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ABSTRACT

Zhang, Yang Ph.D., Purdue University, August 2020. Microlocal Methods in Tomog-
raphy and Elasticity. Major Professor: Dr. Plamen Stefanov.

This thesis compiles my work on three projects.

The first project studies the cancellation of singularities in the inversion of two
X-ray type transforms in the presence of conjugate points. In the first part of this
project, we study the integral transform over a general family of broken rays in R2.
One example of the broken rays is the family of rays reflected from a curved boundary
once. There is a natural notion of conjugate points for broken rays. If there are
conjugate points, we show that the singularities conormal to the broken rays cannot
be recovered from local data and therefore artifacts arise in the reconstruction. As for
global data, more singularities might be recoverable. We apply these conclusions to
two examples, the V-line transform and the parallel ray transform. In each example,
a detailed discussion of the local and global recovery of singularities is given and we
perform numerical experiments to illustrate the results. This part is based on the
paper [1]. In the second part of this project, we extend the result of cancellation
of singularities in the presence of conjugate points to the integral transform over a
generic family of smooth curves. This part is based on the draft [2].

The second project studies the recovery of singularities for the weighted cone
transform I,, of distributions with compact support in a domain M of R?, over cone
surfaces whose vertexes are located on a smooth surface away from M and open-
ing angles are limited to an open interval of (0,7/2). This transform models data
are obtained by a Compton camera with attenuation and a realistic angle of view.
We show that when the weight function has compact support and satisfies certain

nonvanishing assumptions, the normal operator I} ], is an elliptic VDO at accessible



ix

singularities. Then the accessible singularities are stably recoverable from local data.
We prove a microlocal stability estimate for I,,. Moreover, we show the same analysis
can be applied to the cone transform with vertexes of cones restricted on a smooth
curve and fixed opening angles. This chapter is based on the work [3].

The third project studies the phenomenon of Rayleigh waves and Stoneley waves
in the isotropic elastic wave equation of variable coefficients with a curved boundary.
Most recently in [4], the authors describe the microlocal behavior of solutions to the
transmission problems in isotropic elasticity with variable coefficients and curved in-
terfaces. Surface waves are briefly mentioned there as possible solutions of evanescent
type which propagate on the boundary. In this project, we construct the microlocal
solutions of Rayleigh waves and Stoneley waves, describe their microlocal behaviors,
and compute the direction of their polarizations. Essentially, the existence of these
two kind of waves come from the nonempty kernel of the Dirichlet-to-Neumann map
(DN map) on the boundary. Inspired by the diagonalization of the Neumann operator
for the case of constant coefficients in [5], we diagonalize the DN map microlocally up
to smoothing operators by a symbol construction in [6]. This gives us a system of one
hyperbolic equation and two elliptic equations on the boundary. Then the solution
to this system applied by a WDO of order zero serves as the Dirichlet boundary con-
dition of the elastic system, and the Rayleigh wave can be constructed basically by
using the parametrix of elliptic systems, as it is in the elliptic region. The wave front
set and microlocal polarization can be derived during the procedure and they explain
the propagation of Rayleigh waves and the retrograde elliptical particle motion. The
part of Stoneley waves can be analyzed in a similar way with a more complicated

system on the boundary and a similar result holds.



1. INTRODUCTION TO MICROLOCAL ANALYSIS

In this chapter, we summarize important results for Fourier integral operators and
most of them are presented without proofs. For a more complete treatment, see
[7-10]. Before that, I would like to introduce the applications of microlocal analysis
in tomography first.

An important inverse problem arising in medical imaging and biomedical research
is to reconstruct the unknown density function of the medium from its integral trans-
form. The microlocal singularities of the density function (also called the "features”)
provides enough information about the shape of organs or boundary of layers, espe-
cially when in some cases the exact reconstruction is impossible due to limited data.
An example of this is the local tomography, which studies what part of the wave front
set could be obtained from the integral transform in a stable way.

From the perspective of microlocal analysis, these integral transforms are usually
Fourier integral operators (FIOs) as defined in Section 1.3. On the one hand, the
microlocal singularities i.e. the wave front set of the unknown densities and the
data, can be related by the canonical relations of the integral transform I as an FIO.
On the other hand, when we apply the adjoint to the data as the first attempt of
reconstruction, the calculus of FI1Os tell us the properties of the normal operator I*1.
When the Bolker condition is satisfied, i.e. 7x in (1.9) is an injective immersion,
the normal operator is basically a pseudodifferential operator (!DO), which admits a
parametrix if it is elliptic. This is the case of the transform in Chapter 4. Otherwise
artifacts may arise and the microlocal stability is violated, for example, the transforms

in Chapter 2 and 3.



1.1 Distribution densities on manifolds

Let X be a n-dimensional smooth manifold. To invariantly define Fourier integral
operators and the principal symbols on X, we introduce the concept of disribition
densities. Densities can be regarded as the sections of a line bundle over manifolds
as we will see in the following. Recall the definition of vector bundles in [11]. A
vector bundle of rank £ over X is a topological space E together with a subjective
continuous map 7w : £ — M, called the bundle projection, satisfying the following

properties for each p € X

(1) the fiber E, = 7 '(p) is endowed with the structure of a k-dimensional real

vector space.

(2) there exists a neighborhood U of p in X and a homeomorphism ® : 7= }(U) —

U x R¥, such that the diagram commutes

(1) 2 U x R

and for each ¢ € U, the restriction ® to E, is a linear isomorphism from £, to

{q} x R* = Rk, Such ¥ is called a local trivialization of E over U.

Example 1. (1) A vector bundle of rank 1 is called a line bundle. The product

X X R is a trivial line bundle.

(2) The tangent bundle TX and cotangent bundle T*X are vector bundles of rank

n.

Let V be an n-dimensional vector space. A density p on V of order s is a map

p:Vx...xV =R
N————

n copies
such that for any linear map 7' : V- — V', we have p(Tvy, ..., Tv,) = |det T|*p(vy, ..., v,).
We denote the space of all densities on V' of order s by Q,(V'). On a smooth manifold



X, we can define Q,(7,X), the space of densities on the tangent space T, X at a
point x € X. Notice Q4(7,X) can be naturally regarded as the fibers of a smooth
line bundle 4(X) over X. In this way, a density on M of order s is a section of
Q4(X). We denote the space of smooth densities on X of order s by C*(X, ).
Densities pull back under smooth maps in a similar way as differential forms.
Moreover, let (U;, k;) be two coordinate charts on X, for i = 1,2. Each &; gives us
a diffeomorphism from U; to R™ and defines a density p,, = (k) "*(p) over R™. If

U, N Uy is nonempty, then we have
Prs = (Pry © (F1 0 Ky ")) - | det D(ky 0 5y )",

This implies that for a density p of order one with compact support, we can define a
coordinate invariant integral [ pdz over X. For p € C*(X, Q) and 7 € C*(X,Q_s),

there is a continuous bilinear form

(p,T)E/p~de,

if one of them has compact support. Furthermore, we can define D'(X, ), the
distribution densities of order s, as the dual space of C*(X,Q;_¢). In particular,
when s = %, we have the half distribution densities D'(X, € /2) as the dual of the half
smooth densities C'*(X, €2y ,).

1.2 Symplectic geometry

A symplectic vector space is a vector space V with a non-degenerate antisym-
metric bilinear form o, where the non-degeneracy means o(vy,v') = 0 for Vo' € V
implies 7 = 0. An example is T*R" equipped with o((z,§), (2/,£")) = (z,/ &) — (z,&).
Conversely, any finite dimensional symplectic vector space have even dimension and
is symplectically isomorphic to T*R"™. If Vj is a linear subspace of V', then we can

define the compliment of V; under o as

VP ={veV:ow)=0Y €V}



Then we say V; is isotropic (coisotropic) if Vi € V7 (V7 C V). If V) = V{7, we say V;
is Lagrangian. Notice a symplectic vector space V' mush have even dimension and
its Lagrangian subspace must have dimension equal to %dim V.

A symplectic manifold S is a smooth manifold with a closed smooth two form
o, which defines a symplectic form o, on the tangent space T, X for any x € X. A
submanifold S; is said to be isotropic (coisotropic, or Lagrangian) if this is true for
T,S; as a linear subspace of the TS, for each s € S;. A diffeomorphism between
two symplectic manifolds that preserves the symplectic forms are called a symplecto-
morphism. Locally there is symplectomorphism between S and 7T*R" and we can

choose a so-called symplectic local coordinates x, £ such that

{wi, 25} ={&,§} ={2:,§} —6;; =0, o= dej A dz;,

where {} is the Poisson bracket induced by the symplectic form. In particular, the
cotangent bundle 7% X is a symplectic manifold with dim7*X = 2n. There is a
canonical one form w satisfying o = dw. If Y is a submanifold of X, then the conormal

bundle N*Y = {(y,n) € T*X : y € Y,n|r,y = 0} is a Lagrangian submanifold.

Example 2. Let fi,..., fi be smooth functions in an open set U of X and suppose
their differentials dfy,...,df, are linearly independent. Then Y = {z € U; fi(z) =
... = fr(x) = 0} is a submanifold of X with dimension n —m. The conormal bundle

is NV ={(y, ;A dfj) :y €Y, A € R}

The conormal bundle of a smooth submanifold is the most common type of La-
grangian submanifold we have when using microlocal analysis to deal with tomogra-
phy problems.

Besides, the cotangent bundle 7" X is a conic submanifold. Roughly speaking, by
conic we mean we can define a free group action of R, in its fibers. The N*Y is also
a conic Lagrangian submanifold. One can show that a n-dimensional closed subman-
ifold A is a conic Lagrangian submanifold of 7*X \ 0 if and only if the canonical one
form w vanishes on A. Although a conic Lagrangian submanifold A is not necessarily

in form of N*Y with Y as a smooth submanifold, yet it can be locally defined as



this. More precisely, there exists homogeneous symplectic coordinates x, & such that
in a small conic neighborhood A is defined by = = 0. Furthermore, A can be locally
parameterized by a non-degenerate phase function, of which the definition is in the
following.

