp(—t®) for all ¢ > 0. Then we have
P(Z 2 1) SP(Xi| 2 £+ 8) = P (exp(|X,|%) = exp((t + 5)"))
S(EIX[") - exp(—(t 1 A)°) < 2exp(—(t + )°)
<2exp(—t* — %) =P(|Y| > 1),

which implies

, (3.9.17)

n n n

H E a;gi Zi|| < H E a;g;Yi|| = H E a;Y;
; » , P , P
i=1 =1 =1

since ¢;Y; and Y; have the same distribution due to symmetry. Combining (3.9.16)

and (3.9.17) together, we reach

|3

(3.9.18)

x| <28vplall+ 2> ay,
p i=1 p
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For 0 < a < 1, it follows Lemma 25 that

[
i=1

where C(«) is some absolute constant only depending on a.

= Cr(@)(vollallz +p'*lall), (3.9.19)

For a > 1, we will combine Lemma 24 and the method of the integration by
parts to pass from tail bound result to moment bound result. Recall that for every

non-negative random variable X, integration by parts yields the identity
o
EX :/ P(X > t)dt.
0

Applying this to X =|>_" | ;Y;|” and changing the variable ¢t = ¢, then we have

EY aYiP = / P(|Zam|zt)ptp—1dt
i=1 0 i=1

0 t2 to
< / 2 exp ( — c¢min <|— ))ptpfldt, (3.9.20)
0

all3" [lalls-

where the inequality is from Lemma 24 for all p > 2 and 1/a + 1/a* = 1. In this

following, we bound the integral in three steps:

1. If

t2
llall3

< . (3.9.20) reduces to

= llallg«

2

n 0o "
E| ZaiYi\p < 2p/ exp < - c—2)>tp’1dt.
py 0 lall3

Lettlng t/ — Ct2/||a|’%’ we haVe
* t2 p 00 ,
2p/ exp ( —C 2>)tp_1dt — ]M/!Q/ e—t t/p/?—ldt/
: [al? o |,

pllals . p, _ plall, p. .
“on L) = T

where the second equation is from the density of Gamma random variable. Thus,

S A V2
<E| Zam\P) < (20)1/2\/13HGH2 < %\/I_?HGHZ (3.9.21)
=1



= (3.9.20) reduces to

E|Zaz}/z|p§2p/0 eXp<_C||
=1

Letting t' = ct*/||a||%., we have

(o] tCY
2p/ exp ( — c—a>>tp_1dt
0 lall5-
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(67

t
—a>)tp‘1dt.
all?.

67

2lalle [t iy
0

O[Cp/a
2pllalé- Py _ 2plala- p
' ply <« 2 a* p/a'
a cple (a)_ a bl (a)
Thus,
, 4
p 1/a 1/a
(E|ZazY] ) )1/a lafa < ey | (3.9.22)
3. Overall, we have the following by combining (3.9.21) and (3.9.22),
. 5 2 4
p
<E|Zzlazn|p> S max (\/g, W) (\/]_QHGI“Q +p a*)'
After denoting Cy(«) = max (\/% , ﬁ) we reach
|3, < oo (lall e lale). o

Since 0 < 8 < 1, the conclusion can be reached by combining (3.9.18),(3.9.19) and

(3.9.23).

3.9.9 Proof of Lemma 9

Firstly, let us consider the non-symmetric perturbation error analysis. According

to Lemma 3, the exact form of £ =T — E(T) is given by

1 n K
* * * *
= n E Yiu; © U; O W; — E Bk © Bop © By
=1 k=1
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We decompose it by a concentration term (£;) and a noise term (&) as follows,

K K
1 n
&= > (uiowviow;, y niBi, 0 By 0 By )uioviow; — > miBiy o By, 0 By
N i=1 k=1 1 .
£

1 n
+ = E €;U; O V; O W; .

n
1=

J/

-~

&

Bounding &;: For k-th componet of £, we denote

n

1
Ei = - Z(’u,Z o v; o w;, B1;, © By, 0 By)u; 0 v; o w; — By, 0 By, 0 By

i=1

By using Lemma 2 and s < d < Cs, it suffices to have for some absolute constant C'1,

| $31og® [s1
||glk||s+d S Ollén,p,m where 5n,p,s - (10g n)3< LQ(p/S) + M),
n n

with probability at least 1 — 10/n®, where || - ||s14 is the sparse tensor spectral norm
defined in (3.1.3). Equipped with the triangle inequality, the sparse tensor spectral

norm for £ can be bounded by

K
11 lls+d < C116np.s Z un (3.9.24)
k=1

with probability at least 1 — 10K /n3.
Bounding &;: Note that the random noise {¢;}7; is independent of sketching vector

{w;,v;, w;}. For fixed {¢;}" ,, applying Lemma 20, we have for some absolute constant

C(12

1 n
H— E €;U; ©V; OW; S C’lgHeHOOCH(SmP,S,
n 1 s+d

with probability at least 1 — 1/p. According to Lemma 23, we have

P<H€2Hs+d > Cp0 logncsn,pﬁ) < 5 + - <

Bounding &: Putting (3.9.24) and (3.9.25) together, we obtain

1 3 4
= (3.9.25)
n

||g||s+d < (Cll Z 77;; + 012010g n) 5n7p,57

K
k=1
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with probability at least 1 — 5/n. Under Condition 9, we have

K
1€llsra < 2C1 ) 0jidnpslogn,

k=1

with probability at least 1 — 5/n.
The perturbation error analysis for the symmetric tensor estimation model and
the interaction effect model is similar since the empirical-first-order moment converges

much faster than the empirical-third-order moment. So we omit the detailed proof

here. [ |

3.9.10 Proof of Lemma 11

Lemma 11 quantifies one step update for thresholded gradient update. The proof

consists of two parts.

First, we evaluate an oracle estimator {BS+1)}§:1 with known support information,

which is defined as

5 = 010, (B~ EVRLB)r0 ) (3.9.26)
Here,
o h(ﬁ,(:)) is the k-th component of h(B®) defined in (3.2.2).
e VpL(B) = (ViL(B1), -, VKL(Bk)).
o FO =UK F", where F\" = supp(8}) Usupp(8}").

e For a vector @ € RP and a subset A C {1,...,p}, we denote &4 € R? by keeping
the coordinates of & with indices in A unchanged, while changing all other

components to zero.

We will show that B,(:H) converges as a geometric rate for optimization error and an

optimal rate for statistical error. See Lemma 13 for details.
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Second, we aim to prove that ﬁ(tH nd ,6 (1) are almost equivalent with high
probability. See Lemma 14 for details. For simplicity, we drop the superscript of
,3,(:), F® in the following proof, and denote ,Bk =) ,6,;“ and F¢D by Bk , ,Bk and
FT, respectively.

Lemma 13 . Suppose Conditions 1-5 hold. Assume (3.9.5) is satisfied and |F| < Ks.
As long as the step size u < 32R~20/3 /(3K[220 + 270K]?), we obtain the upper bound
for {EZ},

8 K
R 3 — 2
K? ) Vi 2
k=1 (3.9.27)

<(
202251
+ 20512 R™ snmm 37 % 508D

2
- /B,

n
with probability at least 1 — (21K2 + 11K + 4Ks)/n.

The proof of Lemma 13 is postponed to the Section 3.9.12. Next lemma guarantees
that with high probability, {3; }/_, is equivalent to the oracle update {B:}szl with

high probability.

Lemma 14 . Recall that the truncation level h(8y) is defined as

() = VOB Z(an (@8 —u) (m(@l6?) . (3929

=1
If |F| < Ks, we have 8} = B; for any k € [K] with probability at least 1 — (n2p)™
and F'* C F.

