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ABSTRACT

Pereira Bezerra, Luan Ph.D., Purdue University, May 2020. Quantum Toroidal Su-
peralgebras. Major Professor: Evgeny Mukhin.

We introduce the quantum toroidal superalgebra &), associated with the Lie

superalgebra gl and initiate its study. For each choice of parity s of gl a

mln min»

corresponding quantum toroidal superalgebra & is defined.

To show that all such superalgebras are isomorphic, an action of the toroidal braid
group B\m—f—n on the direct sum @B¢& is constructed.

The superalgebra & contains two distinguished subalgebras, both isomorphic to
the quantum affine superalgebra quA[mm with parity s, called vertical and horizontal
subalgebras. We show the existence of Miki automorphism of &, which exchanges
the vertical and horizontal subalgebras.

For m # n and standard parity, we give a construction of level 1 &,),,-modules
through vertex operators. We also construct an evaluation map from &, (1, g2, g3)

m—n)/2‘

to the quantum affine algebra Uqg/;\l at level c = g,

m|n



1. INTRODUCTION

Quantum toroidal algebras are affinizations of quantum affine algebras. They were
first introduced 25 years ago in [19], motivated by the study of Hecke operators in
algebraic surfaces.

Since that time, several applications were discovered in geometry, algebra, and
mathematical physics. The quantum toroidal algebras appear as Hall algebras of
elliptic curves, [8], [38], they also act on equivariant K-groups of Hilbert schemes and
Laumon moduli spaces, [18], [39], [40]. The quantum toroidal algebras are natural
dual objects to double affine Hecke algebras, [45]. The quantum toroidal algebras
provide integrable systems of XXY—type, among them is a deformation of quantum
KdV flows, [16]. Characters of representations of quantum toroidal algebras appear
in topological field theory, [13], AGT conjecture, [2]. The full list is much longer.

However, the supersymmetric version of quantum toroidal algebras remained un-
explored. Our goal is to introduce the quantum toroidal superalgebras Enyn(q1, g2, q3)

related to the superalgebras gl with m # n, and initiate their study. We ex-

mins
pect these algebras to have many properties similar to the quantum toroidal algebras
Emjo(q1, @2, q3) associated with gl,, which can be used in similar way, but with various
new features occurring due to the supersymmetry. In particular, the Cartan matrix
of sl is not unique, and it depends on the choice of parity for sl,,,. The parity
choices of sl,,,, are parameterized by sequences s = (s1, ..., Smyn), Where s; = %1,
and 1 occurs m times, —1 occurs n times. Let S,,),, be the set of all such sequences.
We often replace the index m|n by s € S, for example, we denote the algebra sl,,,,,
given in parity s by sls.

Many insights on quantum toroidal algebras have a geometric origin. For the

quantum toroidal superalgebras, the geometric point of view is not broadly available,

since very few results on the geometry of supersymmetric spaces are known. Our



approach is purely algebraic. We use known results on quantum affine superalgebras
and on quantum toroidal algebras to obtain their generalizations to quantum toroidal
superalgebras.

This text is organized as follows.

In Chapter 1, we recall definitions and well-known facts on Lie superalgebras.
Both Drinfeld—Jimbo and new Drinfeld realizations of the quantum affine superalge-
bras Uqf/;\[m‘n, for any choice of parity, are recalled in Section 1.2. In Section 1.3, we
collect results of [46], where an action of the affine braid group of sl,,, was used to
show that these two presentations are equivalent, and that Uq;[S are isomorphic for
all s € §,,pn. The Drinfeld-Jimbo and new Drinfeld presentations of Uqglm\n are a
key ingredient in the definition of the quantum toroidal superalgebra &,,,, and their
equivalence motivates the Miki automorphism.

In Chapter 2, we define the quantum toroidal algebra associated with gl for any

mins
choice of parity, and give a few properties. The quantum toroidal superalgebras &,,,,
were first introduced in [6] with standard parity, and in [7] for any choice of parity. As
in the even case, they depend on complex parameters qi, ¢o, g3 such that ¢1g.q3 = 1.
We require that the superalgebra & has a “vertical” quantum affine subalgebra quA[S
given in new Drinfeld realization, and a “horizontal” quantum affine subalgebra quA[S
given in Drinfeld—Jimbo realization. We always have ¢o = ¢*>. In addition, we want
our construction to be invariant under rotations 7 of the Dynkin diagram which
connects & with &5, where 7s = (S2, ..., Spmin, S1). This leads us to the generators
and relations presentation of &, see Definition 2.1.1. Naturally, the algebra & is
generated by currents E;(z), Fy(z), and half currents K(z2), i = 0,...,m +n — 1,
labeled by nodes of the affine Dynkin diagram of type ;[S, and the relations are
written in terms of the corresponding affine Cartan matrix. Similar to the even case,
the quantum toroidal superalgebra & has a two-dimensional center.

It is natural to expect that all algebras &, s € Sy, should be isomorphic. In
Chapter 3, we use the toroidal braid group Em+n to prove that this is indeed so, see

Corollary 3.1.2. As a byproduct, we also obtain the Miki automorphism, see Theorem



3.1.9, which is central to the study of quantum toroidal algebras in the even case, see
(28], [14]. The Miki automorphism is the highly non—explicit automorphism which
maps vertical and horizontal subalgebras to each other. Note that the isomorphism
from quA[s in new Drinfeld realization to quA[S in Drinfeld-Jimbo realization is already
not explicit. The Miki automorphism originates in the well known Fourier transform
® for toroidal braid group, see Lemma 3.1.6, which maps commutative generators
ji\i S Em+n to Knizhnik-Zamolodchikov elements.

Recently, a promising application of quantum toroidal algebras and superalgebras
on toric Calabi-Yau manifolds has been noted on [48] and [25]. In particular, the
choice of parity of &), is identified with the choice of the toric diagram resolution,
and the isomorphism of the superalgebras &, s € Sy, corresponds to the statement
that different quiver gauge theories describe the same geometry.

In Chapter 4, we focus on &,,),, in standard parity. We use bosonization techniques
to construct level one representations of &, see Theorem 4.1.3. Our formulas are
built on work [21] and generalize the known result in the even case [37]. We expect
that the irreducible level one modules stay irreducible when restricted to the vertical
U, g[m‘n subalgebra. However, unlike the even case, the precise structure of irreducible

level one modules for the quantum affine gl ,,, is not fully understood, see [21], [24],

mln
and Conjecture 4.1.5.
Finally, we proceed to the evaluation map. The evaluation map is a surjective

algebra homomorphism &,,,(q1, g2, q3) — ﬁq QT[ to the quantum affine algebra at

mln

level ¢ completed with respect to the homogeneous grading, where ¢§'™" = ¢?, see

Theorem 4.2.2. The evaluation map has the property that its restriction to the
vertical subalgebra is the identity map. In the even case, the evaluation map was

found in [27], see also [15].

1.1 Superalgebras

In this section, we give a brief review on superalgebras. We follow [9].



A wvector superspace V' is a vector space with a Zs-gradation, i.e., V' decomposes
as a direct sum of vector subspaces V = V[, & Vi. The parity of an element v € V; is
given by |v| =4, i € Zy. The elements of 1} are called even and the elements of V;
are called odd. Throughout this text, the notation |v| will always assume that v is a
homogeneous element.

Let m,n € Zsy. The vector superspace with dimVy = m and dimV} = n is
denoted by C™". If n = 0, we often write C™ instead of C"°. We use this convention

for other algebraic objects throughout this text.

Example 1.1.1. Let V and W be two vector superspaces. The space of linear trans-
formations from V' to W is a superspace. In particular, the space of endomorphisms

End(V) of V is a vector superspace.

A superalgebra is a vector superspace A = Ay & A; with a bilinear multiplication
satisfying AZA] g Ai+ja Z,j S ZQ.
A Lie superalgebra is a superalgebra whose product [, -], called supercommutator

or superbracket, satisfies
o [a,b] = —(—1)l9l[p, a] (super skew symmetry);

o (—1)ldllel[a, [b, c]] + (—1)Plel[c, [a, b]] 4+ (—1)19lPl[b, [¢,a]] = O (super Jacobi iden-

tity).

Example 1.1.2. Any associative superalgebra A can be given a Lie superalgebra

structure with superbracket defined on homogeneous elements by
[a,b] = ab — (—1)1pq, (1.1.1)

and extended to all elements by linearity. In particular, the superalgebra End((Cm|”),
equipped with the superbracket above, is a Lie superalgebra called the general linear

Lie superalgebra and denoted by gl

The Lie superalgebra gl,,,, can be realized as follows.

For notation convenience, let N :=m + n.



Fix a basis v1, ..., Vm, Umil, - - -, vn of C™" such that |v;] = 0,ifi =1,...,m, and
vl =1,if i=m+1,...,N. A basis with this property is called standard.

Then, the Lie superalgebra gl _ . is isomorphic to the superalgebra of N x N

mln

matrices of the form

A B
C D

(1.1.2)

with the superbracket (1.1.1), where A, B,C, and D are m x m, m X n, n X m, and
n X n matrices, respectively.

The even subalgebra (gl,,,,)o is isomorphic to the superalgebra of N x N matrices

of the form (1.1.2), with B = 0 and C' = 0. Note that (gl,,,)o = gl,, ® gl,, as Lie
algebras.
The subalgebra of N x N diagonal matrices is the Cartan subalgebra of gl

The supertrace of a matrix X of the form (1.1.2) is defined as
str(X) := tr(A) — tr(D),

where tr denotes the usual trace of square matrices.

It follows that str is linear and satisfies

str([X,Y]) =0  X,Y egl

m|n*

Hence, {X € gl,,,, | str(X) = 0} is a subalgebra of gl,,, called the special linear Lie

superalgebra and denoted by sl,,,,. Let b be the Cartan subalgebra of sl,,,, i.e, the
subalgebra of N x N diagonal matrices and supertrace zero.

If m # n, the Lie superalgebra sl,,, is simple. However, if m = n, the identity
matrix Idy.y generates the center of sl,,j,,. The subalgebra sl,,j,,/Cldyy is called
the projective special linear Lie superalgebra and denoted by psl,,,,,.

The Lie superalgebras sl,,,,, m # n, and psl,,,, are called the classical simple Lie
superalgebras of type A. We don’t discuss classical Lie superalgebras of other types

in this text.



1.1.1 Root systems and Cartan matrices

Fix m#n. Let N:=m+mnand I ={1,2,...,N —1}.
Let g = sl,,,, and let b be its Cartan subalgebra.

For o € h*, define
6 i= {z € g| [h,2] = a(h)a, Vh € b},
The root system of g is defined as

:={a € b |g. #0,a#0}.

A root « is even if g, Ngo # 0, and odd if g, Ng; # 0. Let ®g be the set of even
roots, and ®; be the set of odd roots. The roots of g generate h*. The set of simple
roots of g is defined by fixing a basis of h* composed of roots.

The supertrace str defines a non—degenerate supersymmetric bilinear form on g
by (x|y) := str(zy). The restriction of this bilinear form to the Cartan subalgebra b
is non—degenerate and symmetric. We use the same notation for the induced bilinear
form on b*.

A root « is called isotropic if (a|a) = 0. Isotropic roots are always odd.

The Weyl group of g is defined as the Weyl group of go. It is generated by the

(even) reflections

o a€ by, xebh”. (1.1.3)

It is isomorphic to &,, X G,,, where &,, is the symmetric group on n letters.
Explicitly, the root system of g can be described as follows.
Let Ey;, 2 =1,..., N, denote the N x N diagonal matrix with only non-zero entry
at position (i,1).
Define ¢; € End(C™")* by
(Eil) 1=1,....,m;

€ = str(Ey;) (Bul) =



Under this identification, we have
Dy = {t(e;—¢)|1<i<j<m,orm<i<j<N},
By = {+(e; — ;) [ 1 <i <m, and m < j < N}.

The standard simple roots of g are defined by «; := € — €¢;11, © € I, and the

standard Cartan matriz A of g is given by A, ; := (a4|a;), 4,5 € I. We have

2 -1
~1
2 -1
A= -1 0 1 c-m
1 -2
1
1 -2
m

Note that a, is the only isotropic simple root.

The Dynkin diagram associated with the Cartan matrix A is constructed under the
usual conventions for simple Lie algebras, but simple isotropic roots are represented

by @ and non-isotropic simple roots by O. For Lie superalgebras of other types,
non-isotropic odd roots can occur, but we don’t discuss them here.

The standard Dynkin diagram of g is

Fig. 1.1. Standard Dynkin diagram of sl .

Given a choice of simple roots A, the set ®* of positive roots is defined as (Zo-
span of A) N ®. Define

= @D o

ac+d+



We have a triangular decomposition g = n~ @ h @ n*. The Borel subalgebra corre-
sponding to this choice is defined by b = h & n't.