Let ¢(z, 0) be a smooth real valued function in an open conic set I" of X x (R 0).

We say ¢ is a phase function if it is a smooth real valued function homogeneous of

degree one in # and d¢ # 0.

Definition 1. A phase function ¢ is called clean with excess e if
Cy = {(@,0) € T 6h(x.0) = 0}

is a smooth manifold with tangent plane defined by d¢,(z, ) = 0 and there are N —e
linearly independent differentials among d(9¢/06;),j =1,...,N.

Definition 2. A phase function ¢ is called non-degenerate if ¢ = 0, i.e. the

differentials d(0¢/06;),7 = 1,..., N are linear independent.

If ¢ is non-degenerate we have dimCy = dim X. If A is a smooth conic sub-
manifold, then it can be locally parameterized by a non-degenerate phase function ¢.
Particularly, by choosing a proper local coordinates, the phase function has a unique

form
o(z,0) = (x,0) — H(0), (1.1)

where H(#) is smooth, homogeneous of degree one, and locally A = {(H'(£),€)}.
Besides this unique form (1.1), we have many choices of phase functions to pa-
rameterize A. One can increase or decrease the number of # variables by performing
change of variables, which implies that we can eliminate the excess of a clean phase.
However, near fixed 7y € A, the number of # variables cannot be fewer than the

dimension of T,,)A N1}, X, where z, is the projection of v, onto X.



1.3 Lagrangian distributions

In the following we present Hormander’s definition of Lagrangian distribution

sections in [12].

Definition 3. Let X be a smooth manifold, A C 7%X \ 0 a smooth closed conic
Lagrangian submanifold, and E a smooth vector bundle over X. Then the space
I'™(X, A\; E) of Lagrangian distribution sections of E, of order m is defined as the set
of all u € D'(X, F) such that the iterated regularity condition holds

Ly...Lyu€®H*, ,.\y(X, E) (1.2)

for all N and all properly supported L; € W!'(X; E, E') with principal symbols ap(L?)

vanishing on A.

Here *H %;’f(X , /) is the Besov space, which can be roughly regarded as the space
of elements whose Fourier transforms are in the modified Sobolev space H®. This
definition describes Lagrangian distribution sections of any smooth vector bundles.
We can take E as the line bundle Q4(X). In most cases, we consider the trivial line
bundle ' = X x R, which gives us the Lagrangian distributions in the usual sense.

We will omit E as I"™(X, A) when it is the trivial line bundle in what follows.

Example 3. Let Y be an arbitrary C'*° submanifold of X and take the conormal bun-
dle N*Y as the Lagrangian A. This gives us the conormal distributions /(X ,Y).

For a Lagrangian distribution u € I"™ (X, A; E), its wave front set WF(u) is con-
tained in the closed Lagrangian submanifold A. Indeed, if (¢, %) does not belong to
A, then one find a small conic neighborhood of it away from A such that Lq,..., Ly
is non-characteristic in this neighborhood. Then by (1.2), we have w is regular up to
arbitrary order if we choose N large enough, which implies u is smooth near (x, £°).

If Ais a UDO of order zero, then we have Au € I"(X,A; E). Conversely, if for
each (z9,£%) € T*(X) \ 0 one can find A € U° properly supported and nonvanishing
at (o, &%), such that Au € I™(X, A; E), then we have u € I™(X,A; E).



This property allows us to describe a Lagrangian distribution u by localizing it
near some fixed (zg,£%) € A. Moreover, in a small conic neighborhood T” of (g, °),
we can choose proper local coordinates x at xg such that A is locally defined as
A= {(H'(£),£)}, with a smooth function H homogeneous of order one. Notice the

map

(H'(€).§) = ¢ (1.3)

is a diffeomorphism in I'V. We can assume u has compact support in [/, otherwise we
can apply a cutoff ¥DO of order zero and non-characteristic in I} C I'" to it and the
difference is smooth outside I'}. By choosing Ly,..., Ly properly related to H, one

can show that there is v(¢) € S™"/4(R"), a symbol of order m — n/4, such that
We) = MO = (@) = @m) P [ HOy e ag, (1)

where the phase function z-§ — H(§) is a special case of the non-degenerate one. Here
the order of v as the symbol does not depends on the cutoff YDO that we choose.
If we parameterize A by a non-degenerate phase function ¢(z, ) and this locally

gives us the map

Co = {(2,0); doop(x,0) =0} = A ={(z,£)}
(z,0) = (z,de(x,0)),

(1.5)

which is a diffeomorphism. In this case, the symbol v(£) in (1.4) will be transformed
into a new amplitude a(z, ) € S™F=2N)/4(R™ x RV) and u has the local represen-

tation
u(w) = (2m) "2/ [ 450z, 6) ap, (1.6)

One can show conversely if a distribution is the form of (1.6), then it is a Lagrangian
distribution associated with A defined in Definition 3.
To define the principal symbol of u, we define the Hessian matrix

" "
Tx z6
b =

1 1
Ox 00



with ¢ non-degenerate. (7 rank® ?7) For these two local representation, if A =

{(H'(§),€)}, one can show
0(€)| €7 — alx, 0)e™ B /4| det @] 2| €|z € S™HVAN(A, Q2), for (x,60) € Cy,

where (z,0) is a function of € by the diffeomorphisms in (1.3,1.5). Here v(¢)] d¢|2
is a half density on A. It turns out a(z,8)|det®|~2| is also a half density on
Cy. Indeed, Let A = (¢,,...,¢, ) be the local coordinates on Cy4, which can be
achieved by (1.3,1.5). We can extend A to a complete coordinate system by adjoining
dg,®,...,dgy® near (xg,0y), where 6y is determined from & = dg¢(zo,6y). Then we
define the one-density dc on Cy by

_ | D(z,0) _ O
de = ‘D()\,dggb)“d/w = | det |77 ¢],

where d is the Lebesgue density. Therefore a(z,0)|det ®|72| = a(z, 0)d3 is a half
density on Cy, which is invariant if we change the local coordinates. For the Maslov

factor e'mssn®/4

, changing coordinates results in a new degenerate phase function but
the Hessian matrix still has the same size, and the factor is always a power of the

imaginary unit . Thus, we define the principal symbol of u by
1 1
v(&)]d¢)2 = (2m)"*a(w, 0)dZze™E P/t € SmIATY (A Q ), for (z,0) € Cy,  (1.7)

where St/ AL O /2) is the symbol class containing sections of €2y, over A. One
can introduce the Maslov bundle M, and regard the principal symbol « as an el-
ement in S™TYA(A, My ® 91/2)/57”*”/4*1(/&, My & Q4/2). Additionally, when A is
a closed Lagrangian submanifold, the mapping u — « is an isomorphism between
(X, A Q12(X) @ B) /T (X, A Q2(X) © E).

More generally, the phase ¢(x, ) we use to parameterize A is clean with excess e
instead of non-degenerate.We can split § variables into two groups, 0 = (¢',60"), where

0" are the N —e variables such that the Hessian matrix is non-degenerate and 6" are the



e variables that parameterize the excess set C¢ = {(,0); ¢p(x,0) = 0, ¢, (z,0) = £}

In this case, let

17 17
b — zT z6’

2 2
ox Poer
and then the principal symbol is given by
v(&)] délz = (27r)"/4/c a(z,0)dze™ e 49" € ST for (2,0) € Cy. (1.8)

3
1.4 The calculus of Fourier Integral Operators

In this subsection, we consider the operators whose kernels are Lagrangian distri-
butions. Suppose X,Y are smooth manifolds. Recall the Schwartz kernel theorem
which states there is a bijection between the continuous linear map K : C3°(Y) —
D'(X) and the distribution k(z,y) € D'(X x Y). The Schwartz kernel theorem is
true in the case of densities if the orders match, particularly for the half densities. If
we require the kernel k(x,y) € I"™(X x Y, A), where A is a closed conic Lagrangian of
T*X xT*Y, then the corresponding operator K is called an Fourier integral operator.

To avoid zero sections, in addition we assume A C (T*X \ 0) x (T*Y \ 0) in the
following. With this assumption, the operator K maps C§°(Y') to C*°(X) conitnously
and therefore can be extended to a continuous map from &'(Y) to D'(X).

Recall WF (k) € A. This property combining with Hérmander-Sato Lemma in-
dicates where the wave front set of a distribution with compact support belongs to
after we apply the operator K to it. To better describe this, we introduce the concept

of the homogeneous canonical relation, i.e. a twisted version of A,
C=AN= {(xagaya _77) €T X xTY : (1:757?/777) € A}7

which is a conic Lagrangian submanifold w.r.t. the symplectic form ox — oy. For
such C' and a conic set I' C T*Y, one can define the composition C o I' = {(z,¢) :
(x,&,y,m) € C,(y,n) €T} Ifue &(Y), then we have WF(Ku) C C o WF (u).
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Definition 4. If the kernel of an operator F' is a Lagrangian distribution in 1™ (X X
Y,C), then F is called an Fourier integral operator of order m associated with

the canonical relation C.

A canonical relation is called a (local) canonical graph if it is the graph of a
(local) symplectomorphism from 7*Y to T*X. For FIOs associated with conical
graphs, one can define elliptic FIOs at least microlocally if their principal symbols

are nonvanishing.

Example 4. (1) All ¥DOs are Fourier integral operators who canonical relations

are the diagonal of T*X x T*X.

(2) The pull back induced by a diffeomorphism is an elliptic Fourier integral oper-

ator associated with a canonical graph.

For convenience we always assume C' is a homogeneous canonical relation from

T*Y'\0 to T X \ 0 which is closed in 7*(X x Y")\ 0. We have the following projections.

C C
PN PETEN o
X ™Y X Y

Proposition 1. If wx,wy have subjective differentials, then
rank dry — dim X = rankdnmy — dim Y.