The proof of Lemma 14 is postponed to the Section 3.9.12. By using Lemma 14

and induction, we have
FD c ... pW ¢ FO = UK supp(B;) U supp(ﬁ,go)).

It implies for every ¢, we have |[F®| < Ks. Combining with Lemmas 13 and 14
together, we obtain with probability at least 1 — (21K? + 11K + 4Ks)/n,

2 2
s = /B | S VB,

3nk

gy K
(1 - 32[LK_2R_3)

k= (3.9.29)
——02K 2slogp

+ 2C3u R 377mm
n
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This ends the proof. [ |

3.9.11 Proof of Lemma 12

Based on the CP low-rank structure of true tensor parameter .7*, we can explicitly

write down the distance between .7 and .7* under tensor Frobenius norm as follows

2 K K 2
= > (S B BriaBeis — > i By )
k=1 k=1

11,02,13

Hy—g*

For notation simplicity, denote 3) = & MkBrs Bi = ¢/n;B;. Then

=Y (X

11,i2,03 k=1

K
-3 (Z oo — B oo B+ > B s — B

11,12,13 =1 k=1

+ Z Breir Bris (Bris — 5223)>2 = RHS.
k=1

Mw

Hy—y*

Bri 7k22ﬂk13 Zﬂkuﬁkmﬁkm)

Since (a + b+ ¢)* < 3(a® + b* + ¢?), we have

K
RHS S?) Z [ Z Bku Bkn Bkzzﬁkzg Zﬁkzl /Bkzz 5]{,‘12)/Bk‘13>
k=1

11,12,13 = k=1
K

+ (Z Brir Bris (Briy — BZM)F]
k=1

Equipped with Cauchy-Schwarz inequality, RHS can be further bounded by

K
RHS < 3 Z [Z Brir — ﬁ;m Zﬁlm kis

11,12,13 =1
K

Z(ﬁkw Bkzz Z /Bkll/Bk‘lg

MN|

B — B S ]
k=1

k=1
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At the same time, using n, < (1 + ¢)nj for k € [K],

2

p K p p K
< 3D B = B PO DY B G

|7 -7
11=1 k=1 i9=1143=1 k=1
p K ~ p P K
D> B = B Q0 D> B Bid)
io=1 k=1 i1=143=1 k=1
p K p p K
DD i = B2 DD BB
i3=1 k=1 io=141=1 k=1
K B B K K K
= 3( D008 — Bil3) (Do) + Do)t + ()
k=1 k=1 k=1 k=1
K K
< o1+ Y18 - EIE) (/).
k=1 k=1

For the non-symmetric tensor estimation model, we have

2 K K 2
.= Z (Z Nk Bkir Bokis Bkis — Z nZﬂfMIﬁSkiQﬁ;m) :
k=1 k=1

11,12,13

-

Following the same strategy above, we obtain

2 K _ _ K _ _
|77 <30+ 0318w - Bl + D 18 - Bali
k=1 k=1
K - B K
+ 3185 — BalB) (D (V)
k=1 k=1
This ends the proof. [ |

3.9.12 Proof of Lemma 13

First of all, let us state a lemma to illustrate the effect of weight ¢.

Lemma 15 . Consider {y;}I", come from either non-symmetric tensor estimation
model (3.5.1) or symmetric tensor estimation model (3.2.1). Suppose Conditions 3-5

hold. Then ¢ = % > y? is upper and lower bounded by

K n

1
16 — 6" — 9T 92 < = 2 < (16 +6I° +9T )2
( )(E ) _n;:lyz_( + + )(E M)

k=1 k=1

=
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with probability at least 1 — (K? + K + 3)/n, where I is the incoherence parameter.

According to Lemma 15, £ 37" | 2 approximates (328 m5)? up to some constants
with high probability. Moreover, we know that from (3.9.5), maxy | — nj| < &¢ for
some small ). Based on those two facts described above, we replace 7, by 7; and ¢
by (Zle n;)? for the sake of completeness. Note that this change could only result in
some constant scale changes for final results. Similar simplification was used in matrix
recovery scenario (101). Therefore, we define the weighted estimator and weighted

true parameter as By, = ¢/1; B, B = ¢/n;B;. Correspondingly, define the gradient
function V,L(By) on F as

6,/ K _ _
ViL(Be)r Z (D@l B) = i) (@], Be) i
=1 k=1
and its noiseless version as

ViL(Be)r 6\/_ > (Z x! Br)’ — Z(wiTFB,’;/)3> (z! B)’xi,.  (3.9.30)

=1 k'=1 k'=1

According to the definition of thresholding function (3.2.8), B,j can be written as

5;: =B — gvkﬁ(gk)F + gh(Bk)')’ka

where v, € RP satisfies supp(vx) C F, |7/l < 1 and h(By) is defined as

h(gk)_—w‘fl‘)g”p Z(Z z] 3 _yz>2 2( x! Br)?. (3.9.31)

=1 k=1

Moreover, we denote z;, = 3 — BZ With a little abuse of notations, we also drop the

subscript F' in this section for notation simplicities.
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We expand and decompose the sum of square error by three parts as follows:

2
- VB,

()
M= =
=

3 * _ 3 * _ 2
sz_vaawﬂ@@my\z
k=1
K
D T aev LN
= 5
A: gradient update effect B: threshodlng effect
K 3 3 -
15 SYCRA LN SN LAY
k=1

Vv
C: cross term

In the following proof, we will bound three parts sequentially.

Bounding gradient update effect In order to separate the optimization error
and statistical error, we use the noiseless gradient VkZ(Bk) as a bridge such that A

can be decomposed as

A_ - 2 2 - e/n_k’ 2 - \ T}ZV £ 2 2
=2 Il -2 (5 )m) 0 30| TEVeL B
- 0y S~ (Vg 02N~ [ Vi 7501

Z||zk||2— MZ< 5k)7zk>+ p ; 5 vk (51@)“2
K s/pf, ) (3.9.33)
+2/ﬁ2; Jk (Vkﬁ(ﬁk)—vkﬁ(ﬁk)) z
. y
K
I
2 (m 25 (VLB = ViLif))
e

where A; and Ay quantify the optimization error, As quantifies the statistical error,
and Ay is a cross term which can be negligible comparing with the rate of the statistical
error. The lower bound for A; and upper bound for A together coincide with the

verification of regularity conditions in the matrix recovery case (92).
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Step One: Lower bound for A;. Plugging in ¢ = (Zle ni)?, we have

2 g (W) (W)
X = T K
¢ (Zk:l 772)2

K2R 3Nma
According to the definition of noiseless gradient VkE(Bk) and z, A, can be expanded

2 ,_4
< K ?*R3n,,5. (3.9.34)

and decomposed sequentially by nine terms,

+g (23@ 2, ﬁk/>222<w D@l B)) < Aw
=1 k'=1 k=1

F 23 (D8 el B Yo ) < As

+ 23 (3w B) Y (a2 @ B)) < Au

@
I
-

+
Slo
M=

@
I
—_

_I._
Slo

@
Il
—

+
Slo

@
I
=

+ +
S|o S|lo
NgE =
/N /N /N /N /N /N /N
M)~
(O8]
A
&
5
;2@|
]~
0
)
=
N—
i
-~
D

s
Il
—
X
I
—
e
Il
—_

(3.9.35)

where Ay is the main term according to the order of B,’;, while A;s to Ajg are remainder

terms. The proof of lower bound for A;; to A9 follows two steps:

1. Calculate and lower bound the expectation of each term through Lemma 3.12.1:

high-order Gaussian moment;
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2. Argue that the empirical version is concentrated around their expectation with

high probability through Lemma 1: high-order concentration inequality.