In the Lie algebra (n = 0) setting, it is well known that the Cartan matrix is
unique, all choices of simple roots are equivalent under the Weyl group action, and
all Borel subalgebras are naturally isomorphic.

In the supersymmetric case, this is no longer true. Recall that the Weyl group
of g is defined as the Weyl group of its even subalgebra g and it is isomorphic to
S,, X &,,. The number of different choices of simple roots of sl,,,, and sly should be
the same, but the Weyl group of sly is isomorphic to Gy.

In order to classify the (Z ) choices of simple roots that are not equivalent under
the Weyl group action it is useful to introduce parity sequences.

A parity sequence is a N-tuple of +1 with exactly m positive coordinates. Set

Smjn = {(51,...,sn)| 8 € {=1,1}, #{i|s; =1} =m}.

The parity sequence of the form s = (1,...,1,—1,...,—1) is called the standard
parity sequence.
Given a parity sequence s € S, we have the Cartan matrix A = (Aij)i’jel,

where
Azj = (Si + 3i+1)5i,j — Sidz‘,j—}—l — sj5i+17j (Z,] € [) (114)

The symmetric group Gy acts naturally on S,,,, by permuting indices, os :=
(Sg—l(l), RN Sg—l(N)) forall 0 € Gy, s € Sm‘n.

Let s be a parity sequence. The Lie superalgebra gl . with parity s, denoted

mln
by glg, can be identified as the superalgebra of N x N matrices by choosing a basis
v, ...,y of C™™ such that |v;| = (1—s;)/2. It follows that the Lie superalgebras glg,
s € Sy, are all isomorphic as Lie superalgebras. However, their Borel subalgebras

are not isomorphic, each s € §,,,, yields a different Cartan matrix, and, consequently,

a different Dynkin diagram.



The supertrace of a N x N matrix X is defined by

N

str(X) = Z SiMiiy

i=1

and all definitions discussed above for g,

with standard parity are extended to gl
using this definition of the supertrace.

We will often use the parity sequence s as index instead of the dimensions m|n to
emphasize the dependence on s. Any superspace X should be understood as X,
with parity choice given by s € S,

The parity of a simple root «; of sl is given by |o;| = (1 — s;8;41)/2. For notation

convenience, we write |i| = |ay|, i € I.

1.1.2 0Odd reflections

Let Ag = {a;|i € I} be the set of simple roots of sls, for some s € S,,,),, and let
Qs be the root lattice.
Let a; € Ag be an even simple root. Then, the definition of the reflection r,;, see

(1.1.3), on the simple roots of sls reads

(

Q; tF g L
ro;(04) = q —a; i = (1.1.5)

K04i+ozj 1=7+£1

If a; € A is an odd simple root, we define the odd reflection 1., on the simple
roots of slg by (1.1.5), and extended the definition to all roots by linearity. However,
the action of an odd reflection does not preserve the parity. The action on the parity
is as follows.

If we forget the parity of the roots, i.e., if we assume that all roots are even,
the action of all reflections coincide with the action of the Weyl group of sly, which
is isomorphic to Gy. The isomorphism between the Weyl group of sly and Gy is
obtained by identifying the reflection r,, for a simple root a;, with the transposition

(J,J+1) € 6y.
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Let a; € Ag be a simple root. Then, r,; maps the roots of sl,,,, with parity s to

the roots of sl,,, with parity 7, s. Note that, if a; is even, then 7, s = s.

Example 1.1.3. We illustrate all Dynkin diagrams of sl3; and how the odd reflections
affect the parity.

T
O—0O0—=® O0——
1 2 3 1 2 3

[Fe
Toy
K—O——=0O ——O
1 2 3 1 2 3

Fig. 1.2. Dynkin diagrams of sl3;.

1.1.3 Chevalley generators of sl,,,

The Lie superalgebra sl,,, can be also defined by generators and relations. The
presentation of s, in terms of Chevalley generators will be a key ingredient in the
following chapters.

Fix a parity sequence s € S,)p,.

The Lie superalgebra sl is isomorphic to the Lie superalgebra generated by ele-

ments e;, f;, h;, ¢ € I subject to the relations

[61', fj] = (5i,jhia [hi, hj] =0,
[hi, ej] = A7 e, [hi, fi] = =A% £,
leisej] = [fi, fi] =0 (A7, =0),

for all 7,5 € I, and the following Serre relations.

If [i] = 0 and Af; = &1, then

lei, i e5]] = [fi, [fis f5]] = 0.
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If il =1and i # 1, N — 1, i.e., i is not an extremal node of the Dynkin diagram,

then

leis [ei1, [eis eial]] = [fis [fios [fi, firal]] = 0.

The correspondence with the matrix realization is given by identifying e; = E; ;11,
fi = Eiv14, and h;y = s;Ej;; — siv1Ei1,41, for all ¢ € 1. Also, if «; is a simple root,
(sls)a; = Ce; and (sls)_o, = Cf;.

Note that this more abstract presentation of slg heavily depends on the parity
sequence s € Sy, n, and it doesn’t follow automatically that the superalgebras sl
are all isomorphic. However, the presentation in terms of Chevalley generators is

convenient when dealing with deformations and generalizations of these algebras.

1.1.4 The quantum superalgebras Uysl,,,

_d -t
¢—qt’
We also use the notation [X, Y], = XY — (—=1)X¥lgY X. For simplicity, we write

[X,Y]; = [X,Y]. The bracket [X,Y], satisfy the following Jacobi identity

Fix ¢ € C* not a root of unity and let [k] keZ.

HX> Y]aa Z]b = [X7 [Y7 Z]c]abc_l + <_1)|Y”Z|CHX7 Z]bc—la Y]ac—l- (116)

The quantum superalgebra Uysl,,),, is a deformation of the universal enveloping
algebra of sl,,, with deformation parameter g.

Let s € Spjn.

The quantum superalgebra U,sls is the unital associative superalgebra generated
by Chevalley generators e;, f;, t;ﬁl

les| = |fi] = |i] = (1 — sisi41)/2, and |7 = 0.

,© € I. The parity of the generators is given by

The defining relations are as follows.

tity = tits,  liegt; ' = q"aey, ifitt =g f,

t—t; !

q—q "

lei, 5] = [fis £i1 =0 (43, =0),

[eia f]] = (5i,j
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for all 7, j € I, and the following Serre relations.

If [i] = 0 and A}; = &1, then

les, [es, e5]1 = [fs, 1fs, £51] = 0,

where [X,Y] = [X,Y] ;1 if X, Y have weights 8,7 € Qs, i.e., if t Xt = gllh x
and t;Yt; ' = ¢@Y fori € I.
If il =1and i # 1, N — 1, i.e, i is not an extremal node of the Dynkin diagram,

then

lei, [eivt, [es, eiall] = 1fi, [fiva, [fi, fiall] = O.

1.2 The quantum affine superalgebras Uq;[m|n

In this section, we review definitions of the quantum affine superalgebra Uq;[m‘n.

We consider two presentations of the quantum affine superalgebra Uq;[mm, the
Drinfeld-Jimbo realization and the new Drinfeld realization.

Roughly speaking, the Drinfeld-Jimbo presentation of Uq;[m‘n should be thought
as the Lie superalgebra with Chevalley type generators, and relations given in terms
of the affine Cartan matriz.

The affine Cartan matrix A is obtained by including an even null root § to the root
system of sl,,,,, such that (§]0) = (0]a;) = 0, for all ¢ € 1. Then, ag =6 — > .., q;
is regarded as a new simple root with parity |ag| = D _,.; [s|, and the affine Dynkin
diagram has an extra 0 node. Let I:= {0,1,..., N — 1} be the set of Dynkin nodes.
We will consider the indices in I module N.

In standard parity, the affine Dynkin diagram of E’A[mln has the following shape.

Fig. 1.3. Dynkin diagram of f’A[mln in standard parity.
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On the other hand, the new Drinfeld realization of Uqglm‘n should be thought
as the affinization of Ugsl,,,, i.e., ;[m‘n is a central extension of sl,, ® C[tF]. It
is generated by an invertible central element ¢ and the coefficients of the currents
E(2) = Y0 xfrz_r, ki(z) = kf'exp (£(g— ¢ ") Y, oghier2™), i € I. The
relations are given in terms of the Cartan matrix of sl,,,. Note that the indices of
the currents are in /.

The presentations of the superalgebra quA[mm in Drinfeld-Jimbo and new Drinfeld

forms were given in [46]. We recall them here for an arbitrary choice of parity s € Spn.

Drinfeld—Jimbo

Let s be a parity sequence.
In the Drinfeld-Jimbo realization, the superalgebra Uqf?[s is generated by Chevalley

+1
generators e;, fi,t;

,i € I. The parity of generators is given by |e;| = |fi| = |i| =
(1 — Si8i+1)/27 and |t;t1‘ = 0.

The defining relations are as follows.

tit; =tits, tiejt; = q'e;,  tifityt =q Ny,

les, f5] = 52;;‘3_ ;i_l ,

[ei,e5] = [fi, 3] =0 (A3, =0),
[es, [ei, ein]l] = [fi, [fi, fia]] = 0 (A3 #0),
lei, [eiva, [es, eia]ll] = [fi, [fiva, [fis fialll = O (mn # 2, A7, = 0),
leivi, [ei1, [eivrs [eimr, &]11] = lein, [eivs, [eio1, [eivr, &]]]]  (mn =2, A7, # 0),
[fiva, [fiovs [fivrs Ufiers £illI] = Uiz, [finns Ufica, [fins £IDD] (mn = 2, A7, # 0).

The element tgty...¢tNy_1 is central.

The subalgebra of quA[s generated by e;, f;, t;, ¢ € I, is isomorphic to U,sls.
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The superalgebra Uqgls in the Drinfeld-Jimbo realization has a Z"-grading given
by

deg”(z) = (degg(x), deg}(z),...,degh_;(2)), (1.2.1)

where

degf'(e;) = bij, degl(f;) = —0ij, degl(t;) =0 (i,5 € I).

New Drinfeld Realization

In the new Drinfeld realization, the superalgebra UqﬁA[S is generated by current
+

ZT’

generators x;,., h;, kiﬂ,cil, i € I, r € Z'. Here and below, we use the following

convention: r € Z' means r € Z if r is an index of a non-Cartan current generator
+

r;,, and r € Z' means r € Z \ {0} if r is an index of a Cartan current generator h;,..
The parity of generators is given by ]acfr\ = |i] = (1 —$;8i4+1)/2, and all remaining
generators have parity 0.

The defining relations are as follows.

cis central, k;k; = kjk;, kl:vji(z)kl ' = infJx (2),
[TA?,J‘] c"—c’

iy hjs] = Grgso —
r o q—q
()] = £ 02 o)
0i,j Wyt e
e (2o ()] = =2 (B(e )R (w) = D{e )i (2)),
(= — ) ()27 () + (—1) 1 (w — ¢ 2)2 (W) (2) = 0 (45, #0),
[7(2), a5 (w)] = 0 (43, =0),

Sym, ., [ (21), [27 (22), 25, (w)]] = 0 (A2, #0, i£1€e1),
Symz1,22 [[l’l (21>7 [[xi+1(w1)7 [[IZ (Z2); xfz_l(ub)]””] =0 (AS = O 1t1el ,

where o (2) = Yy w32 K (2) = K exp (£(g — ¢7) X0 hierz ™).

The subalgebra of Uqf/)\[s generated by :cffo, k;, 1 € I, is isomorphic to U,sls.
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The superalgebra UqﬁA[S in the new Drinfeld realization has a Z"-grading given by

deg”(z) = (deg(z),...,degh_;(x); degs(z)), (1.2.2)
where
degf(x3,) = £0;5, deg](k;) = deg](hy,) = deg{(c) =0  (i,j €I, r L),
degs(x7,) = degy(hiy) =7, degs(k;) = degs(c) =0 (iel,relZ).

The isomorphism between Drinfeld-Jimbo and new Drinfeld realizations is de-
scribed in Proposition 1.3.3.

For J C I, we call the subalgebra of quA[S generated by a;,, j € J, r € Z' and
a=x%,x, h, the diagram subalgebra associated with J and denote it by U({g[s. Any
diagram subalgebra is isomorphic to a tensor product of quA[k” algebras.

The quantum affine superalgebra U, ET [ is obtained from U, £1A[s in the new Drinfeld

realization by including the currents k3 (z) subject to the same relations.

1.3 Affine braid group

It is well known that the role of the Weyl group in the simple Lie algebras is played
by an appropriate braid group in the quantum setting, see [4], [26]. In this section, we
recall the action of extended affine braid group of type A in UqﬁA[. =P Uq;[s.

We follow [46].

SESm|n

In this section, we always assume N > 4.