Notice dim C' = dim X+dim Y. It follows that 7x is an immersion, i.e. rankdmy =

nx + ny if and only if 7y is a submersion, i.e. rankdry = 2dimY.

Proposition 2. If rankdny = k 4+ dim X (i.e. rankdmy = k4 dimY ), then every
A e I™(X xY,C") is continuous from LZ(Y,Q2) to L2,.(X,Q1/2), provided m <
(2k —dim X —dimY')/4.

This theorem implies the continuity of the H* space.
If A € I™(X xY, ") with principal symbol a € S™/4(C; Mc®Q 2(C)), then its
adjoint A* is also an FIO belonging to the class I (Y x X, (C~!)). Tt has the principal
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symbol s*a € S™A(CY M1 ® Q4 /9(C1Y)), where s is the map Y x X — X x Y
interchanging the two factors.
Let C be a smooth homogeneous canonical relation from 7*Y \ 0 to 7%X \ 0 and

Cy another from 7*Z \ 0 to T*Y \ 0 in what follows. Define their composition as

Cl o C12 = {(.T,&,Z,C) : (%fayﬂ?) € 017 (?JJ%Z,C) S 02}7

which can be treated as the image of C':= (C} x Cy) N T*X x A(T*Y) x T*Z under

the natural projection

:T*X x AT*Y)xT*Z = T*X x T*Z,

C— (T"X x T*2Z) \ 0. (1.10)

We say the composition is clean is C is a manifold with tangent space equals to the
intersection of the tangent spaces of Cy x Cy and T*X x A(T*Y) x T*Z everywhere.
We say it is proper, if the map (1.10) is proper. We say it is connected if the set
C, C C, defined as the preimage of v € C', is connected. With the proper condition,
apparently C, is a compact manifold with dimension equals to the excess e of the
clean intersection. With these definitions, now we have the clean composition calculus

of Fourier integral operators.

Theorem 1 ( [8] Theorem 25.2.3). Let both of Ay € I (X x Y,C}), Ay € I"™ (Y x
Z,C%) are properly supported. Assume the composition C' = Cy o Cy is clean, with
excess e, proper and connected. For vy € C, denote by C, the compact e dimensional

fiber over «y of the intersection of C; X Cy and T*X x A(T*Y) x T*Z. Then
Ay Ay € T™tmatel2(X 5 7.
and the for the principal symbols ay,as,a of Ay, As, A1 As, we have

CL:/ a1 X ag.
Cy

Here ay X ay is the density of C., with values in the fiber of Mc @ Qy/2(X X Z).
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2. THE BROKEN RAY TRANSFORM
2.1 Introduction

This chapter is a slightly modified version of the previous work in [1]. The pur-
pose of this work is to study the integral transform over a general family of broken
rays in the plane. A broken ray in the Euclidean space is usually defined as a linear
path reflecting from the boundary once, which will be an important example of the
broken rays we define, see Section 2.5. In fact, one motivation of this work is the
reconstruction of an unknown function from the integral transform over such bro-
ken rays in medical imaging. This integral transform is called the V-line transform.
It is related to the Single Photon Emission Computed Tomography (SPECT) with
Compton cameras in two dimensions, and has been studied in [13,14].

We define a more general family of broken rays. Suppose f is a distribution with
compact support. Roughly speaking, a broken ray v is the union of two rays /; and
Iy that are related by a diffeomorphism, as in Figure 2.1. For more details of the

definition, see Section 2.2. The broken ray transform

Bf(w) = [ a(w(t), o(0) (vt (2.1
is a weighted integral of f along v, where a is a smooth function. One way to think
about this is to imagine that there is a curve smoothly connecting l; and [y, then B
becomes an X-ray type of transform over smooth curves. The connecting curve plays
no rule in the analysis, if we always assume that f is compactly supported away from
it.

The goal is to understand which singularities of f can be recovered from the
transform Bf, i.e., whether we can recover f up to a smooth error. More specifically,
what part of the wave front set WF(f) can be recovered. Conjugate points naturally

exist for broken rays, see Section 2.3. One would expect and we confirm that recovery



13

Figure 2.1. Left: a general broken ray, where /; and [, are related by
a diffeomorphism. Right: a broken ray in the reflection case.

of singularities are affected by the existence of conjugate points on v. Much work
has been done for the class of X-ray type transform with conjugate points [15-18].
In the case of the transform for a generic family of smooth curves [19], if there are
no conjugate points, the localized normal operator is an elliptic pseudodifferential
operator (VDO) of order —1. Injectivity and the stability estimates are established,
which in particular implies that we can recover the singularities uniquely. When
conjugate points exist, however, artifacts may arise, and in some situations they
cannot be resolved. A similar situation occurs in synthetic aperture radar imaging
[15]; it is impossible to recover WF(f) if the singularities hit the trajectory of the
plane only once, because of the existence of mirror points. On the other hand, if the
trajectory is the boundary of a strictly convex domain and we know a priori that
f has singularities in a compact set, then we can recover WF(f) from the global
data. However, as shown in [15] this is a global procedure and there is no local
reconstruction. In the case of X-ray transforms over geodesic-like families of curves
with conjugate points of fold type, a detailed description of the normal operator is
given in [16]. Analysis of the normal operator for general conjugate points is done
in [20]. Further, [17] shows that regardless of the type of the conjugate points, the
geodesic ray transform on Riemannian surfaces is always unstable and we have loss
of all derivatives, which leads to the artifacts in the reconstruction near pairs of

conjugate points. It is also proved that the attenuated geodesic ray transform is well
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posed under certain conditions. Most recently, [18] provides a thorough analysis of
the stability of attenuated geodesic ray transform and shows what artifacts we can
expect when using the Landweber iterative reconstruction for unattenuated problems.

One important example of this setting is the V-line transform. As is shown in
Figure 2.1, the diffeomorphism is given by the law of reflection. As mentioned above,
we are motivated by the SPECT with Compton cameras in two dimensions. SPECT
based on Anger camera is a widely used technique for functional imaging in medical
diagnosis and biological research. The using of Compton camera in SPECT is pro-
posed to greatly improve the sensitivity and resolution [21-23]. The gamma photons
are emitted proportionally to markers density and then are scattered by two detec-
tors. Photons can be traced back to broken lines. The mathematical model is the
cone transform (or conical Radon transform) of an unknown density. Various inver-
sion approaches for certain cases are proposed in [14,24-35]. The V-line transform
can be considered as a special case in two dimensions [13,14], where each vertex is
restricted on a curve and is associated with a single axis. There are also some in-
jectivity and stability results when we allow the rays to reflect from the boundary
more than once [36-41]. These reconstructions are from full data and most of them
assume specific boundaries at least for the reflection part, for example a flat one or
a circle. It also should be mentioned that the broken ray transform or the V-line
transform sometimes refers to a different transform from the one we consider in this
work, see [42-45]. In their settings, the V-line vertices are inside the object with
a fixed axis direction. The integral near the vertices in the support of f makes it
possible to recover singularities there. In this work, however, the vertices are always
away from support of f, which make the recovery more difficult.

Another motivation is the application of parallel ray transform in X-ray lumines-
cence computed tomography (XLCT). A multiple pinhole collimator based on XLCT
is proposed in [46] to promote photon utilization efficiency in a single pinhole collima-
tor. In this method, multiple X-ray beams are generated to scan a sample at multiple

positions simultaneously, which we mathematically model by the parallel ray trans-
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form, see Section 2.6. In fact, we can regard the parallel ray as a ray reflecting off a
boundary at infinity.

We are also motivated by the scattering problem for the equation (—A—M\+V)u =
0 in R?/Q with Dirichlet or Neumann boundary conditions, where {2 is a domain with
smooth boundary. The recovery of the potential V' from the boundary data is related
to recover its integral over rays reflected from the boundary in the high frequency

limit.

2.1.1 Main results

We are inspired by [15,17,18] and the main results are

(1) The local problem is locally ill-posed if there are conjugate points, i.e., singu-
larities conormal to the broken rays cannot be recovered uniquely. We describe

the microlocal kernel in Theorem 3.

(2) For the V-line transform and the parallel ray transform, the global problem
might be well-posed in some cases for most singularities, because singularities
can be probed by more than one broken ray. The recovery depends on a discrete
dynamical system (a sequence of conjugate covectors) inside the domain, see
(2.25). This is a discrete analogue of propagation of singularities as in [15]. If
this sequence goes out of the domain, then we can resolve the corresponding

singularity.

This chapter is structured as follows. In Section 2.2, we define the broken ray and
introduce some notation and assumptions. In Section 2.3 and 2.4, we introduce con-
jugate points and conjugate covectors along broken rays and give a characterization
of them. Then we consider the local problem, i.e., the data Bf is known in a small
neighborhood of a fixed broken ray. We show that B is an FIO and the image of
two conjugate covectors under its canonical relation are identical. Singularities can

be canceled by these conjugate covectors. This implies that we can only reconstruct
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f up to an error in the microlocal kernel. We also provide a similar analysis for the
numerical result as in [18], if the Landweber iteration is used to reconstruct f. In
Section 2.5 and 2.6, we apply these conclusions to two cases, the V-line transform and
the parallel ray transform, as mentioned above. The conjugate points appearing in
the V-line transform coincide with the caustics in geometrical optics, see [47]. Addi-
tionally, when the boundary is a circle, we show that there exists conjugate points of
fold type as well as cusps. Geometrically, the caustics inside a circle are an interest-
ing problem itself, which can be traced back to the middle of the 19th century [48].
As for the parallel ray transform, the conjugate covectors have simple forms and the
sequence of them is given by translation, see (2.28). In both cases, we discuss the
local and global recovery of singularities and we perform numerical experiments to
illustrate the results. In particular, for rays reflected from a circle, we connect our

analysis with the inversion formula derived in [14].

2.2 Preliminaries

Throughout this work, we assume f is a distribution supported in a compact set
and we use angular brackets to denote the inner product of vectors in R?. We say a
singularity (x,&) is recoverable from the broken ray transform if that Bf is smooth
implies (x,&) ¢ WF(f).