Bounding A;;. Note that Aj; involves the product of dependent Gaussian
vectors. This brings difficulties on both the calculation of expectations and the use
of concentration inequality. According to the high-order Gaussian moment results in

Lemma 3.12.1, the expectation of Ay can be calculated explicitly as

Mw

E(A;;) = 36 (B By (zhz1) < I

M= 71
M5 5

+72 (B B (208 (2 By) = I

>
Il

—
X

M)~
MEER

(3.9.36)

+108 (B Bi) (2B (2 By) <= I

!

—_
B

1

(B Bi)(Bi" Br) (zrzr) <= L.

>
]~

+ 54

/

=
Il

1

x
Il
—

Note that I; to I, involve the summation of K? term. To use incoherence Condition

3, we isolate K terms with & = k’. Then, I to I, could be lower bounded as
K 2
Izl =72 (3 Nl |
k=1
K 2
- P(Z lzll2) |
K
(2030 ~ (3 Izl |
k=1

2
=0

2

M)~

I > 3677*4'/3[

min

b
Il
—

]~
0y

Ip > 7o/ [

min

>
Il
—_

Mw

Iy > 108 *4/3[

Min
1

]4 > 5477*4/3

min

EMW

where I' is the incoherence parameter. Putting the above four bounds together, they

jointly provide

K
2
E(AnL) > 3677;4432 22 — (3677;;315’# + 18077:;%%) (Z sz||2) . (3.9.37)



135

On the other hand, repeatedly using Lemma 1, we obtain that with probability at
least 1 — 1/n,

1— (@l 20) @] B @l a0) o] B ~ Ble] ) o] B 20 ] B )|

logn )
- C%W:szk/quzkuz-

Taking the summation over k, k' € [K], it could further imply that for some absolute

constant C,

Ay —E(An) s180(1ojf o (ankn) (3.9.38)

with probability at least 1 — K?/n. Combining (3.9.37) and (3.9.38), we obtain with
probability at least 1 — K?/n,

(3.9.39)

8 3 8
>[36K 2R3 — K2 (216R—§P+ 3¢ doe ) )} Z 2]2,

where R = . /nf. Here, we use the fact T' < 1and (30 [|zkll2)? < K(h, |12:]13)-
Bounding A;; to Ajg: For remainder terms, we follow the same proof strategy.

According to Lemma 3.12.1, the expectation of A5 can be calculated as

E(Ay,) = 3622 (208 <« I

k=1 k'=1

K K
+72 Z

(21 Bi) (B B (zpzi) = I
k=1 k=1

—

k/

K
> (2 Br) (20 B) (2 BY) < I

1 k=1

K
> (BB (=08 (% i) < L.

r—1

]~

+108

M= ¢

+54

b
Il

1

X
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Let us analyze I; first. Under (3.9.5), ||zk|l2 < €0/, it suffices to show that

K K K K B
SN (=B =B = =D =zd3180 131242182
k=1 k'=1 k=1 k=1

4 K
> 77maX50<Z szH )
k=1

This immediately implies a lower bound for E(A;5) after we bound similarly for I, I3

and ]47

. K 2
E(Ap) > —2T0mixeo( Y lll) (3.9.40)
k=1
By Lemma 1, we obtain for some absolute constant C,
2 ,_4
KR 31mas

[ )

>K~ 2R 377max A12 —1807]maX50(ZszH \/ﬁ

(3.9.41)

2 (1
> KR 3¢ (270+18C og 1) )(ank” )
with probability at least 1 — K?/n. The detail derivation is the same as in (3.9.39),

so we omit here.

Similarly, the lower bounds of A3 to A9 can be derived as follows

1,4 1 (1
K*?nma3A14z—Kzeo(270+18O ) )(Zuzklr)

1 4 4 10 3 K
K ¥id g, Avs Arr 2 =323 (270-+ 1500 E L) (5 )
k=1

(3.9.42)

*

_4
K™ 2nmai

:b-

1 (logn)?\ / w—
16, Ais > — 25270+ 18C OMETH

1.4 1 logn)?
K o Ayg > —K2e (270 g loen)” (Z szH%)-
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Putting (3.9.39), (3.9.41) and (3.9.42) together, we have with probability at least
1—9K?/n,

8 3 3 1 3
A > [36K‘2R_3 — K2 (2160R—3F+ 180( Ojf) )
n

)](an 13).

2
—8¢oK 'R (270 +1scd

For the above bound,

e When the sample size satisfies n > (18C K/2R¥3(logn)?®)?, we have

(logn)? 1 (logn)? o8
,8eo KR 3 18C——~ < K "R 3.
N NG }

e When gy < K~1R72/2160, we have

max {18K 2C

2 8
850K 'R73270 < K?R73.
e When the incoherence parameter satisfies I' < K~'/2/216, we have
3 8 8
K™ 22160R" 3 < K *R"3

Note that those above conditions can be fulfilled by Conditions 3, 5 and (3.9.5). Thus,

we are able to simplify A; by
g, K
A > 32K 2R3 ( 3 ||zk||§), (3.9.43)

with probability at least 1 — 9K?/n.

Step Two: Upper bound for A;. We observe the fact that
K o1 e
w3 o]
K 4/
\ /77 ~ _ 2
<Z ka£(5k)>w>
= 0

(3.9.44)

= sup
wecSKs—1
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where S is a unit sphere. It is equivalent to show for any w € S¥s7! A} =
(K \/n_kvkﬁ(,@k) w)| is upper bounded. According to the definition of noiseless
gradient (3.9.30), A) is explicitly written as

A ="% (f}x? B = 3 (el B.)’) (fj & f)gw B w)).

i=1 k=1 k'=1 k=1

Following by (3.9.34) and (3.9.35), similar decomposition can be made for A as

follows, where the only difference is that we replace one x; z;, by ] w.

K
A < K 2R3nmm[ Z(Z 2] 2) (@] B Y (2 w)(@] B))?) = Ay

i=1 k=1

+g Z_; ,C,Z: 3z zp)(x, Br)? ;(wjzk)z(ij» &= Ay
+gz(;3<mi 2 (@] B Yo (@] w)(] B)’) = A
+§2( > s(al (el Be) 32wz wl w)(a] 1) = A
+gz(;3<m;zm2<mz Bi) Y (a2 w) @] ) = Ay
+SZ ( klz_g@:zk,)s;( @] B)?) < Ay,

+g Z; (k/z_: 3(x] zp)? ;%mjzk)(ij)(m: Z)) < Ag

S (S Slel s ) =
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Let’s bound Aj; first. By using the same technique when calculating E(A;;) in
(3.9.36), we derive an upper bound for E(AY,),

4

K
E(4y) < 3677max(2 Izl -+ (=) 30T 21]2)

K 4 K
+ 180nmax(z 2]l + ( Zrnzkuz) 4 5dmdy (Kz ||zk|\2).
k=1 k=1

Equipped with Lemma 2 and the definition of tensor spectral norm (3.1.3), it suffices
to bound A}, by

|
ol

K
2 1
R3n 3K 34, < K2R [216 4 54K + 216KT + 180K5n7p,s] (Z ||zk||2>

k=1
with probability at least 1 — 10K?%/n?, where 4, is defined in (3.3.7).
The upper bounds for A}, to A}, follow similar forms. Combining them together,

we can derive an upper bound for A} as follows

Ay, < K*R? [216 + 270K + 1801{5”7,378} (i ||Zk:||2>

k=1

< K2R2[220 4 270K (i I2lz).

k=1
with probability at least 1 — 90K?/n3, where the second inequality utilizes Condition

5. Therefore, the upper bound of A, is given as follows
Ay < K™'RY[220 + 270K] (Z [ ) (3.9.45)

with probability at least 1 — 90K?/n3.