1.3.1 Extended affine braid group of type A

We recall the extended affine braid group of type A.
Let By be the group generated by elements 7, T}, i € I, with defining relations

T,T; = Ty, (j#i,i£1), (1.3.1)
T/TT; = TI,T, (j=ix1), (1.3.2)

Tt =T, (iel). (1.3.3)
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The group By is called the extended affine braid group of type A.
Alternatively, By can be described as the group generated by elements X;, T},

1 € I, with defining relations

TT, = T,T, (j#£ii+1
T = BT, U=ixl
XX = XX, (1,5 €1),
T,X; = X,T, (i # 7),
T X T = XX,

Tyl Xna Tyl = XXyl

T'XT ! =X XX (2<i<N-2). (1.3.10
An isomorphism ~ between the two realizations is given by
’7:X1¥—>7’TN_1"'T1, T, — T (’LG]) (1311)

We have a surjective group homomorphism

T:By =Gy, T1, Timop (i€, (1.3.12)
where we denoted o; = (i,i+ 1), i € I, 09 = (1, N), and, by an abuse of notation,

T=1(1,2,...,N).

1.3.2 Action of By on Drinfeld-Jimbo realization of quA[.

The symmetric group Gy acts naturally on S,,,, by permuting indices, os =
(86-1(1) - -, So-1(y) for all 0 € 6, s € Sy

The extended affine braid group also acts on S, by T's = 7(T)s, for T' € By,
S € Spjn, see (1.3.12).

The next proposition describes a family of isomorphisms of quantum affine super-

algebras.
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We have the following.

(i) Fori € f, s € Spn, there exists an isomorphism of superalgebras Tis : quA[S —

quA[(,is giwen on Chevalley generators by

(
s (€i

Tis(€i—1) = sip1q ' ei1, €4,
( “si(=1)lellenile; e,

Tis(fi) = fi,

Ti,S(tj> - tj

Tis(tiz1) = titiza,

(fi) = =sint; e,

Tis(firr) = = (=)Wl £y, £,
Tis(fis1) = =L firr, fil,

(j #4,i+1).

The parities on the r.h.s. correspond to the generators of target algebra Uq;[gis.

(ii) The left-inverse of Tis, (T;s)™"

(Tis) ™' (i) = 177,

(Tis) ' (es) = —sigat; ' fi,

(Tis)"H(eim1) = sig > (=)l ey e 4],
(Tis) "M (ei1) = sipaq " ei, €],

(Tis) " (fir) = = (=))Wl fia ],
(Tis) "' es) =5 (L)™' (fy) = £

: UqﬁA[Ois — UqﬁA[S, 15 given by

(Th6) Htiz1) = titiss,

(Tis) ' (fi) = —sseity,
(Tis) " (fim1) = —[fis firl,
(Tis) () = t; (J#4,i+1).

The parities on the r.h.s. correspond to the generators of target algebra quA[S.

(iii) For s € Sy, there exist an isomorphism of superalgebras g :

given on Chevalley generators by

Ts(ﬂfi) = Tj+1

We note the following useful formula

(T; Tix1)s(@i) = Tizq

Uysly — Uyslr

(x =e, f,1).

(x =e, f,t). (1.3.13)
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The isomorphisms 7 ¢ and 75 change the grading in the Drinfeld-Jimbo realization
as follows.

If degh(x) = (do, dl, c. ,difl, di, di+1, Ce >dN71)7 then

A

deg"(Tis(x)) = (do,dy, ... di_y,diy +diyy — diydigy,. .. dy_y) (i€ 1),
deg"(7s(2)) = (dn-1,do, d1, ..., dy—2).
(1.3.14)
The isomorphisms generate a groupoid if one considers the category whose objects
are the superalgebras Uqf/s\[s, s € Syn, and whose morphisms are 75, Tjs, @ € I ,
s € Spjn, their compositions and inverses.
In our situation, the groupoid structure is equivalent to the group action as follows.
U,sls

Define the following automorphisms of Uq;[. =P, Soin

=P =, .= P T (i el). (1.3.15)

SESmM Sesmhz

Note that, by abuse of notation, we denote by 7 both the automorphism above and

the element of Gy.

Proposition 1.3.2 ([46]). The automorphisms 7, T;, i € I, define an action of
the extended affine braid group Bx on quA[., i.e., they satisfy the relations (1.3.1)—
(1.3.3). O

We adopt the following convention. For T" € By, we denote Ty the restriction
of T' to the qu/:[s summand in Uq;[.. Note that the image of Ty is also a particular
summand in qu:\[., namely quA[Ts. For example, (TTiT;Tk)s = To,0;015 100051 j,ops Th.s
is mapping UqﬁA[S to Uqglmwjgks. We use a similar convention with other maps, see,
for example, Theorem 3.1.1 below.

Note that the action of By on S, is transitive. In particular, Proposition 1.3.1

implies that all superalgebras quA[S, s € Spyn, are isomorphic.
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1.3.3 Action of By on new Drinfeld realization of Uq;[.

We have an action of extended affine braid group By on Uqf/u\[. given in Chevalley
generators, see Section 1.3.2. The group By contains elements X;, i € I, see Section
1.3.1. The elements &; preserve the parity, Xjs = s, for all s € S}, and, therefore,
(X;)s is an automorphism of Uq;[S. These automorphisms are used to obtain an

isomorphism between the two different realizations of Uqg[s.

Proposition 1.3.3 ([46]). There exists an isomorphism ts between new Drinfeld and
Drinfeld-Jimbo realizations of UqﬁA[S mapping:

ki = t, ¢ toty - In-1,

xz—",—r = (_1)ZT‘)C;,_ST(61)7 xi_,r = (_1)“"‘)('17,;(][1) (T €Z,i€ ])

O

The identifications s allow us to study the action of By on the new Drinfeld

realization. One can describe action of the &; ¢ in current generators explicitly.

Proposition 1.3.4 ([46]). Fori € I, s € Sy, the action of X in current generators

1S given by
Xizs($ji,r) = (_1>i5ijx;%’f':!:5ij7 Xz,s(k]> - Ciaij k'],
Xis(hjr) = hjp, Xis(c)=c (reZ,jel).

For the action of T ¢ in current generators we have some partial information.

Lemma 1.3.5. Fori € I, we have

Tis(aj,) = aj, (reZ,jel, i#j,jx1, a=z",27,h). (1.3.16)
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Moreover,
,I'zs(x;:-l r) = _SZ< 1)|i”i+1|ﬂxz—:-1,rv 37:—0]] (T < Z)a (1317)
ﬂs(x:r 17") = Si+14 B [[xz 1,r 10]] (T S Z)7 (13 18)
T;S(xz 17") = [[ z+1 7 10]] (7“ € Z), (1319)
ES(’IZ 17’) ( )‘ ||Z 1||:[£E'L 1,r 10]] (r c Z) (1320)

The parities on the r.h.s. correspond to the generators of target algebra Uq;[gz.s.
We also have, TLSUq{i}sA[S C Ué{i};[gis ifi #1, N — 1.
Finally, Ty sUiM sl € US P al,,s and Ty_1 U sl c U N gl

ON—-18"

Proof. Equations (1.3.16)-(1.3.20) follow from relation (1.3.7) and Proposition 1.3.1.
To prove the last part, we note that if 7 # 1 then the algebra generated by Uq{i}f/y\[s,

is a subalgebra of the algebra generated by 95?,[0 and h;_y +1. Therefore 7}7SU;i}£:\[s C
UL Yel, q. Similarly, if i # N — 1, we have T} ;U sly ¢ UMl .. O

We can also write the inverse of the isomorphism ¢g.

Lemma 1.3.6. The isomorphism t;* maps

€e; — I’Z—-’:O, fz — ZE;O, t; — k; (Z S ]), (1321)
to — C(l{ilkg ce km—l—n—l)_la (]_ 322)
eo = (X Tyr - TT) (2]y), (1.3.23)
fg — (XlTN—l s TQTl_l)S (xl_,O) (1 324)
Proof. 1t is sufficient to use (1.3.11). O

Note that in Lemma 1.3.6 we apply 7; only to Chevalley generators, therefore the
formulas are explicit.
The correspondence between the Z"-grading in the two realizations of quA[s is as

follows.
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Ifxe quA[S is given in the new Drinfeld realization and the grading is deg”(z) =

(dy,...,d%_q;ds), then the grading in the Drinfeld-Jimbo realization is
deg"(15(x)) = (ds,d? + ds, ..., d%_ , + ds). (1.3.25)

Similarly, if z € UqﬁA[S is given in the Drinfeld-Jimbo realization and deg”(z) =

(di,dh ... d% ), then the grading in the new Drinfeld realization is

deg"(1"(2)) = (d} — df, ..., diy_, — dli;—db). (1.3.26)

1.3.4 The anti-automorphisms ¢ and 7,

We have two anti-automorphisms of Uq;[S which will be used in Sections 2.1 and

3.1.

Lemma 1.3.7. Fors € S,,,, we have a superalgebra anti-automorphism @y : quA[S —

quA[s giwven on Chevalley generators by
ps(ei) = e, es(fi) = fi ps(ti) =1, (1€ 1).
Moreover, the anti-automorphisms s, s € Sy, satisfy
(@ Ti¢)s = (Tigis) ™ (iel).
Proof. This is checked by a straightforward computation. O]

Note that g preserves the grading (1.2.1).

Lemma 1.3.8. Fors € S,,),,, we have a superalgebra anti-automorphism ns quA[s —

Uysls given on current generators by

(@) =c, ki (2) =k (), n(aF(2) =27 (7)) (iel).
Moreover, the anti-automorphisms 1s, 8 € Spyyn, satisfy

(NTin)s = (Tios) ™ (i eI).
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Proof. The existence of this anti-automorphism is checked directly.

For the last equality, note that ns coincides with ¢g on the subalgebra generated
by xfo, ki,c,i € I. Also, by the isomorphism between the new Drinfeld and Drinfeld—
Jimbo realizations of quA[S, it is sufficient to check the identity on xijl.

We verify (nT;n)s = (Tis,s)”" on 2y, for i = 1,2. The remaining values of i are
trivial. The check for xf_l is analogous.

Using the relation (1.3.8) we have

(nTm)s(fEI,l) = _(77T1X1_1)s($1_,0) = _(lexg_lTl_l)s(xio) = Uals(_slc_lxiqkl)

_ ~17.-1_+

(TLUIS)_I('TI_J) = _<T1_1X1>s(x1_,0) = _<X2X1_1T1>s(x1_,0) = _Slc_lkl_lxil‘
And using the relation (1.3.7) we have

(77T277)s($1_,1> = —(nTngl)s(xio) = (UX1_1)025((_1)|1H2|[[%_,OaxQ_,O]]) = _[[%_,Oaxl_,l]]a

(T2,02s)_1($1_,1) = _(T2_1X1)s($1_,0) = Xl,vzs(ﬂxim xl_,o]]) = _H‘r2_,07 xl_l]]
This completes the proof. O

Note that, if z € quA[S is given in the new Drinfeld realization and deg”(z) =

(dl, PN ,dN_l;d5), then

deg’(ns(x)) = (dy, ..., dn_1;—ds). (1.3.27)

Both anti-automorphisms g and 7, are anti-involutions: ¢? = n? = 1.
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2. THE QUANTUM TOROIDAL SUPERALGEBRAS
2.1 Quantum toroidal superalgebra &

In this section, we introduce the quantum toroidal superalgebra & associated with

gl,,,,, for any choice of parity s € S,,,. We give a few properties of these algebras.

2.1.1 Definition of &

Fix d,q € C* and define

a=dq"', @=q¢, ¢=d'¢

Note that ¢1g2q3 = 1. In this text, we always assume that ¢, ¢, are generic,
meaning that ¢ ¢52¢5* = 1, ny, ny,ns € Z, iff ny = ny = ns. Fix also d*/2,¢"/? € C*
such that (d'/2)? =d, (¢"/?)? = q.

Recall the affine Cartan matrix AS = (A7) jeir see (1.1.4).

We also define the matrix M*® = (M;),;c; by MP,; = =M1 = siy1, and
Mg, =0,i#j+1.

For example, if s is the standard parity sequence, we have

0 —1 1 01 ~1\ «--0
12 -1 10 —1
ENTEN 1
A= —21 01 1 R (1) 01 1 c-—-m
1 -2 10
1 |
1 1 -2 1 10
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Definition 2.1.1. The quantum toroidal algebra associated with g, and parity
sequence s is the unital associative superalgebra £ = Es(q1, g2, q3) generated by E; .,
F;,, H;,, and invertible elements K;, C, where i € f, r € 7!, subject to the defining
relations (2.1.1)-(2.1.16) below. The parity of the generators is given by |E;,.| =

|Fir| = |il = (1 — si8:41) /2, and all remaining generators have parity 0.

We use generating series

2) =) Eiz " Fiz) =) Fuz

kEZ keZ
Kii<z>:KiileXp< q_q ZH'Lirz:F>
r>0

Let also 0 (2) = Z 2" be the formal delta function.
nez
Then, the defining relations are as follows.