Let v(a) = (cos o, sin o) and w(a) = (—sin, cos ). We use (s, ) to parameter-
ize a directed line {zr € R?*|z - w(a) = s} with the direction v(«) and the unit normal
w(a). Note that (s,a) and (—s,a + m) belong to the same line but have opposite
directions.

Let x : (s1,01) — (S2,0a2) be a given diffcomorphism. Suppose [; is a portion
of the line (s, 1), which starts from infinity and ends at a point. Suppose [y is a
portion of the line (s, ay), which starts at a point and ends at infinity. A broken ray
v is defined as the union of /1 and [y if they are related by (s2, a2) = x(s1,1). We

call [; the incoming part and [y the outgoing part of v. We say v is regular if these
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two parts do not lie in the same line. In this case, the part [; and ls might intersect
in the support of f but their conormal bundles are always separated.

We say I' is a smooth family of broken rays associated with y, if

(1) T is open and each broken ray in I can be parameterized by its incoming part

(517 041)7

(2) there exists a smooth function go(s,«) such that the starting point of the
outgoing part of each broken ray (si, ;) is given by ¢o(s1, ;) and satisfies
(qo(s1,01),w(g)) = so; the similar is true for the endpoint of the incoming

part.

We always assume we are given a smooth family of broken rays.

2.3 Conjugate points

In Riemannian geometry, the conjugate vector of a fixed point p is a vector v
such that the differential of the exponential map d, exp,(v) is not an isomorphism.
The conjugate point is the image of v under the exponential map, for more details
see [16,49]. Conjugate points also exist in the case of broken ray transform, for
example, the caustics in geometrical optics, see [47,48]. The light reflected or refracted
by a curved surface forms an envelope, which is the conjugate locus of the source.
In this section, we define the exponential map and compute the conjugate points for
broken rays. We show below that conjugate points on [; and [, do not depend on
what kind of connecting curves we choose.

There are two different ways to parameterize a line. We can use the Radon
parametrization (s,«) as mentioned above, or we can parametrize it by an initial
point and an angle. We use the latter one to define the exponential map. Consider a

broken ray v, o, (t)

IL(t) =p+tv(a), —oo <t < iy,

lg(t) = qo —+ (t — t2)1)<042>, t 2 tQ Z tl.
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whose incoming part [, passes p and outgoing part [, starts from ¢y. Recall that qq
satisfying (qo, w(az)) = s2 is chosen to depend on (s1,«;) in a smooth way. The
time ¢ depends on the connecting curve and its parametrization. The analysis below
shows that t5 does not influence the conjugate point of p on ly. Observe that the
parameterization (p, ;) gives us a unique Radon parameterization (si,aq) by s; =
(p,w(ay)). If we fix p, then for each «; the diffeomorphism x gives a unique (s2, as),
i.e., we have s, as, and ¢y are all smooth functions of ay itself. In the following, we
use d%il to denote the derivative with respect to a;, when p is fixed and s; is given by
s1= (p,w(az)).

Now define the exponential map as exp,(t, 1) = Vpa, (1), for t € R, ay € [0,27).
We say ¢ € [y is the conjugate point of p if there is some (¢,aq) such that the

exponential map is not a diffeomorphism for ¢ = v, 4, (t). When t > t,, the differential

ola(t)

of the exponential map in polar coordinates is represented by the Jacobi matrix o)

, where
({?Z — (t— tQ)dz(aaf) - ;lziv(az) + 3201
= (6=t (52) + (52wl we) + (52 v(a)) = 52)vas).
Then it has the determinant
det(dexp, (tv(a,))) = det { B g | = (t- tg)(;lz?) + <3q°,w(a2)>. (2.2)
1 an

The last equality comes from the observation that det[v(as) w(az)] = 1. Thus, the

determinant vanishes if and only if

(t— 1) 222 = 4 4o w(as)). (2.3)

day’
We are finding a solution to equation (2.3) satisfying ¢ > ¢5. There are two cases. If

—1
% = 0, then (;%2, w(aw)) is zero as well. Otherwise, we must have (%) (2%01, w(ag)) <

0. On the other hand, differentiating (go, w(ay)) = s with respect to a; shows

das _ dsz

w(az)) + (qo, _U(a2)>ﬁ = don

< qu

qu’

(2.4)
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With the assumption that y is a diffeomorphism, % and 2%21 cannot vanish at the

same time. This excludes the first case.
Suppose ¢ is the point on [, at time ¢ such that dexpp(tvl) is not an isomorphism.

We have t — t3 = (¢ — qo,v(a2)). By (2.3)(2.4), ¢ should satisfy the equality

daz _ _dss

(QW(%))E = iy (2.5)

Observe that the projection of ¢ on v(asz) together with its projection on w(az)
determines ¢ uniquely. On the contrary, if there exists ¢ on [ such that the equation

(2.5) is true, then the determinant of dexp,(tv(ay)) will be zero.

Proposition 3. Suppose Iy, I3, and qo as mentioned above. Let p be a fixed point on

l1. Then
(a) p has a conjugate point q on ly if and only if

(d&z)—l<@, w(a2)> S 0.

E dOél
. . . . o d 14
(b) If this occurs, q is uniquely determined by {(q,v(cs)) = —(ﬁ) TE
Here we use d%l to denote the derivative with respect to ay with p fixed and s; given

by s1 = (p,w(ay)).

Remark 1. If we consider the whole straight line where [, belongs instead of the
ray, then we can always find one and only one conjugate point ¢ satisfying (b), unless

daz — (), The condition (a) is to check whether this ¢ belong to the reflected ray that

doy

we define. Additionally, if we perturb ¢o a little bit, that is, let ¢ = qo + €(a1)v(as).

Then % = % + e(a)w(ag) + %all)v(og). We have

<@
d()él,

(9 ()

day’ w(ag)) + €(ay).

It shows a small enough perturbation of ¢y doesn’t change the sign of (2%, w(ag)).
Therefore the existence of conjugated points is not affected by the choice of ¢y in a

small neighborhood.
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Remark 2. Suppose p and ¢ belong to the incoming part [; and the outgoing part [y
of v respectively. If ¢ is the conjugate point of p, then we can show p is the conjugate

point of ¢ in some sense. Indeed, ¢ is conjugate to p if and only if

<mw»——@%)mﬁ—_%—$Www»
o day 7 doy Gz — G1(p,v(ar))’

Solving (p,v(aq)) out, we have

— 2 — Se2(g,v(as)

Oay Oa q, 2

b, v\« = - S o . 2.6
< ( 1)> gs? + gsf <q,’U(Oé2)> ( )

Now let v/ be a broken ray passing p and ¢ but with incoming part (ss,as) and

associated with y~1. We list the Jacobian matrix in the following

Osy  Osy 1 Oag  __ Osy

0s oo -1 -1 [oJe" Ooa
dv = 1 1 d — (d — 1 1
X Oaz  Odaz ’ (X ) ( X> det(dx) _ Oas OJs2
0s1 Oaq 0s1 0s1

Notice equation (2.6) exactly means p is the conjugate point of ¢ along v/'.

2.4 Microlocal analysis of the local problem

In [17], it is shown that in the geodesic ray transform singularities can be canceled
by conjugate points. In this section, we prove the analogous results in Theorem 2 and
3 for the broken ray transform. Recall the definition of a broken ray in Section 2.2.
Suppose v is a broken ray represented by (s, a). We define the broken ray transform
Bf as

Bf(s,0) = [ aly,s,0)f()dl,, (2.7)

v

where a(y, s, ) is smooth and nonvanishing. Comparing it with (2.1), here we use
different parameterization for the weight but still denote it by a.

Suppose f has support in a compact subset away from the connecting part. The
support of f implies the transform can be interpreted as a sum of Radon transforms
over two lines. We can only expect to recover the singularities in their conormal

bundles. In the following, we suppose vy is a regular broken ray. For fixed 1y, we
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consider (z1,&') and (2, &%) on its incoming and outgoing part respectively, with &
and €2 conormal to them. Let I'() be a small neighborhood of v and V* be disjoint
small conic neighborhood of (xy,&*), for k = 1,2. We choose these neighborhoods
small enough, such that V! is disjoint from the conormal bundles of all outgoing parts
and V? is disjoint from that of all incoming parts of broken rays in I'(vg). We project
V* onto R? to get the neighborhood Uy, of xj,. The set Uy, might intersect but V* are
always disjoint, for £ = 1,2. Figure 2.2 shows a special case when we have disjoint

Us.

T

Uy

(s1,001) (82, 2)

Figure 2.2. The small neighborhood Uy and (zy, &%), for k = 1,2.

To further localize the problem, we suppose WF(f) C V! U V2. For convenience,
we simply assume supp f C Uy U Uy. Let fr be f restricted to U, and By be B
restricted to distributions with wavefront set supported in V¥, for k = 1, 2. It follows

that
Bf = By fi + Bz fo. (2.8)

In a small neighborhood, B;f; can be regarded as the Radon transform of f; and
By fy as the Radon transform performing along the line (sq, ). More precisely,
the restricted operators B; and B have the following form up to some smoothing
operators

By = ¢oRyp1, By = ¢x" Rys,

where R is the Radon transform; ¢(s,a) is a smooth cutoff function with supp ¢ C

['(v); @ are cutoff WDOs with essential support in V¥, for k = 1,2; the pull back
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X*g(s,a) = g(x(s,a)) is induced by the diffecomorphism y. We should note that out-
side T'(vy), there might be another broken ray which carries the singularities (1, &%)
but with it in the outgoing part. Thus, we actually multiply ¢ to B itself as well to
make equation (2.8) valid.

To analyze the canonical relation of B; and By, we need that of Radon transform.

The weighted Radon transform is defined as

Rf(sa)= [ w(y,a)f(y)dy, (29)

(w(a),y)=s

where w(a) = (—sina, cosa), and w(y, «) is a smooth function.