Step Three: Upper bound for As. By the definition of noisy gradient and noiseless
gradient, Aj is explicitly written as

2
6 _ 2
e Zez(wj,@k)%:z
n 1 2
. K 6 n T 2
< KRS Y (VEsmax Y al@] B)y)
n

k=1 / =1

As

wloo
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where the second inequality comes from (3.9.34). For fixed {¢;},, applying Lemma
1, we have

n B n B 3 .

Y@ B0 — B( Y @] By ) | < Cllogn)? el B3,

i=1 i=1
with probability at least 1—1/n. Together with Lemma 23, we obtain for any j € [Ks],
(logn)*

v

with probability at least 1 — 4/n, where o is the noise level. According to (3.9.5),

9 K
<3 [lpe-
2_; B — By

6 . -
i=1

2 2
*3 2
) < KNuiax€p,

|8 - 5

2

_ 1 .
which further implies ||B:]|2 < (1 + K2&¢)?nmax. Equipped with union bound over
j e [Ksl,

max gie(ajTB )23;-.. < 6CC U(l—I—K%g >2(€/77*_)2M
JelKsin =1 l P 9= 0 0 max \/ﬁ )

1
with probability at least 1 — 4Ks/n. Letting C' = 6Cy(Ce)~%3(1 + K2¢y)?,

8 1 3
Ay < Cn 3RS o2 22008 (3.9.46)
n

with probability at least 1 — 4Ks/n.

Step Four: Upper bound for A,. This cross term can be written as

n

Ay =2 i(: 5(3/77_2)26 Zﬁi(wjﬁk)z(wjzk))

1=
To bound this term, we take the same step in Step Three which fixes the noise term

{e;}7_, first. Similarly, we obtain with probability at least 1 — 4K /n,

3
(logn)>

NG

This term is negligible in terms of the order when comparing with (3.9.46).

4 . 2
Ay <200 K 'R3n, 2. (3.9.47)
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Summary. Putting the bounds (3.9.43), (3.9.45), (3.9.46) and (3.9.47) together, we

achieve an upper bound for gradient update effect as follows,

K
8
A< (1 — 64pK 2R3 + 202 K RY[220 + 270}(]2) DN EALE
k=1

_é 8 ~+2 3
3ps 0 s(logn) ,

n

+4uCK 2y

min

with probability at least 1 — (18 K? + 4K + 4Ks)/n.

(3.9.48)

Bounding thresholding effect The thresholding effect term in (3.9.32) can also

be decomposed into optimization error and statistical error. Recall that B can be

explicitly written as

2
K *3 / n K
B = Z H“n; : IOE(np) Z ( (] Br)? — yi>2($jﬁk)4%
k=1 =1

=1 K

where supp(v;) C Fi and [|v:]|e < 1. By using (a + 0)? < 2(a? + b?), we have

OAKS108P [ 1 am (T2 5 S, 28\ [T
B <u T[ﬁZ(Z(wlﬁk') _Z(mz k’)><z_2

i=1 k'=1 k'=1 k=1

[

TV
Bj:optimization error

=YYy t@lp|.
k=1

=1

~
Bo:statistical error

Bounding B;. This optimization error term shares similar structure with (3.9.44)
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but with higher order.

Therefore, we follow the same idea as we did in bounding
(3.9.44). Following by (3.9.34) and some basic expansions and inequalities

o4 *—gl =~ T3 \3 = T
B, <K R3nminﬁ<2(wi Br) _Z i Bi) )(

Mw

(=] B)*)
k'=1 k=1 k=1
<KRAS [—Z(Z3K ) 2)" + 9K (] zi) (] By)?

i=1 =
K
+OK (@] 2)% @] B)') (@] Br)'].
k'=1

The main term is (] 2z;)%(z; B;)* according to the order of 3;. We bound the main

term first. Note that there exists some positive large constant C' such that

=1

B (5 S (@ )] 8] Bi)) < Cllanl BB Bl

Together with Lemma 1 and (3.9.5), we have

>y (23 @ w0 @l B @l o))

k=1 k'=1 i=1

<C(1 + (logn)5>K2n*§ (1 + K%50)4i HZkHZ
— max 2
Vi =

with probability at least 1 — 3K?/n. Overall, the upper bound of B; takes the form

4,8 (logn)3 +2 1 K
Bi <K~?R3p .3 [180(1 n T)K%m?gxu +K260)' S szng]
n

=1 (3.9.49)
1
§R418C<1+ (O\g/g) ) (1+ K2z) ZszHz,

with probability at least 1 — 3K?/n.

Bounding B;. We rewrite By by
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For fixed {¢;}",, accordingly to Lemma 1, we have

>l a - B(3deTa)

1=

< C(logn)?||€*||2]|Bkl3-

Note that E((x; B)*) = 3||Bk|3. It will reduce to
LS 2 T3 3%~ 2 (logn)®, , 3 |14
LN (7 2+ 0= 1B
From Lemma 23, with probability at least 1 — 3/n,
1, 1 o2
— ’| < Cyo?, —||€%]|2 < Co—=.
|n;€z|_ 00 nHG 2 < 0\/5

Combining the above two inequalities, we obtain

\— B’ 2 Bell, (3.9.50)

with probability at least 1 — 7/n. Plugging in the definition of ¢ and (3.9.5), By is
upper bounded by

1
By < 6Co0?(1 + K2g0)*n,; 2 R3K 3 (3.9.51)

min )

with probability at least 1 — 7K /n.

Summary. Putting the bounds (3.9.49) and (3.9.51) together, we have similar upper
bound for thresholded effect,

K
1
Bs@ﬁm§mmm+@u%mMKzi%@3 (3.9.52)
k=1

with probability at least 1 — (3K?% + 7K)/n. |
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Ensemble From the definition of 74, it’s not hard to see actually the cross term C'
is equal to zero. Combining the upper bound of gradient update effect (3.9.48) and
thresholding effect (3.9.52) together, we obtain

~ 2
VBt = /b,

k=1
(1 _6dpK RS + 32K RA[220 + 270K] )(Z [EAE )

—202K 251
+ 2C3NZR3Umln Tsogp

As long as the step size p satisfies

0 32R20/3
<nu<
H'= 3K[220 + 270K 2’

we reach the conclusion

2
- s,

8 2
2
k=
3 2K 1
420y R sy 3T 508D
n
with probability at least 1 — 4Ks/n. |

3.9.13 Proof of Lemma 14

Let us consider k-th component first. Without loss of generality, suppose F' C
{1,2,...,Ks}. For j=Ks+1,...,p,

8ﬁkj ('Bk) Z <Z77k L; Bk _yz>77k’(a: /Bk) Lijs (3954)

=1 =
and it’s not hard to see the independence between {x, B, v;} and z;;. Applying
standard Hoeffding’s inequality, we have with probability at least 1 —

1
252

O rB| < VB IS5 el B — el B = h(B).