C, K relations

C'is central, K, K; = K;K;, (2.1.1)

KE;(2)K; = ¢MiEy(2), KiF;(2)K;t = ¢ Fy(2). (2.1.2)

K-K, K-E and K-F relations

K () (0) = K (w)KE(2), (213)
dMiiC 1z — ¢Maw dMSJq WOl —w
S K K+ = K (w)K; (2), 214
e ) = S IS G k), (2a)
(dMiiz — qA?»Jw)Kf(C'_(lil)ﬂz)Ej(w) = (dMiJ'qA?mfz —w)Ej(w )Ki(C (1£1)/2 z),
(2.1.5)

(@52 — g ) KGFH(CUT22) Fy(w) = (@Miag sz — w)Fy(w) K (C07/22),
(2.1.6)
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E-F relations

i v F(w) — i (2
(Bi(2), F(w)] = =20 (¢2) K w) =3 (0=) K7 (=), (2.1.7)
E-E and F-F relations
[Ei(2), Ej(w)] =0, [Fi(2), Fj(w)] =0 (475 =0), (2.1.8)

(M2 — " hiw) By(2) B (w) = (—1)10(aMes g4 2 — w) B (w) Ei(2) (A7, #0),
(2.1.9)

(@552 — g w)F () Fy(w) = (~) W (@Vq Yoz —w)F(w)F(z) (45 #0).

(2.1.10)
Serre relations

Sym., ., [Ei(z1), [Ei(22), Eiz1(w)]] =0 (A7, #0), (2.1.11)
Sym,, ., [Fi(21), [Fi(22), Fixa (w)]] = 0 (A7; #0), (2.1.12)

If mn # 2,
Sym,, ., [Ei(21), [Eiyi(wr), [Ei(22), Bimr(w2)]]] = 0 (45, =0), (2.1.13)
Sym,, ,[Fi(21), [Fig1(wr), [Fi(22), Fimi(w2)]]] =0 (A7, =0). (2.1.14)

If mn =2,
Sym,, ., Symy,, , [Ei-1(21), [ (w1), [Eio1(22), [ (w2), E(y)]]]] = (2.1.15)
= Symzl zQSymwl wo [Eir(w1), [Eioi(21), [Eig1(w2), [Eimi(22), £i(y)]111 (Afz #0),
Sym, ,Symy, , [Fi-1(21), [Fiza(w), [Fim1(22), [Fisa(w2), F)]I] = (2.1.16)

= Sym,, ., Symy, w, [Fig1(wr), [Fio1(21), [Figa(wa), [Fioa(z2), Fi(y)II]] (A5, #0).



26

The relations (2.1.3)-(2.1.6) are equivalent to

[r Al

[Hir, Ej(2)] = Td_TMi’jC_(TH’"D/Q Z"Ei(2), (2.1.17)
A -
[Hi,’f'a P}(Z)] — _ud_TMi,jC_(r_lT|)/2 ZTF}‘(Z) , (2118)
T
[TAi, ] —rM; ; cr-c
[Hi,r7 Hj,s] = 5r+s,0 : Tjd 7 ﬁ , (2119)

forallr € Z',i,j € 1.

The relations (2.1.11) and (2.1.12) are also satisfied if A$; = 0, due to the quadratic
relations (2.1.8).

The element K := KoK --- Ky_1 is central.

In standard parity, the poles of the correlation functions of currents F;(z) are
depicted in Figure 2.1. For example, the correlation function of Ey(z)FE;(w) has a

pole at z = qyw, while the correlation function of E;(z)E(w) has a pole at z = gsw.

Fig. 2.1. Standard Dynkin diagram of type f’A[mIn with poles of correlation
functions for the E;(z) currents of &,,,.

The poles of the correlation functions of the currents F;(z) are obtained from the

U ie., ¢f' is replaced by ¢f', and ¢ by ¢

Figure 2.1 replacing g by ¢~
For other choices of parity, as a general rule, the poles are reversed in every odd

node. See, for example, the changes on the nodes 0 and m in the Figure 2.1.
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For any J C I, let £/ C & be the subalgebra generated by E;j(z), Fy(z),C, i € J.
We call &7 the diagram subalgebra associated with J of Es.

2.1.2 Some properties of &

For each i € I, the superalgebra & has a Z-grading given by
deg;(Ej;) = 0ij, deg;(Fj,) = —dij, deg;(Hj,) = deg;(K;) = deg,(C) =0,

foralljel,reZ.

There is also the homogeneous Z-grading given by
degs(Ej,) = degs(Fjr) =r, degs(Hj,) =7, degs(K;) = degs(C) =0,

foralljel,reZ.
Thus, the superalgebra & has a Z"*l-grading given on a homogeneous element

X €& by

deg(X) = (degy(X),deg,(X),...,degy_1(X);degs(X)). (2.1.20)

The superalgebra & has a graded topological Hopf superalgebra structure given

on generators by

AEi(z) = Ei(2) @ 1 + K; (2) ® E;(C12),

AF;(z) = Fi(Coz) @ K (2) + 1 ® Fi(z),

AK[(2) = K[ (Caz) ® K (2),

AK; (2) = K; (2) ® K; (Cy2),

AC=C®C,

e(Bi(2)) = e(Fi(2)) =0, (K (2)) =(C) =1,

-1

S(Ei(2)) = — (K7 (C'2))

1

Ei(C'flz),

1

S(Fi(z)) = —F(C7'2) (K7 (C™2))

1

S(Kf(2) = (Kf(C7l2) , S(C) =07,

2
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where C; = C® 1, C5 = 1 ® C. The maps A and ¢ are extended to algebra
homomorphisms, and the map S to a superalgebra anti-homomorphism, S(zy) =
(—1)1#I¥S(y)S(x). Note that the tensor product multiplication is defined for homo-
geneous elements 21, Zo, Y1, Y2 € E by (21 @ y1) (22 @ o) = (—1)¥1#2l2 20 ® 415 and
extended to the whole algebra by linearity.

2.1.3 Horizontal and vertical subalgebras

%

Let s be a parity sequence. For i € I, define ps(i) = — ZFl s;j. Define the vertical

homomorphism of superalgebras vy : Uq;[S — & by

vs(zf (2)) = E(@=V2),  w(x; (2)) = F(d@™02),

i

vs(kjt(z)) = Kii(d”S(i)z), vs(c) =C (1elI).
Note that if = € Uysls and deg®(z) = (di,dy, . . ., dy_1; ds), then

deg(vs()) = (0,dy,da, ..., dn-1;ds). (2.1.21)

Proposition 2.1.2. The vertical homomorphism vs s injective for generic values of

parameters.

Proof. In standard parity, the evaluation map constructed in Theorem 4.2.2 produces
a left-inverse of vg for generic values of parameters, see Lemma 4.2.1. Thus, vg is an
embedding with image quA[s.

For other parity choices, an evaluation map is constructed in [7]. O

The image of the vertical homomorphism coincides with £. We denote this
subalgebra U;’ersA[S and call it the vertical quantum affine sl,,.

The vertical subalgebra U;’e’";[s is a Hopf subalgebra of &;.

The vertical quantum affine gl,,,,, denoted by UJ*" 5[5, is obtained by including the
currents K3 (z). Note that U;”;[S and U;eTgA[S are given in new Drinfeld realization.

The currents K () do not commute with U;’”;[S. To obtain a current in U, ;’”3 (s

commuting with U, ;ST;{[S we proceed as follows.
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For each r € Z*,

det([T‘Azj]d_rMis’j) _ [,r]m—i-n (dr(m—n) + dr(n—m) i qr(m—n) i qr(n—m)) 7& 0.

ijel —
Thus, the system
> vialrAg)d M =0 (e, (2.1.22)
il
has a one-dimensional space of solutions. The element H'" = Zie i VieHir €U . 3 [
commutes with U;@"gls C Uq””gA[S. Such element is unique up to scalar. We fix a
normalization by requiring v, = 1, r € Zy, and
1cr—-Cc
rg—qt
Set H""(2) = Y, cqx H?"27". This current will be used in Section 4.2.

[H" H{] = brps0l(n — m)r]

Corollary 2.1.3. Let J C I,J #* I. Then the diagram subalgebra £/ is isomorphic to
tensor product of quantum affine superalgebras quA[W for generic values of parameters.

]

We denote U;OT;[S the subalgebra of & generated by E, Fio, Ki,i € I, and we
call it the horizontal quantum affine sl,,,,.

We have a horizontal homomorphism of superalgebras hg : Uqf:\[s — & given by
e Eio, fimFo, timK; (i €,

with image U, ;“””EA[S.

We will later prove (for N > 3) that, for generic values of parameters, the hori-
zontal homomorphism hg is injective, see Corollary 3.1.10. Note that it is not a Hopf
algebra map.

Note that, if z € Uq;[S and deg"(z) = (dy,dy, ds, ..., dy_1), then
deg(hs(x)) = (do,dl,dg,...,del;O). (2123)

Lemma 2.1.4. The quantum toroidal algebra & is generated by the vertical and

horizontal subalgebras U;e’”;IS and U;LOTE:\[S.



30

Proof. The only generators which are not generators of either the vertical or horizontal

subalgebras are Ey,, Fy,, 7 € Z*. These generators are obtained as commutators of

EO,O and F()’o with Hl,ila see (2117), (2118) ]

We often use a shortcut notation

X§(2)=Eoz), X (2):=Fo(2),  Ki(2):=Kq(2),

] (2.1.24)

XE() = o(a2(2), KE(2) = 0y(kE(2) (e,
2.1.4 Morphisms

We list some symmetries of the superalgebras &.

Given s € Sy, let 8" = (sp—1, Sm—2,...,5-). Then, the diagram isomorphism
ws : E(q15 G2, 43) — Es(g3, 42, 1) defined by

ws(C) = C, ws(Ai(2)) = Apm—i(2) (iel, A= K* E,F),

changes d to d*.

Given s € Sy, let —s = (=51, —52,...,—5n5) € Spm- The change of parity

isomorphism vs : &(q1, g2, 3) = E-s(q5 ', ¢5 ', ¢ ) defined by

vs(C)=C, (K7 (2) = —KZ(2),

WE) = Bo(2), w(B() = Pu2) (e,
changes ¢ to ¢~'.

For w € C*, the shift of spectral parameter v,s : & — &s is an isomorphism

defined by
Yus(C) = C, Yus(Ai(2)) = Ai(uz) (i€l A=K* EF)
For s € S,),, there exists an isomorphism of superalgebras 7 : & — &5 given by
H(C)=C,  T(Ai(2) = A1 (—dv2)  (iel, A=K* E F). (2.1.25)
Recall our notation (2.1.24). In this notation, the map 75 takes the form

H(C)=C,  T(Ai(2) = Ajq(—dm™in1) (el A=K Xt X7).
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Proposition 2.1.5. The isomorphisms Ts, s € S, satisfy

(Th)s = (h7)s, (2.1.26)
(Tv)s(ai(z)) = vrs(air1(—2)) (i€ I\{N -1}, a = k*,2%). (2.1.27)
FoTa (45(2)) = (0 Ta)rs (a1(—=2)) (i, € I\ {N =1}, a = %,2%). (2.1.28)

A

The maps 75 preserve the homogeneous grading and deg;(7s(X)) = deg;_,(X), i € I.
Proof. A straightforward computation shows that 7, preserve the homogeneous grad-
ing, satisfy equality (2.1.26), and deg;(7s(X)) = deg, 1(X), i € I,if X € & is
homogeneous.
We check (Tv)s(z; (2)) = vps(2f, (—2)) for 1 <i < N —2.
By definition, we have
(Fo)s(zf (2)) = To(Bi(d=Vz)) = By (—d=075x2),
Urs (211 (—2)) = B (=d'=H2).
But 7s = (sn, S1,...,Sn-1), thus

prs(i +1) = —sy —s1 — -+ — 8; = us(i) — sy

The proofs for z; (z) and ki (z) are analogous.

Equation (2.1.28) for i # j follows from Lemma 1.3.5 and equation (2.1.27).

To show (2.1.28) with i = j,set [ =i—1ifi # 1, and [ = 2if i = 1. In particular,
A7, # 0. Then, since [ # i, we have

(ToT)s (hi 1) = —(0Ti41)rs (hig1,41)-
Also, by a direct computation, we have
(FoTi)s (235) = (0 Ti1)rs (2351,0)-

Therefore, the constant terms of left hand side and right hand side of (2.1.28) coincide.

The equality of other terms follow from the commutator
[hlil,a:;r(z)] = [Azs,z']ci(lﬂ)ﬂzﬂl’?[(z)

and a similar one for z; (2). O



32

The homomorphism v, hs and 7y previously defined correspond to the algebra

E(q1,q2,q3). Let v, hl and 7. be the analogous homomorphisms corresponding to
the algebra &(qs, q2,q1), i.e., the parameter d is switched to d~*.