Proposition 4. The Radon transform R is an FIO of order —% associated with the

canonical relation

C’R = {(<y,w(0&)>,0&,¢,>\<U<Oé),y>,y,él/-0/)}.

S s « n

where v(a) = (cos a, sin ) and w(a) as before. Specifically, Cr has two components,
corresponding to the choice of the sign of X. FEach component is a local diffeomor-

phism. The inverse is also a local diffeomorphism.

c%:@mw»@aAA@mxw>A—imua—maﬂgxs—@mwm (2.10)

7't (5,0,5,8) = (1) y = Zv(a) + sw(a), n=sw(a) (2.11)
Proof. We write the Radon transform as
Rf(s,a) = @m)~" [ [ eXem@iuy, a)f(y)ddy.

The characteristic manifold is Z = {(s, o, y)|®(s, a, y) = A(s — (w(a),y)) = 0}. Then
the Lagrangian A is given by

AN=NZ== (‘970[73/7\);/7 )\<’U(C¥),y>, —)VLU(OJ)), <w<&>7y> = S}'

Therefore, the Radon transform is an FIO associated with A and the canonical relation
Cg is obtained by twisting the Lagrangian. The sign of A is chosen corresponding
to the orientation of n with respect to w(a). It is elliptic at (y,n) if and only if
w(y, ) # 0 for o such that w(«) is colinear with 7. O
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Lemma 1. Suppose x : (s1,a1) +— (82, a2) is a diffeomorphism. Then x* : g(s2, ag) —

X 9(s1, 1) = g(x(s1,01)) for g € D' is an FIO whose canonical relation is a diffeo-

morphism
P P 1
CX* = {(81,061,51,041752,@27 (51,061)(03)() >7 (527062) = X<317041)}- (212)
—_————
(52,02)

Proof. The proof is similar to what we did in last proposition. The induced map x*

can be written as the following integral
glsran) = [ 8((s.0) = x(s1,01)g(s, a)dsda

— (2m)? / i (s=s2)txalaa2)) (s o)A\ dNodsda,

where x(s1, 1) = (S2,@2). The characteristic manifold is Z,» = {(s,, s1,01)| ¢ =

A1(s2 — ) + A2(ag — ) = 0}. The Lagrangian is given by

AX* = {<517a17 S, &, ()‘17 )‘2)<dX)> _(>‘17 >‘2)>7 (S,Oé) = X(Slval)}'

<I>sl,a1 Cbs,a

Let (A1, A2)(dx) = (51,a7) and replace (s, ) by (sg, ), we get the canonical relation

as is shown above (2.12). O

Theorem 2. We assume (z,£) and (y,n) are not conormal to the line joining x and
y. Suppose V1 is a small enough conical neighborhood of (x,&) and V? is that of
(y,n). Let By be B restricted to distributions with wavefront set supported in V*, for
k =1,2. Suppose Cy, is the canonical relation of By,. Then Ci(x,&) = Cs(y,n) if and

only if there is a reqular broken ray v joining x and y such that
(a) x and y are conjugate points along v.

(b) & and n satisfy & = dw(ay),n = det’(\dx)%w(ag) for some X\ # 0, where oy is

the angle of the incoming part and oo is that of the outgoing part of v.

Proof. The assumption (z, &) and (y,n) are not conormal to the line joining x and y is

to guarantee that if there is a broken ray that has (z,£) and (y, ) in its incoming part
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and outgoing part respectively, then this broken ray is regular. In this way, we can
always assume V! is disjoint from the conormal bundles of all outgoing parts and V2
is disjoint from that of all incoming parts of broken rays in the small neighborhood of
the fixed broken ray, which simplifies the problem. Observe that the composition xy*R
is also an FIO, whose canonical relation Cy-r = Cy+ o Cg is a local diffeomorphism.
Additionally, the multiplication of cutoff functions does not influence the Lagrangian.
Suppose the canonical relation of the restricted operator By is called Cy, : (x, £F) —
(s1,01,51,00), for k = 1,2. As a result, C is same as Cr and C5 is same as Cyp.
Suppose (s1, a1, 51, ay) is the image of (xq,£!) under Cg and (s, g, 55, @z) is that of

(m2,&%). That is, with s;, and ay, given by (2.10), for k = 1,2, we have

(aa C/¥\1> = )‘1(17 <ZE1, U(a1>>>7 (57 O/é\?) = )‘2(1? <I2, U(OQ))).

Then from the analysis above, C;(z1,&') = Cy(x2, &%) if and only if

(52,02) = x(s1, 1), (55,@) = (57,a1) (dx) -

The first equality says there is a regular broken ray v of which (s1, ;) and (s2, as)

are the incoming and outgoing part. The second condition is equivalent to

60@ 882

—(z,v(an)) 5, —(5— — (71, v(n))

681 ’ 80&1

/\1 (0&2

o oay 882 )
~ det(dy) \0ay '

5.
(2.13)

Aa(1, (2, v(az)))

ice 922 _ Oaz sy _ 9s2 dag dsy
Notice 532 — (z1,v(n)) 522 and 5.2 — (21, v(an)) 52 are exactly 922 and 272 if we fixed

x1 and consider sy, ap as functions of one variable a;. Therefore (2.13) can be written

as

/\1 dOéQ dSQ

Aa(1, (x2,v(an))) = det(dy) don ~ day

This implies Cy(z1,&') = Cy(xg, £2) if and only if

-1
(a) (x9,v(ag)) = —(%) 37521, i.e. x; and xy are conjugate points along v, by

Proposition 3.

(b) Ao = de&bx)%7 with £ = Mw(a;) and & = dw(ay).
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]

Remark 3. For v that is not regular, if (z,£) and (y,n) are not identical, then we
can perform a similar analysis by applying a cutoff DO instead of the cutoff function

¢ to B.

For (y,n) satisfying this theorem, we call it the conjugate covector of (x,&). Since
(' is a local diffeomorphism, it maps a small neighborhood of (x,&) to a small neigh-
borhood of (s1, a1, 57, a1). The similar is true with Cy. Then by shrinking V! and V2
a bit, we can assume C; (V1) = Cy(V?) = V.

Theorem 3. Suppose (z,£) and (y,n) are conjugate covectors along the broken ray
v. Suppose f; € E'(U;) with WF(f;) C V7, for j = 1,2. Then the local data, i.e. the

broken ray transform in a small neighborhood of v
B(fi+ f2) € H*(V)
if and only if
fi+ Fiafs € HVA(VY) & Foifi + fo € HV2(V?),
where Fiy = Bl_lBg and Fy = Bz_lBl.

Proof. We follow the arguments in [17]. Notice By is a FIO of order —3 elliptic at

(z,€). An application of the parametrix By ' to B(f, + f2) shows

B'B(fi+ f2) = fi + Fiafo.

Then Fiy = By ' B, is an FIO with canonical relation Ci = C;'oCy : V2 — V' and
Fy = By ' By is an FIO with canonical relation Cy, = Cy ' o Cy : VI = V2, O

Thus, given a distribution f; singular in V!, there exists a distribution f, singular
in V2 such that B(f; + f2) is smooth. One possible choice is fo = —Fy f1. It is
also the only choice up to smooth functions. We can introduce the concept of the

microlocal kernel as in [18], which is defined as the space of distributions, modulo
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smooth functions, whose images by B are smooth functions. Then for any h with
WF(h) C V!, we have h — Fyh in the microlocal kernel and this describes the later.
Therefore the reconstruction for f = f; always has some error in form of h — Fyh,
for some h. In other words, we can recover the singularities of f only up to an error
term of the form and therefore they cannot be resolved from the singularities of Bf.
On the other hand, suppose (z,£) € WF(f) is conormal to a regular broken ray v
and has no conjugate covectors along it. In the recovery of singularities of f from
local data, the covector (z,&) is recoverable according to this theorem.

With the notation above, we are going to find out the artifacts arising when we use
the backprojection B*B to reconstruct f, if there are conjugate covectors. Without
loss of generality, we assume the weight a(y, s, ) = 1 in the following. Suppose vy is

the broken ray in Theorem 2. In a small neighborhood of 14, we have
B*Bf = BB f1 + B{Bafs + B3 By fi + B3 Ba fo. (2.14)

Recall B; and B, are defined microlocally. Indeed, on the one hand, the assumption
on supp f; plays the same role as restricting the operator on Uy, for k = 1,2. For
simplification, we just ignore them. On the other hand, if we concentrate on the
small neighborhood of vy, then we exclude the broken ray which has (z,£) on its
outgoing part. Microlocally Bj is equivalent to the Radon transform operator, which
indicates B} By is an elliptic ¥DO of order —1. Especially, it has the principal symbol
4 /1€]. The similar is true for BsBs. As for BfBs and Bj B, since (x,€) and (y,7)
are conjugate covectors, these two operators are FIOs of order —1 associated with
canonical relation C;' o Cy and Cy ' o O respectively; if there are no conjugate
covectors, they are smoothing operators since the canonical relations are empty.
One can follow the same argument in [17,18] to show some properties of the normal
operators. In addition, similarly to Radon transform, we can apply a filter to before

the backprojection to get a zero order operator. We have
B*ABf - BikABlfl —|— BTABQfQ + B;ABlfl + B;ABQfQ,

where A = L,/—02.

47 S
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The canonical relation of B} is the inverse of that of By. Therefore by Egorov’s
theorem [12], BfABy, is a pseudodifferential operator of order zero. We denote the
principal symbol of a pseudodifferential operator P by o,(P). Recall Proposition
4, we have o,(A) o Cy = 1/(4nl€]) and o,(A) o Cy = 1/(47|n|), where Cj is the
conical transformation corresponding to By for k = 1,2. Thus, the principal symbol

of BiABy, equals to o(B;By)(0(A) o Ck) = 1, which implies
BiABy=1 mod¥' k=12

This also coincides with the inversion formula for Radon transform. Then with the
observation BfAByFy = BiABy and Fy BiABy = I, we have BfABy = Fj up to
a lower order. The same is true with B5AB;. Notice that the calculations are all
microlocal and up to order —1.