OB i=1 k=1
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Equipped with union bound, with probability at least 1 — n%p,

max
Ks+1<j<p

%m<mﬂsmm>

Therefore, according to the definition of thresholding function ¢(x), we obtain the

following equivalence,

0 (Bx = 5Va.L(81)) = eeon (B~ Ve LBr). (3.9.55)
holds for k € [K], with probability at least 1 — n%p. (3.9.55) also provides that
supp(8;) C F for every k € [K], which further implies F™ C F. Now we end the

proof. [ |

3.9.14 Proof of Lemma 15

First, we consider symmetric case. According to the definition of {y;}; from
symmetric tensor estimation model (3.2.1), we separate the random noise ¢; by the

following expansion,
I 1«
PN
1 n
= 2

i=1

x] B)° + 61} i
)

>
2 i

K
2
T a*\3\2 “
' w B+ ey i@ B+~ e3.9.56
N =1 PN =1 k=1 | =1
I I Is

Bounding ;. We expand i-th component of [; as follows

O k(! B8y)?)?
P (3.9.57)

=

(] B)° +2 Z e, M ( Tﬁ};)g(wml’;)?

k=1 ki<k;

As shown in Corollary 3.12.1, the expectations of above two parts takes forms of

E(z; B;,)*(x B;,)* = 6(By By, + 9B, Br,) 1B, 113
E(z; 8;)° = 15 Bill2-

12
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Recall that ||Bf|l2 = 1 for any k € [K] and Condition 3 implies for any k; # k
|BZZTﬂ;;J| < I', where I' is the incoherence parameter. Thus, IE(:I:ZTB,’;)E‘(:I:ZTBZ])?'

upper bounded by
‘E(wjﬁ;;)?’(mj ﬁ;;j)?" < 61 + 9T, for any k; % k. (3.9.58)

By using the concentration result in Lemma 1, we have with probability at least

1-1/n

n

1< 1 (logn)
‘E mﬁk - E;wﬁk ‘<Cl /n

(— (2] 1) (] 81, ~ B (@] 81 (@] 1)) < €
=1

(3.9.59)

(logn)?
vn oo
Putting (3.9.57),(3.9.58) and (3.9.59) together, this essentially provides an upper

bound for I;, namely

n K 3 K
% S ni@! B < (15 6T + 9T + 20, (105%7,) )(Z m?, (3.9.60)
i=1 k=1 k=1

with probability at least 1 — K?/n.

Bounding I,. Since the random noise {¢;}?; is of mean zero and independent of

{z;}, we have

K
E(e ) ni(a]B;)*) =0
k=1

By using the independence and Corollary 1, we have

P(% iﬁz(wjﬁﬁ > Cy—" (10gn)3 \/EU)

- n
=1

n

1 logn
SP(ﬁZQ(fBIﬁZ)?’Z@( E ) Vno
1 3 4
n n n

lells < Coov/n) + B(Jlell2 = Cov/no)

IN

This further implies that

o T 2613 & (logn)
=~ D @B < () m)Co NI (3.9.61)
k=1

i=1 k=1

N
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with probability at least 1 — 4K /n.

Bounding /5. As shown in Lemma 23, the random noise ¢; with sub-exponential tail

satisfies
1 n
- Z ef < Oy02. (3.9.62)
i=1

with probability at least 1 — 3/n.
Overall, putting (3.9.60), (3.9.61) and (3.9.62) together, we have with probability
at least 1 — (K2 + 4K + 3)/n,

3

1 n 2 3 5 2
LSy ] 20 ] 2 C
i Yi <15+ 60 + 9T + 201< ogn) 20 (logn) 37

K, ) Vi T Vi K e

Under Conditions 4 & 5, the above bound reduces to

n K

1 2 3 2
—E - < (16 + 61> 4+ 9I E ;
ni:1yz—( )( nk)7

k=1
with probability at least 1 — (K2 + 4K + 3)/n. The proof of lower bound is similar,
and hence is omitted here.

Similar results will also hold for non-symmetric tensor estimation model. Through-

out the proof, the only difference is that

E(u; B7,)* (v B5)* (w] B5,)* = 1.

3.10 Non-symmetric Tensor Estimation
3.10.1 Conditions and Algorithm

In this subsection, we provide several essential conditions for Theorem 7 and the

detail algorithm for non-symmetric tensor estimation.
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Condition 6 (Uniqueness of CP-decomposition). The CP-decomposition form (3.5.2)
is unique in the sense that if there exists another CP-decomposition .* = Z,ﬁil nt' B0

B © B, it must have K = K’ and be invariant up to a permutation of {1,..., K}.

Condition 7 (Parameter space). The CP-decomposition of 7* = S 0 7B%, 0 B3, 0

B3, satisfies
||‘7*||0P < Cln:naw K = 0(8)7 and R = n:nax/n;knin < 02
for some absolute constants C;, Cs.

Condition 8 (Parameter incoherence). The true tensor components are incoherent

such that

0= max {185, 87,1, (B3, B3, 85, 85|} < Cmin{K 1R 572},

kik;
Condition 9 (Random noise). We assume the random noise {¢;}?; follows a sub-

exponential tail with parameter o satisfying 0 < o < C' Zszl .-

3.10.2 Proof of Theorem 7

The main distinguished part of the proof for non-symmetric update is Lemma 16:
one-step oracle estimator, which is parallel to Lemma 11. For the sake of completeness,
we limit our attention to rank-one case and only provide the theoretical development
for one-step oracle estimator in this subsection. The generalization to general rank
case follows the exact same idea in the proof of symmetric update by incorporating
the incoherence condition (8).

For rank-one non-symmetric tensor estimation, the model (3.5.1) reduces to
Yi = <77*/8T Oﬁzoﬁgauioviowi> + €, for i = 17"'7”'
Suppose |supp(87)| = s1, [supp(B5)| = s2, [supp(B3)| = s3 and denote s = max{si, 2, s3}.
Define Fj(t) = supp(B;) U supp(ﬂj(t)), F® = U?Zle(t) and the oracle estimator as

F(t+1)

t I t t t
1 = w%h(ﬁgﬂ) (/3]( )~ 5v1£(/6£ )a é)v Z(l))F@))a
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Algorithm 4 Non-symmetric tensor estimation via cubic sketchings

Require: response {y;}!" ;, sketching vector {w;, v;, w;}!' ;, truncation level d, step size p,
rank K, stopping error € = 1074,
1: Step 1: Calculate the moment-based tensor 7 as (3.5.4) and do sparse tensor decom-
position on 7 to get a warm-start {n(%, B&O), Béo), Béo)}.
2: Step 2: Let t = 0.
3: Repeat block-wise thresholded gradient update
4: e Compute threshold level h(By,) as defined in Step Two.

e (Calculated block-wise thresholded gradient descent update

vee(B{") = @uuis, (vee(BY") ~ £V, (B{". B, BY))

¢
voe( By ™) = punezn (vee(BS) - gVBQE(Bﬁt), B, B{))
vee(BY™) = unca (veel By) - 5.8, B, BY)),

where ¢ = L 3" | y2. The detail form of Vg, £, Vp,L, Vg, L can refer (3.5.5)
5. Until max{|B" "™V — B{"||p} <.

6: Step 3: Do column-wise normalization as

- :< By Bl )
18501 18881,

By— (Lo Py
18512 185K 2

§3:< B L B )
1801 185211,

And update the weight by
7= 0O 5 (1812185 12185 N2, - 1812185 121185 112) T

The final estimator is 7 = Zszl ﬁk,@lk o EQk o ESk-

7: return non-symmetric tensor estimator .7 .
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where h(ﬁ%t)) has the form of

v4alognp

n

Xn:(n(um?))(v?ﬁét))(w?ﬁét))—y-) 03 (v TBM2(w] B2, (3.10.1)

i=1
The definitions of Bétﬂ) and Bétﬂ) are similar.

Lemma 16 . Let t > 0 be an integer. Suppose Conditions 6-9 hold and {,Bj(t),n}

satisfies the following upper bound

max 1nBY — /i Bill: < Vieo, In—n'| < eo (3.10.2)

=1,2,3

with probability at least 1 — CO(1/n). Assume the step size p satisfies 0 < p < o
for some small absolute constant py and s < d < C's. Then {,[;](-Hl)} can be upper

bounded as

max Hl)
j=1,2,3
W (t) 30 3slogp
1 -2 3 b
< 12);31?5;3 nB; +M<W>2\/ —

with probability at least 1 — 12s/n.