The map 7 defined on Lemma 1.3.8 has the following toroidal counterpart.

For s € Sy, there exists an anti-isomorphism of superalgebras 7 : (g1, ¢2, g3) —

&s(qs3, g2, 1) given by
s(K;-(2)) = KF(Cz71),

ﬁS(C) = Ca
s(Ei(2)) = Ei(z7Y), fs(Fy(2)) = Fi(z™") (i e D).
The anti-isomorphism 7s preserves deg;, i € I, and degs(is(X)) = — degs(X) if

X € & is homogeneous.

Lemma 2.1.6. The anti-isomorphisms s, 8 € Sy, satisfy

(Nv)s = (UI M)s» (nh)s = (h/ ©)s) (n7)s = (

Proof. The equality (7h)s = (b ¢)s is clear.

son z(z) and (77)s = (7'1)s on E;,. The

We check, for example, (7v)s = (v'n)
other cases are analogous. Note that 7 interchanges the parameters ¢; and g3, i.e., d

and d~! are interchanged. Thus,

) = as(d OB ) = d OB = (e ,) = (U n)s(x),

S(xi,r
(ﬁ /T\)S(Ei,r) - ﬁTS(_dHNEH-l,T) = _drSNEH-l,—T = 7/:s,(Ei,—T’) = (7/:/ ﬁ)S(Ei,r)'

—~
3>
S
N—

]

The maps & s defined on Proposition 1.3.4 also have toroidal analogs as follows.

There exist automorphisms of superalgebras ./'E,S & &1 € I , 8 € Spjn, given

Xis(K (2)) = CFVEG (=), (2.1.29)

Xis(XE(2)) = (127 X (2), (jel).
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The automorphism X;4 preserves deg;, j € I, and degy(X; (X)) = degs(X) —
deg;(X) if X € & is homogeneous. Let also ?/(\i”s be the analogous automorphism
corresponding to the algebra Es(gs, q2, ¢1)-

Let (s : & — &, 8 € Sy, be the rescaling automorphism given by

A

G(C) =C, G(XF(2) = (~)Yd" ™) =0 XE(2), KT (2)) = K (2) (i€ 1)

Proposition 2.1.7. The automorphisms /E’,s, (s satisfy

(7 X/ i)s = X (X 0)s = (vX)s (iel,jel), (2.1.30)

FX1)s = (X7,  (FAno)s = (X Gel). (2131)

=

Proof. Identities (2.1.30) and the first equality of (2.1.31) are clear.
We check (F Xy_1)s = (¢ Xo T)s applied to X]j\t,_lvr:

(7 An-1)s(Xxo1,) = R((“D)N X ) = ()N A0

(CXoP)s(XR_1,) = (CXo)s((—1)"d ™ X ) = G((=1)"d ™ X 1y)

_ (_1)N+rd(r:|:1)(m—n)X6|7:T¥1‘

The check on the remaining generators is similar. [
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3. BRAID GROUP ACTIONS
3.1 Toroidal braid group

We construct an action of the toroidal braid group gN associated with sl,,, on
Ee = @sesm‘n &s. As a consequence, we show that the algebras &, s € Sy, are all
isomorphic. It also gives us the Miki automorphism of &, which interchanges the
horizontal and vertical subalgebras.

In this section, we assume N > 4.

3.1.1 Action of By on &,

We start with extending the action of affine braid group By from the vertical
subalgebra U ;67";[. given in Proposition 1.3.1 to the toroidal algebra &,.
Note that the map 75 was already defined in (2.1.25). We also recall that the prime

symbol " indicates the action of the operator with ¢z and ¢; switched, see Section 2.1.4.

Theorem 3.1.1. Let N > 3. Fori €I, s € Spn, there exists an isomorphism of

superalgebras ﬁ-,s 1 & = &5 satisfying

~.
m
~

~.
m
~>
w
—_
o

/\ —~ /\ /‘\
on!
\_/
A
\_/
—~ —~ —~ —~
-~
~>
N— S— SN— N—
—~ —~ — —~
w
—_
[N}
N— S— SN— N—

o~
m
~>

A

(i1 TiTi)s = (LT T)s (i 1), (3.1.5)

(T.T))s = (T;T))s (i #j£1). (3.1.6)
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A~

Finally, T; s are graded with respect to homogeneous grading.

Proof. Throughout this proof we write similar formulas for X*(z) and K*(z). To
avoid repeating the same formula four times, we use the letters 4;(z) to denote X;*(2)
or K*(z), and a;(z) to denote (z) or kF(2) . Note that A;(z) and a;(z) in the same
formula are all of the same kind — e.g. all X;"(z) and z(2).

Define the map ﬁﬁs on generators of & by
Tis(Ao(2)) = F0Ta)rs (a1(—=2)),  Ths(Ai(2)) = WT)s (ai(2)) (i €1).

Note that T\LS(Ai(z)) = Ai(z) if i = 3,..., N — 1. Moreover, the action of T\LS on
Ao(2), Aa(2), A1 is explicit by Lemma 1.3.5. The map ﬁ’s respects homogeneous
grading because T} ¢ and T5 ¢ do.

We claim that this extends to an isomorphism of superalgebras. In fact, all rela-
tions which do not involve node 1 (that is, the ones which do not contain E;(z), Fi(z),
K£(2)) can be checked by a direct computation. To check the relations which do in-
volve node 1, and to reduce the calculations in other cases, we can use the following
arguments.

The relations not involving node 0 are satisfied since we can compute in the vertical
algebra and 77 ¢ is a homomorphism.

To check the relations involving node 0, note that by Proposition 2.1.5 we have

Ts(An-1(2)) = Ao(=d"™z),  Ts(Ai(z)) = Aii(—2) (1#N—1),
Tia(Ai(2) = P 0Ti) s (areioa (1)) (k,k+i—1€l),
Tys(An_1(d™"2)) = (F20T3) p2s(a1(2) = (F20T0) ras(az(—2)) (N > 4),
Tis(An o(d"7"2)) = (F*0T4)4(az(—2)) (N > 4).

Let us first assume that N > 4.
We prove the relations involving the nodes 0,1, and 2 by moving these nodes to

1,2 and 3 using 7 and 7. Namely, by (1.3.3) and (2.1.27), we have

Tia(Ail2)) = F0Th)rs(ai01(—2)) (i=0,1,2).



36

Observe that the defining relations between generators of & involving nodes 0, 1, 2 are
the same as the defining relations in Uq;[TS involving nodes 1,2,3. Since (77 vTh)¢
is a homomorphism, it maps the the relations of UqﬁA[TS involving the nodes 1,2, 3 to

zero. Therefore T 1.s maps defining relations of & involving nodes 0,1, 2 to zero.

The relations involving the nodes N — 1,0, 1 are treated similarly: we go to nodes

1,2, 3 again by using

fl,S<Ai(z)) = (/T\_2UT3)725((L1-+2(Z)) (7’ =0, 1)7
Ts(An_1(d™2)) = (F20T) 2 (a1 (2)).

Note that the defining relations between generators of & involving nodes N — 1,0, 1
are the same as the defining relations in quA[Tzs involving nodes 1,2, 3 if the shift of
spectral parameter in the generating series related to node N —1 is taken into account.
Therefore, as before, fl,s maps defining relations of & involving nodes N — 1,0, 1 to
Zero.

For the relations involving the nodes N — 2, N — 1,0 we proceed in the same way

by using

To(An_i(d™72)) = (7 30Ty) s (a3—i(— 2)) (i=1,2),

Tis(Ao(2)) = (7 *0T4) s (as(—2)).

and reducing to nodes 1, 2, 3 once again. We omit further details. Thus for N > 4 all
relations follow without extra computations.

If N = 4, the previous argument applies for the relations involving the nodes
0,1,2, or —1,0,1, or 0,1 or the nodes involving 2, 0. The additional relations (2.1.13)
and (2.1.14) for i = 3 in the case A3, = 0 are checked directly. We check (2.1.13)
with ¢ = 3 as an example.

First, by identity (1.1.6) and relation (2.1.13) we have

0= Sym,, .. [[[E3(21), [Eo(w), [E3(22), E2(wa)]]], E10], E1,0]
= (¢+q ")Sym,, ,[[Es(z1), [Eo(wr), By o]l [Es(22), [Ea(ws), Evo]]]-



37

Using Lemma 1.3.5 we can compute the action of ﬁ,s on (2.1.13) explicitly. Note
that A3 =0, N =4, m # n imply mn = 3 and |1| = 0. We have

Ths(Sym,, ., [Es(21), [Bo(wr), [Es(22), Ea(ws)]]])
= T 5(Sym,, ., [[Es(21), Eo(wn)], [Es(22), Ba(ws)]])
= ¢ MaSym,, [[Es(21), [Eo(ws), Evoll, [Es(22), [Ea(ws), Evo]]] = 0.

This shows that fl,s is a homomorphism.

For i € I define
To= (G107, (3.1.7)

Since fLS and 7y are homomorphisms for all s € S, the maps ﬁ-,S are well defined
homomorphisms for all i € I ands e S

Note that
Ta(4,(2)) = A(2) (#iit1), (3.1.8)

Also, ﬁs(Aj(z)) is explicit if j =i 4 1 and so is TA}VS(A,-’O).
Now, we show that the homomorphisms TA},S satisfy equations (3.1.1) using induc-
tion on i. For i = 1 the statement follows from definition of 7;. Suppose (3.1.1) is

true for 1 = 5 < N — 2. Let us prove it for : = 5 + 1.
Iflel,l+#1, we have

A~

(Ti10)s(@(2)) = FT, 7 0)s(@(2) = FTv)r (1 (—2))

= (TvT)rs(a1(=2) = (v Ti)s(@(2))-

Here the second equality is (2.1.27), the third equality is the induction hypothesis,
and the last equality is (2.1.28).
If l =1 then

A~ A~

(Ti1v)s(a1(2) = FT7)s(Ai(2) = FT)r16(Ao(—2)) = (T01)s(a(2)).
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Here the last equation is a definition if j = 1 and a trivial statement if 7 > 1 since in
that case T 5(Ag(2)) = Ag(2) and Ty (ay(2)) = ay(2).
Thus, YA},S satisfy equation (3.1.1).

Next we show (3.1.4) for i = 1. By (3.1.1), Lemmas 1.3.8 and 2.1.6, we have

(T T{)s(Ai(2)) = (T Ty m)s(ai(2)) = vs(ai(2)) = Ai(z) (i€ 1),
(T Tin)s(Ao(2)) = F Lo Tan Ton)rs(ar(—2)) = (FL0)rs(ar1(—2)) = Ag(2).

Thus, equation (3.1.4) holds for i = 1. In particular, it implies that T 1 s has an inverse
and therefore is an isomorphism.
By Lemma 2.1.6, 7js commutes with 75. It implies (3.1.4) for all ¢ € I. In particular,

A~ A

T is isomorphism for all ¢ € 1.
By (2.1.26), the isomorphisms YA’LS satisfy equation (3.1.2).

Finally, we show Coxeter relations (3.1.5) and (3.1.6). By equation (3.1.3), it
is sufficient to show these relations when ¢ = 1 and 7 # 0. By Proposition 1.3.2,
Coxeter relations are satisfied by the homomorphisms T; 5. Then by (3.1.1), relations
(3.1.5) and (3.1.6) are satisfied on the image of vs. By (3.1.2), these relations are also
satisfied on the image of hs. Since horizontal and vertical subalgebras generate the

whole algebra &, we obtain the proof of (3.1.5) and (3.1.6)

Corollary 3.1.2. The superalgebras & are isomorphic for all s € Sp,p,.
Proof. The corollary follows from Theorem 3.1.1. [

Remark 3.1.3. The corollary above treats the case N > 4. For N = 3, the isomor-

phisms between all three algebras E are given by the map T.

Define the following automorphisms of & = €
Ti= P T, =P = (i e1).
Sesm‘n SESm‘n
Corollary 3.1.4. Let N > 3. The automorphisms T, ﬁ-, iel, define an action of the
extended affine braid group By on &, i.e., they satisfy the relations (1.3.1)-(1.3.3).
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3.1.2 Toroidal braid group

We recall the definition of the toroidal braid group of sly, see [28].

Definition 3.1.5. The toroidal braid group gN of sly 1is the group generated by

elements T, ﬁ-, )A)j, 1e€l,j e f, satisfying the relations

T =TT, (j#i,i+1), (3.1.9)
.17 = T1,T, (j=i+1), (3.1.10)
VY=YV, (3.1.11)
LY, = T, (j # i+ 1), (3.1.12)
T YT =Y (i €1, (3.1.13)
T =T, (1<i<N-2), (3.1.14)
Py 72 =T, (3.1.15)
Vi = Yin (i€ ). (3.1.16)

We remark that the toroidal braid group B, ~ quotient by the relation ?51\0?_1 = 52\1
is isomorphic to double affine Hecke group with central element set to 1, see Definition
4.1 in [10].