As a result,

pap= |4 M, (2.15)
Fp' 1d
where we follow the convention to think f = f; + fo as vector functions. It implies
when performing the filtered backprojection, the reconstruction has two parts of ar-
tifacts, Flofo in V' and Fy fy in V2. As in [18], one can show that Fj5 and Fy; are
principally unitary in H _%, and the artifacts have the same strength as the original
distributions.

Next, we consider the numerical reconstruction by using the Landweber iteration
as in [18]. For more details of the method, see [50]. We still focus on the local
problem, that is, we consider Bf in the small neighborhood of fixed 1. With the
notation above, we use a slightly different Landweber iteration to solve the equation
Bf = g, where g denotes the local data and it is assumed be in the range of B. We
set £ = A% B to have

(Id = (Id — yL*L)) f = 7L*Azg. (2.16)

Then with a small enough and suitable v > 0, it can be solved by the Neumann series

+o0 1
f=>"(1d—~L L) yLrAzg.
k=0
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The series converge to the minimal norm solution to Lf = A%g. Suppose the original
function is f = f1 + fo. We track the terms of highest order, that is, order zero, to
have the approximation sequence

fU =3 Ad =AM M = [ =3 (1 -2y )M
k=0 k=0
The second equality is from the observation M* = 2=\ for £ > 1. The numerical

solution is
fi+ Fiafo

1
2 Foifi + f2

Therefore, the error equals to %(fl — Fiafa) + %(fQ — F5 f1), which belongs to the

, as n — o0.

microlocal kernel.

2.5 Example 1: the V-line transform

In this section, we apply the conclusions above to the V-line transform. Except
in subsection 2.5.4, we suppose the weight function a(y,s,«) = 1. First we verify
the reflection operator is a diffeomorphism. Then we have the potential cancellation
of singularities due to the existence of conjugates points. Especially, we derive an

explicit formula to illustrate in which case the conjugate points exist.

2.5.1 The Diffeomorphism

Suppose 2 is a bounded domain with a smooth boundary that can be parame-
terized by a regular curve . Suppose 7y is negatively oriented and we choose its arc
length parameterization (1) = (z(7),y(7)). By negatively oriented, we mean when
we travel on the curve we aways have the curve interior to the right side. The unit tan-
gent vector is ¥(7) = (&(7),y(7)) and unit outward normal is n(7) = (—y(7), (7)),
where f(7) refers to 4 f. We still consider the local problems, and 7 could be just

part of 992. The signed curvature of 7 is defined as the scalar function x(7) such that

4 = k(T)n.
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Suppose a ray (s,«) transversally hits v at point v(7) = (x(70), y(70)) and then
reflects, as is shown in Figure 2.3. In a small neighborhood of such a ray, we have 7y is
a smooth function of s and o . The proof is simply an application of implicit function
theorem. Indeed, since F(7, s, a) = (w(a),v(m0)) —s = 0 with % = (w(w),¥(m)) #

0, it follows that 7 could be written as a smooth function, say 7y(s, «).

Figure 2.3. A sketch of a broken ray reflected on a smooth boundary
and the notation.

Differentiating F'(19,s,a) = 0 w.r.t. s and «, we get equations of % and %.
To distinguish (s, ) from the one we use for [, we replace them by (s1, ;) in the

following

o _ 1 _ k., O _ <"U(041)7;( 0)) _

951 {w(a), ) )

Claim 1. The reflection operator x : (s1,01) — (82, a2) is a local diffeomorphism for

Sa = ol » (2.17)

(s1,aq) that hits the boundary transversally.

Proof. As is shown in Figure 2.3, the reflectiony follows the rules:

=1 +20+m
(2.18)

sg = (7(70), w(2))

where § € (=7, %) is the incident angle. We use 3 < 0 to represent the case when
v(ay) has negative projection along .

Since sin = (v(ay),*(10)), it follows that 5 is a smooth function of s; and ay,
which has the derivative

9B _
s

98 _

ksa -
" 8051

kkq — 1,
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where k is the signed curvature. Then

80@ . aag i
8781—2/{]68, aal—kaa 1. (2.19)
Consequently,
Osy _  Ow(a) O(mo), _ Doy :
S = (5 ) + fwlar), ) = —{ulan) 1 (m) 5 + hufwas), ),
059 Ow () 0v(mo) Oy

Tk = (5 () + (i), 5 ) = ~(v(0). () G2 + Kafw(az). )

By row reduction, we have

il ks(w(az),7)  ka(w(oz), )
det (dx) = det = det

Oaz  Odap fola%) [ola%)
0s1 dap 0s1 day

Thus,

ks ko
det (dx) = (w(ag),5) det = —(w(ay),¥)(—ks) = 1.
2k, 2rk, — 1
The determinant of dy is nonzero and therefore y is a local diffeomorphism. m

2.5.2 Conjugate Points
The incoming ray [1(t) and reflected ray l5(t) are given in the following

ll(t) :p+t’U(Oél), Ogtgtl,

lr(t) = v(70) + (t — t1)v(az), t > 1,

where gy = 7(7p) is the intersection point on the boundary. Compared with (2.3), now
t;1 =ty and ¢ connects [; and [5. From now on, we use t; instead of t5. Recall that ﬁ
denotes the derivative with respect to o with p fixed and s; given by s1 = (p, w(ay)).

By equation (2.17)(2.19), a straightforward calculation shows

dOéQ . 2%151 _1 qu . tl .
doy <w(a1)77> T day <w(a1)77>%
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where t; = (qo — p, v(c1)) is the time or length from p to go. Plugging these back into
(2.2), we have

da
det(d, exp,(v)) = (t — tﬁ(i) — .
Especially, the matrix is in the following
depr(tv(Ch)) = | v(ae), ((t— tl)(%) —t)w(ag) ] . (2.20)

Corollary 1. Suppose an incoming ray ly hits the boundary v transversally at point

(7o) and then reflects. Let p be a fized point on ly. Then

dag

(a) p has a conjugate point q on ls if and only if do. > 0, more specifically, if and

only if ‘
<U)(O&1),’7(7‘0)>. (221>

<
(7o) 2,

(b) If this happens, q is uniquely determined by Aty = (fl%‘f)_lAtl, whereAt, = t,
is the time or length from p to v(79) and Aty = (q — v(79),v(2)) is that from
v(70) to q.

The statement (a) comes from the observation that the other factor <%‘1, w(as))

in Proposition 3(a) is always negative, as shown in Figure 2.3. This statement has a

Figure 2.4. Two broken rays intersect when as increases as a; increases.

straightforward geometrical explanation, see Figure 2.4. It says there are conjugate
points if and only if ay increases as «; increases.
For negatively oriented smooth curve that is the boundary of a convex set, the

curvature £ < 0 and the inner product (w(ay),%) < 0. The inequality actually says
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|k(70)] > %&)W Additionally, observe that (w(ay),”) = —cos 3, where ( is the
incident and the reflected angle. Each component involved in this criterion (2.21) is
geometrical and therefore is invariant regardless of what kind of parameterization we
choose for the boundary. We should mention that the equation in (b) coincides with

the Generalized Mirror Equation in [47], but is in different form and is derived from

the perspective of the exponential map.

Remark 4 (of Theorem 2). For the V-line transform, a broken ray is regular if and

only if its incoming part does not hit the boundary perpendicularly.

Example 5. Consider a parabolic mirror —4ay = x?, which has the focus at (0, —a).
Suppose there is a light source located at the point p = (0, —d). Here a and d are
positive constants we are going to choose later. We would like to know in which
directions of the light from p there are conjugate points. This example will illustrate
the criterion for conjugate points.

Let vy(z) = (=, —%) be the boundary curve. The intersection point is gy = y(zo).
Then the incoming ray has the direction along pgy, and w(oy),¥(xo), £(a0), t1 are
calculated directly by definition. After simplification, the criterion (2.21) is equivalent
to

(a— d)(ix% —ad) > 0.

We have the following three cases.

case 1: If d > a, then p has conjugate points if and only if the incoming ray hits the
boundary at the region 2? < ad, as is shown in Figure 2.5(a).

case 2: If d < a, then p has conjugate points if and only if the incoming ray hits the
boundary at the region 2? > Zad, as is shown in Figure 2.5(b).

case 3: If d = a, then p has no conjugate points for all directions, which coincides
with the fact that all rays of light emitting from the focus reflect and travel parallel

to the y-axis, as is shown in Figure 2.5(c).
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SN,
TN,

Figure 2.5. In (a) and (b), the bold part is the intersection region
where the incoming rays hit there and reflect with conjugate points.

Example 6. The second example is to illustrate that we have different types of
conjugate points, specifically fold and cusps, if we have a circular mirror with a light
source inside. We assume the mirror is centered at the origin O and the source is
always not there. Suppose the mirror has radius 1. We follow some notations in the
paper [17]. With p fixed, the tangent conjugate locus S(p) is the set of all vectors v
such that the differential of the exponential map d, exp,(v) is not an isomorphism.

By calculations in Section 2.5.2,

2/6151

(w(ar), (1))

where t; and 7y are smooth functions of a;. Now for fixed v, we denote the kernel

S(p) = {t(COS Oél,Sil'l Oél),S.t. F(t,Oél) = ( - ].)(t - tl) - tl = O},

of dyexp,(v) by N,(v). According to equation (2.20), the differential d,exp,(v) has
the matrix form [v(az), 0], which indicates that N,(v) is spanned by 8%1. If Ny(v) is
transversal to S(p), then we say v is of fold type. In this case, v is of fold type when
gTZ # 0 for all (t,a1) € S(p). Otherwise, when there is some (¢, o;) such that % =0
and it is a simple zero, we have a cusp. We show in the following that the cusp exists.
A straightforward calculation shows

2t4

t2 OF  6t}sin(t; — cos 3)
=
cos 3

F={ cosf 0oy  cos?B(2t; —cos )’

1)t-2
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where cos f = —(w(ay),¥(79)) is a smooth function of ay. If there are conjugate
points, we must have 2¢; —cos § > 0. The incidence angle 8 € (-7, §) so we at most

or

have three zeros for e

e § = 0, which means the incoming ray and reflected ray coincide. This is a

simple zero, because ﬁ sinff =ty —cosf=t; —1#0.

e cosJ —t; = 0 is true for some ag. This happens when pO is perpendicular to
the incoming ray. We check £ (cos 8 — ¢1) = sin 8 # 0. This is also a simple

Zero.