Proof. We focus on j = 1 first. To simplify the notation, we drop the superscript of
iteration index ¢, and denote iteration index £+ 1 by 4. Moreover, denote Bj = ¥np;,
= ynpBy, Bj = /n*B; for j =1,2,3. Then, the gradient function is rewritten as

ﬁ(Bthﬁz \/_ Z ( T/Bl )(w:63)>(0:62)(wI53)U1

According to the definition of thresholded function, Bf can be explicitly written
by

Bfr = @gmén(ﬁl - %V1£(61762753)F)

= B - gv1£(,31,527ﬁ3)F + %h(ﬁl)%
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where v € RP, supp(y) C F and ||7v||oc < 1. Then the oracle estimation error ||\3/ﬁ§f—
J/n*B7||2 can be decomposed by the gradient update effect and the thresholded effect,
yaBs - s

_ = 3 77 _ _ _ 3 /r’ _
81— 81— LB B B+ 0 (B

TV
gradient update effect thresholded effect

V3s. (3.10.3)

N J/

By using the tri-convex structure of £(81,32,3s), we borrow the analysis tool for
vanilla gradient descent (95) given sufficient good initial. Following this proof strategy,

we decompose the gradient update effect in (3.10.3) by three parts,

R N R L NN |
; ?

" u%vliwhﬁ;,ﬂ;ﬁ—V15<ﬂ1»32ﬁ3>FH2

- M%ﬁHV1E(51,ﬁ2>53)F_V1£<'81’ﬁ2’63)FH2

V3s,

J/

\S/ﬁ _
+ i |ey)

Iy

where V£ is the noiseless gradient as we defined in (3.9.30). We will bound Iy, I, I3, I4
successively in the following four subsections. For simplicity, during the following
proof, we drop the index subscript F as we did in Section 3.9.12. And ¢ = >"7" | 7

approximates n*2 up to constant due to Lemma 15.

Bounding /; In this section, let us denote

%E<6176;7B§)/¢ = f(Bl)? WVIZ<6176;7B§)/¢ = Vf(/él)a
where supp(Vf(B1)) = F. When 3, and B35 are fixed, the update can be treated as a
vanilla gradient descent update. The following proof follows three steps. The first two

steps show that f(3;) is Lipshitz differentiable and strongly convex on the constraint

set F', and the last step utilizes the classical convex gradient analysis.
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Step One: Verify f(3,) is L-Lipschitz differentiable. For any B§” and Bf) whose
support belong to F',

3/m)2 n _ 3 _ B
VA - V) = IS (] (3 - B v B ] B
=1

Then, there exist 7 € S°=! such that
|vrB) -viB?),

3/m)2 n _ _ _ B
= WS (ul (1) - B (o] Bl 35l |
=1

Applying Lemma 2 with multiplying (,6 61 ) o 33 o B33, it shows

(Z[i 3 — B (] (0] B3)(w] 32|

(1 2
g - By

< (1 + 6n,p,s) '3,
2

with probability at least 1 — 10/n®, where §,, is defined in (3.3.7). Under Condition

(5) with some constant adjustments, we obtain

|vr@®) -viB?)

2(2)
- 16HB — B 9

(3.10.4)

with probability at least 1 — 10/n%. Therefore, f(3;) is Lipschitz differentiable with
Lipschitz constant L = -

Step Two: Verify f(3;) is a-strongly convex. It is equivalent to prove that
V2f(B1) = ml,. Based on the inequality (3.3.19) in (81), it shows that

Anin (V2(£(B81))) = Main (E(V2F(B1))) — Amax (V2F(B1) — E(V2f(B1)).  (3.10.5)

The lower bound of Apin(V2(f(B1))) breaks into two parts: an lower bound for
Amin(E(V2£(B1))), and an upper bound for Ay (V2f(81) —E(V2f(B1)). The Hessian
matrix of f(3,) is given by

(

V2f(B) =

:Iw

Zv1/62 )} (w] B;)*uiu, .
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Since w;, v;, w; are independent with each other, we have E(V2f(3;)) = 2I, which

implies Apin (E(V2f(B1))) > 2
On the other hand,

Ao (V3£ (B1) = E(V2F (B)) = |[V2F(B1) — E(V*F(B)

< a” (V2F(B0) ~ E(V2(B) )b = - S (0] 35" (w] 5 (w] a)(ulb)

_E( Z(UJBQ‘)Q(w?B;:)?(uZa)(ujb)>77*_3

i=1
where a,b € S*71. Equipped with Lemma 2, it yields that with probability at least
1—10/n,

M (VF(Br) = E(VF(B)) < 20,1

Together with the lower bound of Apin(E(V2f(81))), we have

mln(VQf(ﬁl)) Z 2 - 25n,p,s;

Under Condition 5, the minimum eigenvalue of Hessian matrix V2f(3;) is lower

bounded by % with probability at least 1 — 10/n3. This guarantees that f(3,) is

19

strongly-convex with o = 3.

Step Three: Combining the Lipschitz condition, strongly-convexity and Lemma

3.11 in (95), it shows that

(Vf<51> —VIBD)) (B -5
B il + vy - vie)|.

>
- a+L a+ L

Since the gradient vanishes at the optimal point, the above inequality times 2u

simplifies to

2

2 a—i—L

2,uL

—2uVf(B1) (B - B}) < —— B — B} (3.10.6)

V(B
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Now it’s sufficient to bound ||3; — B — uVf(B1)]2 as follows

’ B — B — 1V f(B) Z
_ —_ 112 _

= |-, + | vreay

al
<1 _QMoz—l—L)’

V(B (B - )

IN

B = i+ - )|

where L, o are Lipschitz constant and strongly convexity parameter, respectively. If

W< == 361, the last term can be neglected and we obtain the desired upper bound,

\?/ﬁ ~ (2 Q% Q* 2 Q%
M?vlﬁ(ﬁluﬁ%ﬁ:;) ) < (1 - 3M> B — By )’ (3.10.7)
with probability 1 — 20/n3. This ends the proof. [

Bounding I, For simplicity, we write z; = 31 — 37, 22 = B2 — 35, 23 = B3 — 35.

By the definition of noiseless gradient, it suffices to decompose Iy by

L(B1 B3 B) — ViL(By, B o)

1
n 3

H— (] Bu) (0] o) (0] 22) (] o) (0] 24

2

+ —Z (] B1)(v] Bo) (v 20) (w] By) (w] B3 )u

+ —Z u! B1) (v B%) (v Bo)(w, Bs)(w, zs)u,

+ —Z (] z1) (] B)(v] 22) (w] B5)(w] z5)u;

+ —Z (] 22) (0] B3) (0 22) (] B

+ —Z (u 21) (v B3)* (w B3) (w; z5)u

2.
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Repeatedly using Lemma 2, we obtain

03|V i2 (51 85 B5) — V(B B )

5) WA
< 2 (14 Gups )73 max 251,
J

4
< (1 B ) [(1 200 + (14 €0) + (14 20)° + €3 + 220 ™3 max 2511
J

for sufficiently small gy with probability at least 1 — 60/n3. Under Condition 5, it
suffices to get

?HVIE@,B%@ — VLB, B3 B)

with probability at least 1 — 6/n.