The toroidal braid group has the following Fourier transform given by qKZ ele-

ments.

Lemma 3.1.6 ([10],[28]). There exists an automorphism ® of By given by

A~ A~ A~

o) =T, OO =TT 7T ®F) =Y 'Th- T,
0

Note that the subgroup G C B ~n generated by ﬁ and 7, and the subgroup H C B N
generated by fl and )71 are both isomorphic to the extended affine braid group By.
The isomorphism ~ between these two presentations of By is described in (1.3.11).

Let i be the inclusion i : G = By — B\N given by

io(T) =Ty, iglt)=T7,
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and iy be the inclusion iy : H = By — EN given by
in(T) =T,  in(X) =
The following lemma is easily checked on generators.

Lemma 3.1.7. The homomorphism 7, iq, ig and ® satisfy the following commutative

diagram
gN %) [S\N
iH] ]ig
BN +> BN

]

~

Recall automorphisms (s, &;s of & described in Proposition 2.1.7. Define the

following automorphisms of &
Vos = (€A s, Vs = (XX, (el (3117

Let also

Vi = @ Vis (iel).
S€$m|n
Proposition 3.1.8. The automorphisms ?,ﬁ-,)?j, 1€ 1, g€ I, define an action of

the toroidal braid group EN on &,.

Proof. The relations for T} and 7 follow from Theorem 3.1.1. Relation (3.1.16) be-
tween Y; and 7 follows from (2.1.31). Relations (3.1.12) are clear due to (3.1.8).
Equation (3.1.13) between Y; and YA} on vertical subalgebra follows from (1.3.10)
and (1.3.8) (note that (Xyv)s = vs). To check the relations on Ag(z) we write
Ao(z) = 751 (A1(—2)) and use the already established relations with 7. O
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3.1.3 Miki automorphism

Now we are ready to prove the existence of the Miki automorphism of & which
switches horizontal and vertical subalgebras.
Recall the isomorphism ¢g identifying the new Drinfeld and Drinfeld-Jimbo real-

izations of Uq;[s, see Proposition 1.3.3.

Theorem 3.1.9. Let N > 3. There exists a superalgebra automorphism s of Es
satisfying

(hv)s = (h)s, (bhi)s=(vni o), Yt = (7Y, (3.1.18)

where the first two equalities are equalities of maps from the new Drinfeld realization

of Uq;[S to &s.

Proof. We often write equation of maps from quA[s to &, similar to (3.1.18). We
understand that new Drinfeld realization is identified with the Drinfeld-Jimbo real-
ization via map ¢ and do not distinguish between them. In particular, we skip ¢ from
our formulas.

Recall notation (2.1.24). For i € I, let Z;5 = ()71 . 371)5

Using equations (1.3.11), (2.1.26) and (3.1.2) we get

O(Vi6)hs = hs(TTy_1 -+ Th)s = (R X1)s.
And, by relations (1.3.8)-(1.3.10), we have
B(Vis)hs = (h X X)) (i € I\ {1}).
Thus,
D(Z;s)hs = hsXi s (1el). (3.1.19)
Define 15 on the & generators by
o(XE) = (CDFR(ZFN(XE), sk = K, (ielre),

7#S(‘XV(:)E:T)

(D" @(F 2 s(Xih),  Us(Ko) = (7T )s(K1)  (r € Z).
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Fori € I, r € Z', by equation (3.1.19), we have

(Yv)s(xi) = (—1)"®(Z7")s(X7)

(=)™ (@(ZF)h)s(235)
= (—1)"hs X (27,) = hs(27,).

This implies ¥svs = hg. Thus, 95 extends to a homomorphism U ;}er;\[s — &s.

We now check that 15 satisfy the relations involving the node 0. This is done in
a similar way as in Theorem 3.1.1. For ¢ € I, using (1.3.13) and the relations in the
group, we obtain

O(7)s(X5) = (V' T+ Tn-1)s(XF) = Xy (i # N —1),

O(7%)s (X 1) = (27 DT, - 'fN—lfN—2>s(X]:\t[_1’0) = X7,

Thus, the relations involving the nodes 0,1 and 2 follow from the relations involving

the nodes 1,2 and 3 in U;’”;[TS using the equation
Uo(X5) = (1) (7 ) rethrs( X5 ,) (i € 1), (3.1.20)
For the relations involving the nodes 0,1 and N — 1 we use
Us(Xi5) = (1) (@ )TN D(F ) agthag (X ) (1= 0,1, N —1).
And for the relations involving the nodes 0, N — 1 and N — 2 we use

wS(Xz:f:r) = (_]')r(dm_n)ir(l_(Si’O)@(?_3>735¢73S(Xi:5-3,r) (2 =0,N—-1,N— 2)

A

We check the equation (¢ h)s = (vnp)s on the Chevalley generators e;, i € 1.
The proof for f;,t;, i € I, is analogous. By (1.3.11) and (1.3.23), we have

(1 h)s(es) = a(Xi) = Xy = va(afy) = (vnp)s(es) (i 1),

(1 h)s(eo) = s(Xifo) = ®F)ra(Xify) = (Tyhy - T B A ) ra(X)
= (TyL, - T ) s(X),

(vne)s(eo) = vsns(Tn—1 -+ 1 X )s(@T0) = vs(Tyly - Ty ' X0) s (2 y)

= (Txt, - TR0 (X)),
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Finally, we show ;! = (7/ ¢/ 1)s.
By Lemma 2.1.6 and the identities (1) v)s = hs, (Y h)s = (v1¢)s, we have

W' (v))s = WA @ )n)s = W0 h)n)s = (L h)en)s = (vneen)s = vs,

(W' ' (hh)s = (L' (" R )p)s = (7 v')n)s = (Y v)s = hs .

Thus, (¢ 7' ¢'1)s = 15 on both U;”sA[S and U;OT’;[S, but they generate &. There-
fore (¥ /' 1n)s = 15 on &.

This completes the proof. n

Since the Miki automorphism sends the vertical subalgebra U;”;[S to the hori-

zontal subalgebra U, ;“”;[S, from Proposition 2.1.2 we obtain the following corollary.

Corollary 3.1.10. Let N > 3. For generic values of parameters, horizontal map

hs : quA[S — & is injective. In particular, U(?‘”’;[S 18 1somorphic to UqﬁAls. O

The key property used in the proof of Theorem 3.1.9 was the compatibility of

with the braid group action which we describe in the next proposition.

Proposition 3.1.11. The automorphism s satisfies
(¥B)s = (P(B)Y)s (B € By,). (3.1.21)

Proof. 1f B=T,, i € I, we use (3.1.1), (3.1.2) and the first two equalities of (3.1.18)

to show (3.1.21) is satisfied on the horizontal and vertical subalgebras. We have

WTv)s = (WoT)s = (WT)s = (Ti h)s = (T; ¢ v)s = (D(T}) ¥ v)s,
WTih)s = (WhT)s = (wneT)s = (Tivne)s = (T h)s = (B(T)) ¢ h)s.

~

Since the horizontal and vertical subalgebras generate &, we have (¢T})s = (P(T})1))s
on &;.

The case B =T is equation (3.1.20).

Since gN is generated by YA}, J/i\l and 7, it it remains to check the case B = JAJI.

From the previous cases we have

W7)s = (B V)e = (V' Th - T 1 9)s
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Thus,
G_l @Z)_l)s = (¢_1 fj;il o 'Tl_l yl)s - (fﬁil o ',fl_l ¢_1 371)57
or equivalently
W I = Gty T e,

By the first equality of (2.1.30), equation (3.1.4), and the last equalities of (2.1.6)
and (3.1.18), we have

~

W)s = @ @W)HI) ™ )s = (T (D)™ (T) @) i)s

O
Finally, we describe how Miki automorphism changes the grading.
Proposition 3.1.12. If X € & is homogeneous, then
deg; (¢s(X)) = — degy(X), A (3.1.22)
deg; (¢s(X)) = deg;(X) + deg;(X) — degy(X) (i € I).
Proof. The proposition follows from (1.3.25), (1.3.27), (2.1.21), and (2.1.23). O

Note that, if X € U;”;[S, then (3.1.22) reduces to (1.3.25). And, similarly, if
X € U;LOT;[S, then (3.1.22) reduces to (1.3.26).
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4. REPRESENTATIONS

A version of this chapter is pending publication in “Algebras and Representation
Theory”, see [6].

In this chapter, all superalgebras are considered with standard parity.

4.1 Level (1,0) modules, bosonic picture

In this section, we construct &,,,-modules of level (1,0) using vertex operators.

It will be useful to consider the following notation. Let [T = {1,...,m — 1},
I"={m+1,...,N—=1}, I' ={0,m} and I = [+ UT~ UI"'. In particular, if n = 1,
we have [~ =0, and if m =1, I+ = 0.

4.1.1 Heisenberg algebra

Let H be the associative algebra generated by H,,, ¢;,, i € I,jel U {m},

r € 7>, satistying

[Hima Hj,s] == 67“4—5,0 : —’ , (411)

[Ci,’l‘a Cj,s] = 5i,j5r+s,0 .

[Hi,ra Cj,s] =0.

Note that (4.1.1) is equivalent to equation (2.1.19) with C' = q.

Denote by H* the (commutative) subalgebra generated by H; ., c;, with £r > 0,
iel, jel U{m}

Let F be the Fock space generated by a vector vy satisfying H;,vy = ¢;,vo = 0,
forr>0,iel,jel U {m}. Thus, F is a free H~-module of rank 1

F =Hvy =H vp.



46

Moreover, since det([rAi’j]d_’"MiJ)ij <; # 0, F is an irreducible H-module.

4.1.2 Level (1,0) &, ,-modules

Let Qujn be the s, root lattice and let C{Qy,,} be a twisted group algebra of

(QQmjn generated by invertible elements e®, 7 € I, satisfying the relations

(=1)feilosdeseni (G 5 e T+ U {m}),
e¥ie =

e%ie® (iorj e I7).

Define e : I x I — {£1} by

p

(—1)leiles) (G5 € TTU{m},i> ),
e(i,j) = { (=)0 (i=0,j€{1,m}),

1 (otherwise).

\

Note that

eiet = e(i,§)e(j, i)e®e™  (i,j € ).

Let . be the integral lattice generated by elements ¢;, i € I—u {m}, with bilinear

form given by
{ciles) = 0y

Define Q = Q. @ Q. and extend the bilinear forms on @,,, and Q. to Q by
requiring (a;|c;) = 0. Set also (Alc;) = 0, for any gl,,,,, weight A.

Let C[Q.] be the (commutative) group algebra of ., generated by elements e,
i € I- U {m}, and define C{Q} = C{Qun} ® C[Q.].

For oo =3, moy + de,u{m} spcr € @, define

ea — (6041)7‘1 ... (eamenfl)T'menfl(ecm)Sm ... <€Cm+n71)5m+n71‘ (412)

Then, {e*|a € Q} is a basis of C{Q}.
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Let Q C Q be the sublattice of rank N —1 generated by o, o, +cpy, 0+ — ¢,
ielt,jel, and let C{Q} be the subalgebra of C{Q} spanned by e*, o € Q.

Following [20], a £1A[m|n weight A is a level 1 partially integrable weight if and only
if A=A;, i &I or A= (1—a)Ag+alh,, aeC.

Set
m+n—1 )
= Z Ci (A:Ajajeji%
N m+n—1
A=ahyn—a ) ¢ (A= (1—-a)Ao+ah,,, a € C).

Given a level 1 partially integrable weight A, define the vector superspace
Fa = FRC{Q}e.

For v € F, a € Q, the parity of v ® e} € Fy is [v @ e®et| = (1 — (=1)™)/2, where
rm is the multiplicity of o, in a as in (4.1.2).
Define an action of the algebras # and C{Q} on F, as follows.
ForvE]-“,ozEQ,set

z(v® eo‘eA) (xv) ® el (x € H),
v ® eaeA) VR (eﬁeae]\) (B€Q).
In particular, Fy is a free H~ ® C{Q}-module of rank 1.
Introduce the zero-mode linear operators zTHio g0 z*cio f, Jj e I-u {m},
acting on Fj as follows.

For v ® e®eh € Fa, with o =7, ., mag + Zkef*U{m} S1Cr:, set

ZEHi0 (y @ eel) = pE{oiloth) s BierndiiMiny, @ ek
qﬂ:ai,o (U ® €a€A> q:|:<ai a+A>U ® eaeA
A0(y @ e2el) = pE(lorh)y @ goeh,
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Forieland je I~ U{m}, let

r>0 [T]
+ o Cjtr T
i (z) = Z ——z
’ r>0 [T] 7

and define

D7 (2) = zexp(H; (q7'2)) exp(—H;f (2)) e =",
I7(2) = zexp(=H; (2)) exp(H (¢7'2))e 2,

(2

CF(z) = exp (£¢; (2)) exp(ZFc;r(Z))eicjzicj’O.