As a result, we have three cusps.

2.5.3 Numerical Examples

This subsection aims to illustrate the artifacts arising in the reconstruction by
numerical experiments. We say (z,&) is wvisible if there is a broken ray ~ in the
family of tomography, such that (z,&) is in the conormal bundle of v excluding the
connecting part. The fact that (z, &) is visible does not necessarily imply that (z, &)

is recoverable.

Example 7. In this example, we use filtered backprojection to recover f, which
usually serves as the first attempt of reconstruction. Suppose the domain is a disk
with radius R and the boundary is negatively oriented. The family of broken rays
I' contains any broken ray whose incoming part hits the boundary transversally and
has positive projection on it. We choose f; to be a Gaussian concentrated near a
single point, as an approximation of a delta function and fs to be zero. The support
of f = f1 + f2 is in this disk.

In the code, Bf is parameterized in the coordinate (x,,«) € [—R, R| x [0, 27).
Here (x,,a) refers to the incoming part and we use it to represent the broken ray.
This parameterization follows the convention in Radon transform in MATLAB. The

radial coordinate x, is the value along the z'-axis, which is oriented at o degree
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original reconstruction
. -

(a) (b) (c)

Figure 2.6. Artifacts and caustics. Form left to right: f, B*ABf, and
caustics caused by reflected light.

counterclockwise from the z-axis. We use the function radon to numerically construct

our operator B by the following formula
Bf(r,,a) = Rf(z,,a) + Rf(x;;a a’),

where (7;,,a’) is given by the reflection. Since numerically Rf is known on discrete
values of (z,,, @), we use interpolation methods to approximate Rf(z,’). Similarly,
B* is numerically constructed by the function iradon and interpolation methods. To
better recover f, we apply the filter A to the data before applying the adjoint operator.
The plots are shown in the Figure 2.6. We can clearly see the artifacts appear exactly
in the location of conjugate points, compared with the caustics caused by a light

source. Furthermore, they are expained by equation (2.14).

Example 8. This example is to illustrate the reconstruction from local data by
Landweber iteration. Assume each (z,£) in WF(f), is visible and is perceived by
only one broken ray. Then it has at most one conjugate point. To make it true, we
use part of the circle as the reflection boundary. The tomography family I' is the set
of all broken rays which comes from the left side with vertices on the boundary.

By [18] , we choose f to be a modified Gaussian with singularities located both in
certain space and in direction, that is, a coherent state, as is shown in Figure 2.7(a).

We use the Landweber iteration to reconstruct f. The artifacts are still there after
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100 iterations and the error becomes stable. Then we rotate f or move it to see what
happens to the artifacts. Specifically, in (c¢) and (d), f remains in the location but is
rotated by some angles. In (e) and (f), we move f closer to the center and rotate it

a bit. As the wave front set of f changes, the artifacts changes and always appear in

the location of their conjugate vectors.

0.2 0.2 \ Zj

Z . = . ) \ .
Z - ) W \\\\
(a) true f (b) f(100) (c) fU90) with f rotated

e A VN |

/N i W
W

W

(d) f19) with f rotated (e) 190 with f moved (f) 190 with f rotated

Figure 2.7. Local reconstruction by Landweber iteration.

2.5.4 The local problem with non-even weights

Suppose v is a regular broken ray parameterized by the incoming part (s, aq).
It has the reflected part (s,, ). There is another broken ray v/ that has the same
linear path as v but is in opposite direction, which is parametrized by the incoming
part (—sz,as + 7). In this subsection, instead of working on a neighborhood of v,

we consider the recovery of f from the knowledge of Bf near both v and /. The



37

conjugate covectors along v could also be probed by ¢/, which intuitively helps us to
recover singularities.

We consider a pair of conjugate covectors (p1, ') and (ps, £2) on the incoming and
reflected part of v respectively. Suppose they satisfy Theorem 2. A straightforward
calculation similar to Remark 2 shows that (ps, £?) is conjugate to (pi, &) along v/

As proved in [17], we form a similar theorem in the following.

Theorem 4. Suppose V¥ are small enough conical neighborhoods of conjugate covec-
tors (pr, &%), for k = 1,2. Let f = fi + fo with WF(f) C V*. If the weight function

for the V-line transform satisfies

det a(p1731,0q) G(P2,51,Oé1) 7& 0,

a(pr, —s2, a2 + ) a(py, —s2, 0 + 7)
then B(f, + f2) € H*(V) implies f, € H*Y2(VF), for k =1,2.
Proof. Let By be the broken ray transform restricted in a small neighborhood of

(s1, 1) and B_ be that in a neighborhood of (—ss, @z + 7). Now Theorem 2 becomes

a 2 x 2 system of equations

gy = B+f = B—i—,lfl + B+,2f2 S HS(V), (222)
g_ = B_f = B_71f1 + B_72f2 € HS(V) (223)

The assumption that the weight function is always nonzero implies that By ; and

By, are elliptic. Applying B 2B~} to (2.23) and subtracting it from (2.22), we have

(Id—Q)f1 = By (91 — B+ 2B"59-), (2.24)
where
Q= B1B2BZ3B 1.

We prove in the following that @ is a DO of order zero with principal symbol not
equal to 1. As a result, Id — @) is invertible and we can recover f; and f, microlocally

from this system.
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First we define the operator N : (s, «) + (—s,a + ), which induces a diffeomor-
phism N*. Recall that x is the reflection operator. It is straightforward to check that
XNxN = Id. Then we write @) as

Q= B:,ll(B*JB;,llx*N*>(X*N*B+,QB:,12>B*,1 = B:,11Q1Q2Bf,1,

where (Q; is the composition inside the first parentheses and () is that inside the

second.

Claim 2. As defined above, Q1 is WDO of order zero with principal symbol o oCEil,
where o1 = a(p1, —S2, as + m)/a(p1, s1,0q1). Additionally, Qo is VDO of order zero

with principal symbol oy o C’;*IN*B+ ,» where o3 = a(pa, 51, 01)/a(p2, —s2, a2 + ).

We will prove this claim below. Assuming it for the moment, by Egorov’s theorem

Q@ is a YDO with principal symbol

(010Cp! 020 Cllyep,,)0Cp , =0a1(020Cy" ,Cp_,)

_ a(pla_827a2+7r)a(p2a817a1) ?é 1

a(pla S1, al)a(an —S89, 02 + 7T)

which implies that Id — ) is an elliptic YDO. Recall that B, ; is an FIO of order
—1/2 for i = 1,2, and therefore B;}IBJDQBZ}Q is of order 1/2. As aresult, f = fi + fo

can be recovered microlocally by

fi=d~ Q)_IB;11(9+ - B+,2B:,129—)7 fo= B:,l2<9— —B_1f1).
]

The proof of the claim. We connect By , with the Radon transform restricted to dis-
tributions singular in V* near a certain ray, for k = 1,2. Let R, ; be the Radon
transform in V* near the ray (sg, o). Let R_ \ be the Radon transform in V* near
the ray (—sk, ap +m). We emphasize that the weights of Radon transform here comes
from that of the V-line transform as defined in (2.7), which might conflict with the

convention. Especially, R, 5 is the Radon transform near (s, ) but has the weight
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a(z,sy,aq) and R_; is that near (—sy,aq + 7) but has the weight a(z, —s2, as + 7).

It follows that
Bii1=Ry1, Bias=Xx"Rys, B_i1=x"R_:, B_,=R_,.
Observe that R, ;" 'N*R_; is a ¥DO with principal symbol
o1 = a(x, —s9, 0 + ) /a(x, s1, 7).

By Egorov’s thoerem, N*R_ R, ;' = R, 1(Ry, "N * R_1)R, 1" is a YDO with
principal symbol 7; o CEL. A similar argument shows that N *R+72R:}2 is a DO

with principal symbol o o C'y2 R, .- Consequently, we write 1 and ()2 as

Q, = B_’lB;}lX*N* — X*R_,lR;}lx*N* = X*N*(N*R_JR;}I)X*N*,

Q2 = X"N*By2B_}, = N*R, 2R_},.
Applying Egorov’s theorem to the first equation, we have
0p(Q1) =010 Cg} 0 Cyen- =01 005! |, 0,(Q2) =020 CNip, , =020C5! .
The second equality comes from the observation that B,,g_lN *Ryoisa ¥DO. O

Remark 5. This condition fails for the attenuated V-line transform that comes from
the setting of Compton camera in two dimensions. In that setting, the direction of a

broken ray is fixed and we do not have two different directed rays.

2.5.5 Global Problems

In this subsection, suppose {2 is a strictly convex domain with smooth negatively
oriented boundary. We consider the V-line transform over all broken rays whose
incoming part hits the boundary transversally and has nonnegative projection on it.
These rays may reflect from the boundary more than once but here we only consider
the one-reflection situation, since we are motivated by the SPECT with Compton

camera. We consider the reconstruction of the V-line transform from full data.
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Suppose Bf is smooth. We would like to find out whether a given covector (zg, )
is in the wave front set of f. Assume (zg,£%) in WF(f). There are two broken rays
in I' that could carry this singularity. One broken ray v represented by (so, ap) has
it in the incoming part, and the other one v_; represented by (s_1,«_1) has it in the
reflected part. Suppose (71,£') and (z_1,&71) are its conjugate covectors along vy
and v_q, if they exist. When both vy and v_; are regular, we have the following cases.