2

Bounding I

I3 quantifies the statistical error. By the definition of noiseless gradient
and noisy gradient, we have
3 /r’ ~ _ _ _ _ _
VY|V A2 . B ) = VoLl B )

= R et e B,

The proof of this part essentially coincides with the proof for symmetric tensor
estimation. Combining Lemmas 1 and 23, we have

2

3
2 — _ _ .2 (logn)2
‘ﬁzei@;ﬁz)(w;ﬁs)uz‘j < C(1+20)™ o)
=1

vnoo
with probability at least 1 —4/n. Applying union bound over 3s coordinates, it suffices
to get
1< (1 )§ 12
= = _2 (logn)2 S
T T 2, %
P(jﬂel[%f] - ;61'(”1' B2)(w; Bs)uij| = C(1+¢e0)™n 30 NG ) s
Therefore, we reach
8/ - ~ 2 [3s(logn)3
%HVIE('BI"B%'BP’) - v1£</317ﬂ27/83)H2 <2Cn 30 %7 (3.10.9)
with probability at least 1 — 12s/n.
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Bounding I; According to the definition of thresholding level h(3;) in (3.10.1), we

can bound the square as follows,

(Z;) P(B)) = ( [ dlogny Z( u] B1)(v] B2)(w] Bs)

(] B (0] B5) (] B3) — ) (] B (] o)

Based on the basic inequality (a + b)* < 2(a® + b%), we have
(1] B)(w] Ba) 0] By) — (] B7) (] B3 aw] 5) — 1)
< 2((w] B) (0] B)(w] B) — (] B) (v B5)(w] B3)) +2€0

Denote I; and I, corresponding to optimization error and statistical error,

o= WA S (70 0] o) ] o)

2 2
AR L

(] B ] B w] B5) (0] B B

) 4log np «— =
I, = ( gpzz’vﬁz (w; Bs)*.
Next, I; is decomposed by some high-order polynomials as follows
3/m)* 4logn - -
I :(\;? ng; p(;(ujzl)Q(’U;@) (w] z3)*(v] B2)*(w; Bs)?

+i<uzzl>2<sz2>2<wm;>2<vm2>2<wm3>2
+Z ul 21)%(v] B3)*(w] 25)*(v] B2)*(w] Bs)?
+Zu 20)2(0] B3)% (w] B;)* (v] Bo)*(w] Bs)’ (3.10.10)
+Z (u] B7)*(v] B3)*(w] 25)*(v] B2)*(w] Bs)*
+Z<u: B2 (0] 22)(w] B5)* (v] B)(w] B)’

"’Z T51 (v, z2)2(w Zg)( ﬁQ)( 2—183)2>

=1
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Each term contains the product of Gaussian random vectors form up to power ten.

For the first term, by using Lemma 1,

LS ) 0] ) ] 2 (0] B (w0] )
=1

(logn)®y .8
< (o) (14 C0m s o =l

with probability at least 1 — 1/n. Similar bounds holds for other terms. As long as
n > Clog' n, we have with probability at least 1 — 7/n,

7logp - ~ 1|12
< — 3
I < =2 max ) 8- 8| . (3.10.11)
Now we turn to bound I. For fixed {¢;}, we have,
| Z (0] B2)*(w] Bs)* — > €1Ba 311853
i=1
< (1 2 211 @ 112
< (Og") €2 [121182121185]2.
with probability at least 1 — n~!. Combining with Lemma 23,
4]
I < 4oy 3 282 (3.10.12)
n

Putting (3.10.11) and (3.10.12) together, the thresholded effect can be bound by

Jn 7lognp — 20 log np
7|h(ﬁ1)| < ijznfli% ‘ Bj — /Bj ) + ()2 — (3.10.13)
with probability at least 1 — 8/n, provided n 2> (logn)'°. |

Summary Putting the upper bounds (3.10.7), (3.10.8) and (3.10.13) together, we

obtain that if step size p satisfies 0 < p < i for some small py,

n 30 3slogp
TR

with probability at least 1 — 12s/n. This finishes our proof. [ |

—Wﬁf B; - B;

1
< 12%3?5,%)
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3.11 Matrix Form Gradient and Stochastic Gradient descent
3.11.1 Matrix Formulation of Gradient

In this section, we provide detail derivations for (3.2.7) and (3.5.5).

Lemma 3.11.1. Let n = (ny,...,nx) € RE*L X = (x1,...,x,) € RP*" and B =
(Bi,...,Bk) € RP*E The gradient of symmetric tensor estimation empirical risk

function (3.2.5) can be written in a matrix form as follows

VsL(B.m) = “[(BTX)T)'n o] (BTX)"Y on") o X]”

Proof. First let’s have a look at the gradient for k-th component,

K
6
VLB = —(> mulx] Br)® —vi)me(z) Br)x; e R for k=1,..., K.
n

k=1
Correspondingly, each part can be written as a matrix form,
((BTX)T)Sn —y € Rnxl

—
Kxn

(((BTX)T)2 ® ,’,’T)T ® X c Rprn‘
This implies that [((BTX)")*n—y]"[((B"X)")?0n")T © X]" € R™PE_ Note that
VeL(B,n) = (VLi(B)",...,VLK(BK)") € R*PK. The conclusion can be easily
derived. n

Lemma 17 . Let n = (ny,...,nx) € REVU = (uy,...,u,) € RR"V =
(v1,...,v,) € RZ" W = (wy,...,w,) € R»*" and B; = (Bi1,...,01x) €
RPXE By = (Ba1,...,B0x) € RPPXE By = (B3,...,03x) € RP**E. The gradi-
ent of non-symmetric tensor estimation empirical risk function (3.5.3) can be written

in a matrix form as follows
Vs, L(B1,By,Bs,n)=D"(C]{ ®U)",

where D = (B{U)" (B V)" «(B;W)'n—yand C, = (B, V)" x(B; W) on'.
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Proof. Recall that {x, ®} represent Hadamard product and Khatri-Rao product

respectively. Then the dimensionality of D, C},C; ® U can be calculated as follows

D= (B/U) +(BJV) +(B]W) n—yeR™",
K K K
nx nx nXx

Therefore,

VBI,C(Bl, BQ, Bg, ’l’]) = DT((:Er ®© U)T = (V1£</81)T7 R VK‘C(ﬁK)T>

3.11.2 Stochastic Gradient descent

Stochastic thresholded gradient descent is a stochastic approximation of the gradi-
ent descent optimization method. Note that the empirical risk function (3.2.5) that
can be written as a sum of differentiable functions. Followed by (3.2.7), the gradient

of (3.2.5) evaluated at i-th sketching {y;, x;} can be written as
VeLi(B.n) = [(B'2)" )’n—yl[(B'z:)" ) on") oa]" € RV,

Thus, the overall gradient VgL;(B,n) defined in (3.2.7) can be expressed as a
summand of VgL;(B,n),

1 n
VeLi(B,n) =~ > VsLi(B,m).

i=1
The thresholded step remains the same as Step 3 in Algorithm1. Then the symmetric
update of stochastic thresholded gradient descent within one iteration is summarized

by

VeC(B(t+1)) = 50“5%}1(3(15)) (VGC(B(t)) — NSQZ;D VBEz(B(t))>
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3.12 Technical Lemmas

Lemma 18 . Suppose ® € R? is a standard Gaussian random vector. For any

non-random vector a, b, c € RP, we have the following tensor expectation calculation,
E((aTm)(bTm)(cT:c)az oxo :13)

= <a,0boc—|—a,ocob+boaoc+bocoa+00boa+coaob) (3.12.1)
p

+SZ (aoemoem(ch) —i—emoboem(aTc)+emoemoc(aTb)>,
m=1

where e, is a canonical vector in RP.

Proof. Recall that for a standard Gaussian random variable z, its odd moments
are zero and even moments are E(z%) = 15, E(2?) = 4. Expanding the LHS of (3.12.1)

and comparing LHS and RHS, we will reach the conclusion. Details are omitted here. B

Lemma 19 . Suppose u € RP* v € RP? w € RP? are independent standard Gaussian
random vectors. For any non-random vector a € RP', b € RP?, ¢ € RP?, we have the

following tensor expectation calculation
E((aTu)(bTU)(cTw)u ovo w) —aoboc. (3.12.2)

Proof. Due to the independence among u, v, w, the conclusion is easy to obtain

by using the moment of standard Gaussian random variable. |

Note that in the left side of (3.12.1), it involves an expectation of rank-one tensor.
When multiplying any non-random rank-one tensor with same dimensionality, i.e.
a; o by o ¢y, on both sides, it will facilitate us to calculate the expectation of product

of Gaussian vectors, see next Lemma for details.
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Lemma 3.12.1. Suppose x € R? is a standard Gaussian random vector. For any

non-random vector a, b, ¢,d € RP, we have the following expectation calculation

E(z"a)’(zb)* = 6(a’b)’ + 9(a"b)|al3|b]3,
E(z'a
+3(a"c)(b"b)(a"a),

Proof. Note that E((x"a)?(xz"b)?) = E((z"a)*(xoxox,bobob)). Then we
can apply the general result in Lemma 18. Comparing both sides, we will obtain the

conclusion. Others part follows the similar strategy. [

Next lemma provides a probabilistic concentration bound for non-symmetric rank-

one tensor under tensor spectral norm.