Note that these currents act on the larger space F ® C{Q}e]\. However, their
products considered on Theorem 4.1.3 below preserve the subspace F, C F ®(C{Q}e]\.

The following is proved by a direct computation.

Lemma 4.1.1. Fori, j eI, r € Z*, we have
[rAi

[
Define the normal ordering by
rys (r<0)
CLrYs = (xwyr € {Hi,raci,'r‘})7
YsTy (T > 0)
s Ae® =1 e%A=e"A (€ Q,A e {zHo greio zEeoly,
petiet =i, j)en T (i, €1,

and extended inductively from right to left on larger products, e.g., : abe :=: a(: be :) :.
Given two currents X (z) and Y (w), we say that the product X (2)Y (w) has con-
traction (X (2)Y (w)) if

In this text, all contractions (X (2)Y (w)) are Laurent series converging to rational

functions in the region |z| > |w|.



Lemma 4.1.2. Fori,jel, klel U {m} we have

= ( z—w)(z — q:FQw))Ai’i/2

(
. M Aij GA M S
= 2(i,]) (2 — d Mg The) M (i ),

)

)

)= ((z = qu)(z — g7 'w)) ",
) =<l

)

)

I

(PETT (w)) = e(i, ) (2 — dMow) ™17 d-AesMis/2 (i #7),
(CE(2)CE(w)) = (2 — w)™ |
(Cr(2)CF (w)) = (2 — w) O

Proof. Let € € {£1}.
Equations (4.1.4)-(4.1.7) follow from

<Z:|:€Hi,06€04j> — ZiAi’j diAi,jMi,j/27
(exp(LeH; (2)) exp(eH; (w))) = (1 B q%)q:Ai,i/2 (1 B q_1%>:FAi,i/2 |
A
(exp(LeH;" (2)) exp(eH; (w))) = <1 - diMijEfF
The equations (4.1.8) and (4.1.9) follow from

<Z:|:€Ck’0 eECl> — Ziék,lj

w

(exp(Lecf (2)) exp(ec; (w))) = (1 - ;)ﬂk’l :

These contractions are checked by a straightforward computation.

Let 0, be the g-difference operator

49
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Theorem 4.1.3. The following expressions define a graded admissible &,,),,—module

structure of level (1,0) on Fy.

C= q, Kz:tl = qiauo, Hi,'r = Hi,r (Z S j),
E(2) = TH(2) et
F(2) = T7 (2 et

By (z) = d"T;,(2)Ci(d™2)

Fin(2) = T,,(2) 2:[C,, (d"2)]
Ei(2) = d®" 0T (2) « G (d*'2) 0:[CLy (& 2)] - (iel),
Fi(z) = d®"70T7 (2) : Gy (dP7712) 0:[CF (dP72)] - (iel),

Eo(2) =T (2) 0:(Cppypa (d"7"2)]
Fo(z) = d" "I (2)Cp 1 (d77"2).

Proof. The C, K relations are clear.

The H-H, H-E and H-F relations follow from Lemma 4.1.1. Note that H;,
commutes with ¢;(z) for all possible ¢, j.

We now check the E-E relations.

If i = j € I, it follows from (4.1.4) that

DF ()T (1) = TF ()T () (ﬂ)/

g 2z —w
which is equivalent to the E-FE relation.
Ifielt, jelandi+#jweuse (4.1.5) to get

dMiiz — g\ M e (i, )
w— dMiig=lz '

IF ()T (w) = T ()T (2) (

J
but in this case (i, j) = (—1)4g(4,), which is the needed sign.
The cases with i € I~ or i = J € I' follow from the above equations noting that
e(i,j) = €(j,7) and, by (4.1.8) and (4.1.9),
(CEE)CF () = (~1)™ (CHw)CE(2))
(z = w) (CF(2)CF (w)) = (=1)% (2 — w) (CF (w)Ci(2)) -
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For example, if i = m + 1 and j = m, let € € {£1}, we have
dqz — w)(w — dg'2)
(dmlqfw — d™mz)

= d'?7™(dz — ¢"“w),

(dgz = w) (T ()T () (Con(@™ ) Ch(@m2)) = a2

and
(dz — qu)(z —d~'q"'w)
(dmz — dm™1gw)

= dY?7™(dz — ¢"“w).

(dz — qu) (T ()T, 1y () (Co(d™2)Co (47 g w)) = d?

This shows (dz — qw)Ep,(2) Eper(w) = (dgz — w) B (W) Ep(2).
If i,j € I' and i # j, we have (i, j) = (—1)%=1+1g(j, 7). Thus,
BB, ) = (1)t ) (2 D)
Therefore, the E-FE relations hold for all 7,5 € I.
The F-F relations are analogous.
The E-F relations are trivial for |i — j| > 1. For i or j € It with i # j, it follows
directly from (4.1.7).

Ifiel-U{m}and j=i+1, we have

(Ei(2) Fipa(w)) = (Fia (w) Ei(2))
_ d4m—2i—1 <Fj(z)F;r1(w)> <Ci+(d2m—iz)ci+(d2m—i—lw)> _ dﬁm_3i_3/2.

Thus, [Ei(z), Fit1(w)] = 0.

The case i € I~ U {0} and j = i — 1 is treated similarly. Due to the presence
of the g-difference operators d, and d,, in a non-trivial contraction, the expansion of
: Ei(2)F;(w) : has four normal-ordered summands. However, the coefficient of each
summand is a Laurent polynomial. Thus, [E;(z), F;—1(w)] = 0.

If i = j € I, we have

(D ()05 (w)) = (( : ) (12 > ).

z —qu)(z — ¢ 'w)

(D5 (w)TF (2)) = ( — ) (ol > |2)).

z=qu)(z = ¢ 'w)
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We can change the region where the second rational function is expanded to the

same region as the first one by adding ¢-functions

1
((z —qu)(z - qlw))(w>>z|) - (4.1.10)

1 1 w 1 z
a ((Z —qu)(z — q_lw)) (|2[>|w]) - qu?(q — q_l)é <q;> - q2* (gt — Q)(S <qa> .

Now,
mé (q%) TH()T (w) = (q_—lq—1>6 (Q%) K (w),
1 z + _ 1 z .
md <qa> ()0 (w) = _(q——q_l)5 <q6> K (2).

Therefore, the E-F relations follow for i = j € I,

For i = 5 = 0 we have

EO(Z>F0<UJ) =dm Fa_(z)ra (U)) : aZ[C;LJrnfl(dm_nZ)]C;‘r—LJrnfl(dm_nw)7
Fy(w)Ey(z) = d™ " : Ty (w)I'F(2) + Cf 4oy (d77"w) 0.[Chrppy 1 (A7 72)].

By (4.1.9), we have

1
z—w

m—n m—n - m—n 1
A" " Cpia (@MW) Cp 1 (A7 72) = w— 2 (Jw| > |z]).

" Co (") O (@7 0) =

(2] > [wl),

Then,

Bu(2). Fow)] = T (0): 0. |8 (2) 5 G s (0" 0)Crpnaa2) .

w z

Now, for all j € I~ U {m}, we have

) <%) L CF(w)C5 (2) =0 (%) exp(¢; (w) — ¢ (2)) exp(cf (2) —¢f (w)) =6 (%) :
Thus,

B2, Fofw)] =< T ()T () 0. | 16 (L))
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Therefore, the E-F' relations also follow for ¢ = 0. The case ¢+ = m is analogous and
the case i € [~ is longer, but checked by the same procedure.

In any admissible representation, it is enough to check the quadratic relations,
then the Serre relations follow automatically. Namely, the Serre relations are checked
by commuting each summand and passing to a common region of convergence of
the rational functions by adding suitable d-functions. We check the quartic relation
(2.1.13) with ¢ = m as an example.

Write the ten summands in (2.1.13) as follows. Let
Em(Zl)Em+1(’wl)Em(Zg)Em_l(w2> = E. (4111)

Then, using the E-F relations, write the remaining terms of (2.1.13) in the form

(d21 —q wz)(dzl - qwl)

Epi1(w1) B (29) By 1 (w2) By (21) = (dq 121 — wo)(dgz1 —

E, (4.1.12)

w)
E

Ep(21) Byt (w2) By (22) By (w1) = EZZ - Zw;%;d(fz - Z:; | (4.1.13)
Bt (1) By (21) Erp 1 (w3) B (2) = E;lz? - 2‘] wz;gj;;__qz;]a, (4.1.14)
B 05) B (1) B (1) () = (G2 L NEA 0 Wty (4.1.15)

By 1(w2) B (22) Ep1 (01) B (21) =
(dzm - q 'wy)(dz1 — qui)(dgqzy — wi)(dzy — q_lwz)E (4.1.16)
(dq_121 — "LUQ)(qul — ’wl)(dZQ — qwl)(dq_1z2 — wg)

Bl Bl Bt ) =

?

(4.1.17)
. (d=mn— q two) (dqze — wy)(dgz — wy)
En2) B 102) B (1) B (1) = (dg='z1 — w2)(dgz — w1)(dz2 — qwl)E7
(4.1.18)
oy (dz — q twy)
= [21 B (21) Enpi1 (w1) B -1 (w2) E (22) = —[2] —(dq—lzg — wQ)E’ (4.1.19)

(dz1 — g wy) (dz1 — quy)(dgze — wy)
2 (dg='z1 — wy)(dgz1 — wy)(dze — qwl)E
(4.1.20)

— [2] B (22) By (01) By 1 (wa) B (21) =
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The rational functions of the r.h.s. of the equations (4.1.12)-(4.1.20) are expanded
in the region given by the increasing order of appearance of the coordinates in the
L.h.s.. For example, the rational function in equation (4.1.12) is expanded in the
region |wy| > |29 > |wa| > |21].

Summing up Lh.s. of equations (4.1.11)-(4.1.20) we get the expansion of (2.1.13).
The sum of the rational functions in the r.h.s. vanishes as a rational function. How-
ever, similar to E-F' relation, we must switch to the common convergence region and
verify that the coefficients of the delta functions yielded also vanish at the respective
support, cf., (4.1.10).

For example, we choose |z3| > |ws| > |21] > |wi| as a common region. The
rational function in the r.h.s. (4.1.14) in this region becomes

G4 MR I - s () 6 (2 -

(dq='zo — wo)(dgzy — wy) Wy quo

(dzp — g wn)(1 - q2)5 (dq21> (A —g?)(da — qui) ¢ (dzz) ‘

C](dqfl/ZQ - wz) w1 qfl(dqzl - wl) quwa

Other terms are similar. After changing the region of convergence of all rational

functions the d-functions yielded are § (@), o (dqi), ) <%>, 4] (d‘ﬁ) o <dg—?> and

qu?2 w1 w2 w2

) (;%22) ) <dgj1 >, and the coefficient of each one vanishes at the respective suport.

Thus, (2.1.13) with ¢ = m is proved. O

4.1.3 Screenings

The &,,j,-modules obtained in Theorem 4.1.3 are not irreducible in general. To
find their irreducible quotient, we follow [23],[21], and introduce the following £-n
system.

We set Res, (>

ez @iZ ") = ay.
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For i € I- U {m}, introduce the screening operators

& = Res, (Z_IC«_(Z)) ,

7

n; = Res, C;F (2),

acting on Fy, with A = A;, 5 & I', or A = (1 — a)Ag + al,,, a € Z.
The odd operators &;, n;, satisfy

[51,773'] = i,
[§i7£j] = [77@777]] = 07
Fa = &niFa ®ni&iFa,
for all 4,5 € I= U {m}.
Define
¢= I & n= 11 =
iel—u{m} iel—u{m}
Proposition 4.1.4. IfA=A;, i ¢ I' or A = (1 —a)Ao + al\,,,a € Z, the screening

operators n;,i € 1~ U {m}, (super)commute with the &E,,,-action on Fp given by

Theorem 4.1.5. Thus, kern and cokern are &,,),,-modules.
Proof. Tt is enough to show [n;, C;t (w)] = [n;, 0,C; (w)] = 0.
Using (4.1.8) we have
[, € (w)] = Res.[C}F (2), G (w)] = 0,
and by (4.1.9)
i, 0uCi (w)] = 9 (Res: [Ci (2), Cf (w)]) = 9 (1) = 0.
O

Level 1 partially integrable representations of U ;[m‘n with m # n were con-
structed in [21] using the formulas in Theorem 4.1.3 for ¢ € [ and d = 1. Our

space Fy differs from theirs by the extra current Hy(z) present in U] gl The

conjectural identification given in [24] and [21] in our context is the following,.
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Conjecture 4.1.5. We have the following identifications

V(A) = kern = néFa, (i el),
V(1 —a)Ao + aly) = Fa—ayro+arn (a e C\Z),
V((1—=a)Ag + aly,) = cokern = EnFi—arg+ahsn, (a € Zsy),
V((1—a)Ao+ aly) = kern = nEF1-a)ro+ahm (a € Z<o),

where V(A) is the irreducible highest weight U;e”a[ -module with highest weight A.

mln

4.2 Evaluation homomorphism

In this section, we construct an evaluation map from &, to a suitable completion
ﬁq g[m‘n of U, thm. We follow the strategy used in [15].
4.2.1 A completion of U, gA[mm

For r € Z*, let

q(m—n—i)r 4 qir

o q —q"
ﬁz,r - q(ifmfn)r + q(2m7i)r . R (421>
- (1el™)
q —q

The coefficients 3;, are solutions of the system

ZB@T[T‘A@]’] = 0 (j € [) .
il

Then, the elements h, = >, ; Bi hi, € U, é\[m|n commute with U, ;[mln c U, é\[

m|n

and satisfy

—Tr

1c"—c¢
hrahfs - 67" s - - .
] = Gegsol(n = ) 15—

Set h(z) =D jeqx iz F.

We use a completion of U, g[m‘n, denoted by qu 5{ obtained by performing the

mln»

following two steps.
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Let @m‘n be the root lattice of ;[mm. The algebra U, g/;\[ contains the group

mln
algebra C[@mm] of the root lattice @m|n generated by k; = ¢®,i € I. As a first step,
we extend it to the weight lattice in a straightforward way. Namely, let P be the
f’A[mln weight lattice and C[P] the corresponding group algebra spanned by ¢*, A € P.
We have an inclusion of algebras C[@m‘n] C C[P]. Let Up be the superalgebra
Up =10, g[m‘n B (@] C|[P] with the relations
quA’ _ qA-i-A” (]0 =1, (]AJT?:(Z)(]_A _ (]i<A|ai>£E?:(Z) (A,A/ c P)
For each i € I, the superalgebra Up has a Z-grading given by
deg;(z7,) = £0;;,  deg;(hy,) = deg,(¢") = deg;(c) =0 (j €I,k € Z,r € Z*).
There is also the homogeneous Z-grading given by
deng(x;%k) =k, degs(h;,) =, degs(¢") = degs(c) =0 (jel,k€Z,reZ”)
Thus, the superalgebra Up has a Z™t"-grading given by
deg(X) = (deg,(X),...,deg,,,,_1; degs(X)) , X e Up.

As the second step, we define ﬁq g/y\[ to be the completion of Up with respect

mln
to the homogeneous grading in the positive direction. The elements of ﬁq gA[m‘n are
series of the form Z;’is g, with g; € Up, degs g; = J.
Lemma 4.2.1. We have an embedding
]

AU, g[m‘n—module V' is admissible if for any v € V' there exist N = N, > 0 such

that zv = 0 for all @ € U, gl,,,, with degsz > N. Any admissible U, gl,,,,-module is

mln

also an ﬁq 3[ -module.

m|n

A U, gA[mm—module V' is called highest weight module if V is generated by the
highest weight vector v:

V=U, é\[mmv, e;v =0, kd(2)v = ¢*v, tiv = v, iel, jel.

Highest weight U, é\[ -modules are admissible.

m|n
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4.2.2 Fused currents

Introduce the following fused currents in (qu é\[

m|n

m—+n—2

Zi _ .

X+(Z) = H (1 o Z‘Jlrl) $7tz+n—1(q mn 1C ZmAn— 1) x:’r_LJri(q mHe 1Zm+i>"'
i=1 ¢ ]

(g ) (g7 ) (0 e )

)
Z1="""=Zm4n—1=%

fm+n—2
@ =| T (1= fortae ) o) et -

[ =1 “i /]
"x;z+i(q_m+zc_lzm+i)"'x;ﬂ-n—l(q_m—’—n lc_lzm—i—n 1) )
1= =Zman—1=2
m+n—1
Hk:t q i Z H k:ﬁ: —2m+]c—lz)
j=m+1

See [14] for the details on fused currents.
The homomorphism v = vg, where s is standard, defined in the Lemma 2.1.2 maps

the element hy, in the following way

1 . e
U(hO,r> - BT ’YO,T‘HO,T + Z (7@’,7‘ - ﬁi,rdzr)Hi,r + Z (f)/j,r - 6j,'r‘d(2m 2 )Hjﬂ“ )

ieltu{m} jei-
where {7;,},c; and {3, },c; are the fixed solutions of the systems (2.1.22) and (4.2.1),

respectively.

For each r € Z*, define

hO,r =

/BOThO’I’ + Z Bzr /er i hzr+ Z Bjr ’7], d- (@m=1) )hjﬂ’

Yo,r
iel+u{m} jei-

Thus, v(hg,) = Ho, for all r € Z*.
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Define Ay, B4,,r € Z~o by

-1

m+n—1
Ar: q_q (iLOr_FZ hzr+ Z 22m] 7")7

cr—cr

j=m+1
q_q, m-+n—1
A_ — h —r 3 —2m—+j)r
e (e e S ),
Jj=m+1
q_q m+n—1
B. = h g (2m— j’l"h
T CT—CfT ( Or+zq zr+ Z q j?">7
j=m+1
q_q_l ~ m m+4n—1
Bfr:_cr_c_r hO,fr"i_Z(C q hzfr"i_ Z - 72m+] h] —r |
=1 j=m+1

and let A*(2) = > A2, BE(2) = 0,0 Barz ™

Let alSO IC — qum+n_1fA1' We haVe ’Cl‘,jt(Z)lcil — q:':(51,i+5m+n71,i)x;t(z)'

Theorem 4.2.2. Fiz uw € C*. The following map is a surjective homomorphism of

superalgebras evy : Eppp — ﬁq é\[m‘n with C? = ¢§*™"

K—1 Cwrc H"(2)— h(z),

Ei(2) = 2] (d'2), Fi(2) = z;(d'2), KF(z)— kF(d'2) (i e I* U{m}),
Ej(2) v o (d®™72),  Fy(z) =~ 2 (d™72), Kif(z)w— kf(d®™72)  (jel),
Eo(2) = u~ e~ X (2)e+ B,

Fo(z) = u K 1eP-G X (2)eP+®),

Moreover, the evaluation map ev, is graded. More precisely, if X € &), and

deg(X) = (do,d1, - .., dmin_1;ds), then deg(ev, (X)) = (dy — do, . .., dpsn_1 — do; ds).

Proof. For simplicity, we fix u = 1 and write ev; = ev. The relations with no index

0 are clear.
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Forief,r>(), we have

[hi’r,eA_(Z)] — ZT€A_(Z)C_T Z Mq_JT + Z [T’A%]] q—(Zm—j)r 7

— T - r
jertunt jel-
[hig, X~ (2)] = =2"X"(2)c™" E uq—ﬂ + E : [r :J]q—(Qm—])r
r r
jeltu{m} jei-

Thus,

[T’Az"o]
r

ev([Hir, Eo(2)]) = 2"¢" ev(Ep(z)).

The H-FE relations with » < 0 and the H-F relations can be checked in the same way.
To check the E-F relations we first use (A.1) and (A.2) to get

-1 05,1
eV(EO(Z)Ei (’LU)) = @A_(Z)X_ (Z) ev(Ei (w))eA+ (Z)IC <M> qiéi,m+n71*6i,1 ,

Z— quw

_ + w — q3z 6i,7n+n71
ev(E,(w) Ey(2)) = e ) ev(Ey(w))X () K (—) |
w—q; 2

Fori# 1,m+n—1, ev([Ey(2), E;(w)]) = 0 by (A.13).
For i = 1, the E-E relation reduces to

(g2 — dw) e ) X~ (2)at (dw)]e DK =0,

which follows from (A.18). The case i = m +n — 1 is similar. The case i = 0 is
checked using (A.3), (A.4) and (A.9).
The F-F relations are verified by the same argument.

For the E-F relations

ev([Eo(2), Fi(w)]) =0 (i #0),

we proceed as in the E-E case by bringing A~ (z) to the left and A*(z) to the right
using (A.3) and (A.4). The relations then follow from (A.13), (A.16) and (A.17). The
same is done for ev([E;(2), Fo(w)]) =0 (i #0).
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For the i = 0 case, using (A.1),(A.6) and (A.10), we get
ev(Eo(2)Fy(w)) = e @B X (2)XF (w)e? FeB ),
and similarly
ev(Fow) Eo(2)) = e P X )X (2)eH e )
By (A.20),

ev([Eo(2), Fo(w)]) = %(5 (c%) k™ (w) — 6 <c§) k+<2))6A+(Z)eB+(w)'

The relation (2.1.7) with ¢ = j = 0 follows from
e BB — [2(2), e eWeBT W) = (kT (w)) 7,
AT BT W) — ft (), eATEBTE) = (i (2)) 7,
where ki = exp (j:(q —q¢ Y0 }Nzoyﬂz”).
Finally, we check the Serre relations.

For the relation

ev (Sym,, ,[E1(z1), [E1(22), Eo(w)]lg-1) = 0

we use (A.1) and (A.18) to obtain

ev (By(z1) Bo(w) Ex(22)) = q (

22 — q3w

1
Z2—q w

) ev (B (21)E1(2)Ey(w)) ,

ov (Bo(w) By(en)Eu)) = o (20 ) (2280 Yoy (532 Bu( ) )

n—q w) \z—qlw
Thus,
Sym,, ., (ev[E1(z1), [E1(22), Eo(w)]glg-1) =
(1-¢*)w

g3(w — qrz1)(w — ¢122)
where the last equality follows from the quadratic relation for z7 (dzy)z{ (dzs).

Sym,, ., (21 — ¢*22) ev (Ey(21) By (22) Eo(w))) = 0,

The Serre relations in all the remaining cases are checked in the same way.

The statement about grading is straightforward. O

By Theorem 4.2.2, any admissible U, 3 [.i,-module of generic level ¢ can be pulled

mln
back by ev, to a representation of &, with ¢§"™" = ¢* and ¢ = ¢*. Such &,

modules are called evaluation modules.
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Commutation relations

In this appendix, we collect some useful formulas for commutation relations of various

currents.

Lemma A.0.1. Fori € I, we have

P 0;,1
eA+(z)x;F(dw)@—A+(2) — ;(;;L(dw) (%) ) (Al)
_ 6i,m+n71
e—A—(z)x;—<dm—n+1w>€A_(z) — x;—<dm—n+1w) (w—q_g,lz) , (AZ)
w—q, %z
B 9i1
6A+(z)$i—(dw)e—A+(z) = 27 (dw) (%) 7 (A.3)
Z—cqzw
. —1 6i,m+n71
6—A*(z)xi—<dm—n+1w>€A*(Z) _ $i_<dm_n+1w> (W) , (A4)
w — Cq3z
o —1 5i,m-‘,—n—l
6B+(Z)$2_(dm_n+lw)e_3+(z) _ :L'?_(dm_n+1w) % , (A5)
z—c g3 w
e . w—c gtz b
e BT @yt (dw)eP” ) = 2 (dw) (m) ; (A.6)
—1 §i,m+n—1
€B+(z)l‘i— (dm—n+1w)e—B+(z) = (dm—n+1w) (M) , (A?)
Z— quuw
. 0;,1
e B (dw)eP @) = o (dw) (ww_—;?’fz) , (A.8)
1
2
€A+(Z)6A_(w) — eA_(w)€A+(Z) (Z _ w) —, (A.9)
(z — @w)(z — ¢ w)
AT () B (w) _ B (w) At () (2~ cgaw) (2 — ¢ _ 1‘12 w), (A.10)
(z — cw)(z — clw)
N2
BT (@) B~ (w) _ B (w) B (2) (z —w) —, (A.11)
(z — Qu)(z — g w)
-1 -1
B () A7 (2) _ gA™(2) B (w) (2 = ¢ gpw)(z — cgy w)_ (A.12)

(z — cw)(z — c7lw)
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Lemma A.0.2. The fused currents X*(z) satisfy

[2E(2), X5 (w)] = [zE(2), XF(w)] =0 (t#1,m+n—1), (A.13)
q(w — ¢ 'gz2) X (2)af (dw) = (w — ¢ gy 2)a] (dw) X (2), (A.14)

a(z = )X (D)2 oy (@) = (2 = g W)t (@ )X (2),
q(z — cquu) X (2)a7 (dw) = (2 — cgz 'w)ay (dw) X (2),

(A.15)

(A.16)

q(w — cgz2) X (2) a7 1 (A7) = (0 = cqy 2)a, g (A7) X (2), (AT)
(2 — g5 w)[X(2), 27 (dw)] = (w — ¢32)[X"(2), 23 a (A" )] = 0, (A.18)
(w = g32)[X"(2), 21 (dw)] = (2 — g5 w)[XT (), Ty (A7 w)] = 0, (A.19)
(A.20)

X7 (). X ()] = (=0 (2 ) K (2) 46 (2) k- (w),

w

q9—q z

[XE(2), XE(w)] = 0. (A.21)
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