Lemma 20 . SUppOSG X = (wil—a T 7w7—[)T7Y - (,yil—, T 7y1—1r>T7Z = (zil—v' o ,Z;)T
are three n x p random matrices. The 1)o-norm of each entry is bounded, s.t. [|X;;||y, =
Ko IYiillgs = Ky | Zijlly, = K. We assume the row of X,Y . Z are independent.

There exists an absolute constant C' such that,

1 n
P52 [0 woz— Bl oo 2] | 2 O Kebuy) <7
nizlazoyoz (x;oy; 0 2) = .y o) <D

1 n
P(H—E [z iox; — E(x; ox; zi|
nilwoxox (x;om;ox;)

> CK30ps) <97

Here, ||-||s is the sparse tensor spectral norm defined in (3.1.3) and 6, , s = /slog(ep/s)/n+

/s log(ep/s)? /n?.
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Proof. Bounding spectral norm always relies on the construction of the e-net.
Since we will bound a sparse tensor spectral norm, our strategy is to discrete the
sparse set and construct the e-net on each one. Let us define a sparse set By =
{z € R? ||z|]» = 1,||z|lo < s}. And let Bys be the s-dimensional set defined by
Bys = {x € R* ||z||» = 1}. Note that By is corresponding to s-sparse unit vector set
which can be expressed as a union of subsets of dimension s by expanding some zeros,
namely By = U By . There should be at most (é’) < ()* such set Bys.

Recalling the definition of sparse tensor spectral norm in (3.1.3), we have

1’rL
AZH—E [z io0zi —E(zioy; z}
ni:lwoyoz (xioy;0z)

S

n

= s S G e xe) (2 ) — Bl X0 (w x) (20)) |

X1,X2,Xx3€B0 ' T i—1

Instead of constructing the e-net on By, we will construct an e-net for each of subsets
Bo,s. Define N, as the 1/2-set of By,. From Lemma 3.18 in (102), the cardinality
of Nps is bounded by 5°. By Lemma 21, we obtain

p |23 [(mx o) ) — Bl 0 00 (2 300)|

X1,X2,X3€Bo,s

n

<2 s |3 [ ) e xez xs) — B x0) (0 x|

x1,x2:x3ENB, TV T
(3.12.3)
By rotation invariance of sub-Gaussian random variable, (x;, x1), (¥i, X2), (i, X3) are
still sub-Gaussian random variables with 1)-norm bounded by K, K, K, respectively.
Applying Lemma 1 and union bound over N, , the right hand side of (3.12.3) can
be bounded by

IP’(RHS > 8KxKszC(\/log5_l N \/(log5—1)3)> < (5%,

n

for any 0 < 9 < 1.

Lastly, taking the union bound over all possible subsets By s yields that

IP’(A > 8KxKyKZC(\/ logjl + \/ (1Og:21)3))

(Py (576 = (ZLys
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Letting p~' = (22%)5§, we obtain with probability at least 1 — 1/p

S

A< CKIK‘”KZ(MSMTWJFW»

with some adjustments on constant C. The proof for symmetric case is similar to

non-symmetric case so we omit here. |

Lemma 21 (Tensor Covering Number(Lemma 4 in (103) )). Let N be an e-net for a
set B associated with a norm || - ||. Then, the spectral norm of a d-mode tensor A is

bounded by

sup A X1 .. X4-1 Ta—1]2

1 \d-1
< (1—5) sup || A Xy @1 Xgo1 Tgo1]|o-

xyxeg_1EN
This immediately implies that the spectral norm of a d-mode tensor A is bounded by

L4
Ml < (=)™ swp Ax1 @1 Xa1 Taa o,
— € Ty..xq_1EN

where N is the e-net for the unit sphere S*~! in R".

Lemma 22 (Sub-Gaussianess of the Product of Random Variables). Suppose X; is
a bounded random variable with |X;| < Kj almost surely for some K; and X3 is
a sub-Gaussian random variable with Orlicz norm || Xs|[y, K>. Then X; X5 is still a
sub-Gaussian random variable with Orlicz norm || X Xs|[y, = K1 Ko.
Proof: Following the definition of sub-Gaussian random variable, we have
t t
(15| > t) = P(|X] > 1) SP(|%] > 1) Sexp (1- 2/K7K3),
X4 |54

holds for all ¢ > 0. This ends the proof. [ |
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Lemma 23 (Tail Probability for the Sum of Sub-exponential Random Variables
(Lemma A.7 in (89))). Suppose €y, ..., €, are independent centered sub-exponential

random variables with

0 = max |eilly, -

Then with probability at least 1 — 3/n, we have

for some constant Cj.

Lemma 24 (Tail Probability for the Sum of Weibull Distributions (Lemma 3.6 in
(57))). Let a € [1,2] and Y7,...,Y, be independent symmetric random variables
satisfying P(|Y;| > t) = exp(—t®). Then for every vector a = (ay,...,a,) € R" and

every t > 0,

= VAR S
P<|Zai§ﬂ2t> §2exp<—cmm<H 7 >>
i=1

Proof. 1t is a combination of Corollaries 2.9 and 2.10 in (98).

Lemma 25 (Moments for the Sum of Weibull Distributions (Corollary 1.2 in (104))).
Let X1, Xs, ..., X, be asequence of independent symmetric random variables satisfying
P(|Yi| > t) = exp(—t®), where 0 < o < 1. Then, for p > 2 and some constant C'(«)

which depends only on «,

n

Z (liXi

=1

< Cla)(villallz +p"*llall).

p

Lemma 26 (Stein’s Lemma (96)). Let £ € R? be a random vector with joint
density function p(x). Suppose the score function V, log p(x) exists. Consider any

continuously differentiable function G(z) : R% — R. Then, we have

E|G(z) -V, logp(az)} =-E [VwG(w)]
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Lemma 27 (Khinchin-Kahane Inequality (Theorem 1.3.1 in (105))). Let {a;},
a finite non-random sequence, {e;}; be a sequence of independent Rademacher

variables and 1 < p < ¢ < oo. Then

" — 1\ 1/2
H ;&'ai , < <]q:> ;&az’

Lemma 28 . Suppose each non-zero element of {x;}~ | is drawn from standard

p

Gaussian distribution and ||@k|lo < s for k& € [K]. Then we have for any 0 < § < 1,

IP( max (@, Tp,)| < C’\/E\/logK—l—logl/(S) >1-4,

1<k <ka<K

where C' is some constant.

Proof. Let us denote Sk, C [1,2,...,p] as an index set such that for any
t,] € Skiky, We have zy,; # 0 and xy,; # 0. From the definition of Sy, x,, we know
that [Sk,x,| < s and @] @k, = Y0 wpy jh,; = Zj€$k1k2 Tk, jThyj- We apply standard

Hoeffding’s concentration inequality,
ct?
P<|<wk1’mk2>‘ 2 t) = HD<| Z Ty jThys| > t> < eexp < — —)

. S
JESkiky

Letting ct?/s = log(1/§), we reach the conclusion.
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