If at least one of (z1, &) and (z_1, 1) does not exist, for example (z1,£!), then the
singularity caused by (zg,£°) in V? cannot be canceled via vy. With the assumption
that Bf is smooth, this indicates (zg,£") € WF(f) impossible.

If both (z1,£&') and (x_1,&7') exist, then the singularities might be canceled by
them. We continue to consider vy, v_5 and so on. As a result, we get a sequence of
broken rays (we assume they are all regular at this stage) and conjugate covectors.

We define

M(xo,go) = {(:ck,ﬁk), if it exists and is conjugate to (xy, 5’“/), (2.25)

where k' = k —sgnk, for k = +£1,4+2,...} (2.26)

as the set of all conjugate covectors related to (zg,&%). If M(xg, &) contains finitely
many (x, £¥) whose index k is positive or negative, we say it is nontrapping in positive
or negative direction. Otherwise, we say it is trapping.

Next, let V¥ be a small conic neighborhoods of (zy, &%) € M(x,£°%) and U, =
7(V*). Let f, be the restriction of f on U,,. Now we suppose Mz, £°) is nontrapping,
for example, in the positive direction. That is, there exists a maximal integer ko such
that (zp,,&") € M(w0,£%). From analysis above, we assume kg > 1. For k =
1,..., ko, by shrinking V* carefully, we have C(V*) = V¥~ Then the cancellation

of singularities shows
kalfk71 + kak =0 mod COO, k= 1, R /{ZO.

Finally we have

Bkofko =0 mod C*.
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By applying the diffeomorphism y* and forward substitution, we can show that all
fr must be smooth, for k = 0,..., ky. It is similar if M(xg,£°) is nontrapping in
negative direction.

The above analysis holds when each (z, %) in Mz, £°) is carried by a regular
broken ray. If it is not true, we can still define the sequence of conjugate covectors
M(z0,£°). If the sequence is nontrapping, then by considering B microlocally and
by performing the similar arguments we can show f is smooth. This proves when

M (20, £0) is nontrapping, (zo, &%) is a recoverable singularity.

Theorem 5. Suppose () is a strictly convex domain with smooth boundary. Let f be a
distribution supported in . Then (g, &%) is recoverable if M(xq, %) is nontrapping.
In other words, when Bf € C*°, we must have (xq, %) & WF(f).

Example 9. As is shown in the Figure 2.8, we use the same domain and family of
tomography as in Example 6. Especially, we suppose the disk is centered at the origin

for simplification.

[bopol = do
|bip1| = dy
|571P71‘ =d

Figure 2.8. Inside a circular mirror, a sequence of broken rays and
conjugate points on them.

Considering a point (pg, &%), we have a sequence of broken rays
ey 02b_1bg, b_1boby, bobiba, ... br_1brbgy1, .. -,

as well as the set M (po, £°).
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Proposition 5. In Example 9, we say (po, £°) is radial if py is the midpoint of a chord
such that & is in its conormal. Then M(py,&°) is trapping if and only if (po, &) is

radial.

Proof. Fix a point p,. It might have a conjugate point p,.; along b,_1bpbry1 or
pr—1 along by_oby_1bg. Let d; = |bgpy| be the distance along the ray from py to the
boundary point b;. Notice all incidence and reflection angles are equal (call them f3).
Then |bgbri1| = 2 cos 3 for all integer k.

Recall Corollary 1. In this case, we have At; = dy, Aty = 2cosf — do, and

doo _ 2dy
doy — cosfB

— 1. Then pi has a conjugate point py,; inside the domain if and only if

di+1 given by
1 1 2

Ei + 2cos 8 — dgy1 - cos 3
has a solution in (0, 2 cos #). To simplify, we change the variable that dj = cos S(a +
1). Thus,

1 i 1
]_+ak 1—ak+1

=2 = 2aiak+1 + Qg1 — Q= 0. (227)

The requirement that p is inside the domain means we are finding solutions for
ap € (—1,1).

case 1. ag = 0, which implies by a; = 0 for any integer k. This is the case when
we have py at the midpoint of some chord and £° is the conormal of the chord. The
same is true with all (pg, €¥). We have a trapping M (po, £°).

case 2. ap # 0. Then (2.27) can be reduced to the following iteration formula

1 1
= — +2.
ag41 ag

Suppose we start from some ay. Each time, the next i increases or decreases by 2.
With i € (—o0, —1)U(1, 00), finally we must have some i belonging to the interval
(—1,1), which mean p; goes out of the domain. In this case, M(po, &%) is always

nontrapping. O

Corollary 2. Suppose everything as in Example 9. Then (x¢,£°) is recoverable if

(w0, £°) is not radial.



43

Example 10. With the same set up as above, we first choose f; to be a modified
Gaussian of coherent state whose singularities are not radial. To compare, next we

choose f> to be with radial singularities.

05
08 —
e=0.011 08
04
06
03 06
- 04 02 — 04
! | —
—_— 02 01 - 02
o
02 01 02
-0.2
0.4 04
03
-0.6 -0.6
0.4
08 08
-0.5

(a) non-radial singularities f; b) backprojection f1 (c) fl(loo)

o0 o eooes o
W W . /// .

(100

(d) radial singularities fo e) backprojection f2

Figure 2.9. Reconstruction of f; and f; from global data, where e =

Z paooyy, .
W is the relative error.

As is shown in Figure 2.9, after performing Landweber iteration of 100 steps,
all artifacts fade out and the reconstruction has a small error if f has non-radial
singularities. On the contrary, if f has radial singularities, the error still decreases as
the iteration but in a much slower speed. In these two cases, since f is only supported
in a small set, the artifacts arising in the reconstruction may seem not so obvious.
However, when f is more complicated, the artifacts might be unignorable. In the
following we choose f3 to be a Modified Shepp-Logan phantom.

The error plots of these three cases are in Figure 2.11 to better illustrate the differ-

ence between radial and non-radial singularities. They also show where the artifacts
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(a) true f3 (b) backprojection fél) (c) 35100)

Figure 2.10. Reconstruction from global data for Modified Shepp-

_ (100, . .
Logan phantom f3, where e = W is the relative error.

appear (for more details, see 2.5.6). It is clear to see the error of reconstruction is

much smaller when we have non-radial singularities than radial ones.

01
01
008
0.08 03
0.06 o
\ 0.06
0.2
0.04 0.04
0.02 002 o.
o | 0 0
.
002 -0.02
0.
-0.04 -0.04
N\
0.06 \ 0.06 \_/ 0.2
0.08 -0.08 03
0.1 0.1
(a) (b) ()

Figure 2.11. The error plot for the reconstruction of fi, fs, f3 in order.
The first two has the same range of color bar.

Example 11. In this example we consider the reconstruction of the V-line transform
in an elliptical domain @ from global data. By [51], the billiard trajectory in an
elliptical table has the following cases. If the trajectory crosses one of the focal
points, then it converges to the major axis of (). If the trajectory crosses the line
segment between the two focal points, then it is tangent to a unique hyperbola, which

is determined by the trajectory and shares the same focal points with (). If it does
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not cross the line segment between the two focal points, then it is tangent to a unique
ellipse, which shares the same focal points with Q).

In the following numerical experiments, we choose f as a coherent state. It is
located and rotated such that the trajectory carrying its singularities falls into the
last two cases above. We use Landweber iterations to reconstruct f by iterating
100 steps. As in Figure 2.12, in the reconstruction of the first coherent state, the
artifacts disappear as we iterate, since some conjugate points are outside the domain.
On the contrary, with conjugate points staying in the domain at least for the first
reflection, there is a relative larger error in the reconstruction of the second one. A

more complete analysis of the ellipse case is behind the scope of this work.

2.5.6 Comparison with previous results for a circular domain

This subsection is to connect our analysis to the results in [14]. By expanding f
and the data Bf as Fourier series with respect to the angular variable, [14] gives an
inversion formula (2.8) for V-line transform with vertices on a circle. The denomina-
tor inside the integral has zeros for certain radius r and with noises it could be very
unstable. This indicates we can expect certain patterns of the artifacts in the recon-
struction. We show these artifacts predicted by (2.8) coincides with the conjugate
covectors of radial singularities in the following.

When (z9, ) is radial, M(zg,£°) is trapping and we have two cases. One is the
case that M (zg,&0) is a periodic set with period m. That is, the broken rays that
carry (g, £°) after several reflections form a regular polygon of m edges, a convex or
star one. The set P of all possible regular polygons can be described by the Schlafli
symbol [52],

P = {(m/n)v D, q € N7 2<2n< m, ng(m,n) = 1}

Here (m/n) refers to a regular polygon with m sides which winds n times around its

center. When n = 1, it is a convex regular one; otherwise it is a star one. For the
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e=0.012 ¢
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e=0.177 e
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N a2s

() (h)

Figure 2.12. Reconstruction of two coherent states. Left to right:

true f, the envelopes (caused by trajectories that carry singularities

and are reflected only once), f1% (where e = W), the error.

polygon (m/n), the internal angle equals to w This implies |z| = cos %X, where

n
m

x is the midpoint of one edge. Suppose Bf is smooth. We have
Bi1fioi+Bifi=0 mod C*, 1=1,...,p—2
By 1 fim-1+ Bofo=0 mod C*.
By forward substitution, we get
(14 (=)™ Y Rofo =0 mod C*°.

When m is odd, fy must be smooth, which implies f is smooth and therefore (¢, £°) is

recoverable. When m is even, it possibly causes artifacts. These artifacts are located
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at radius |z| = cos (2’“;)”, where m = 2l and n = 2k + 1 with 0 < 2n < m. These

radius are exactly the positive solution of s such that cos(n(arcsin(s) —7/2)) =0 in
Formula (2.8) in [14].

In the following example, we use the same function as in Figure 2.9 but move
them closer to the origin. The plot of error shows the artifacts are centered at the

midpoint of each edges of regular stars.

08 e=0.045 08 °
Z ) Z 5 A~
0 0 (/ \
02 0.2 \\ // '
N 4 0.02
(a) (b) (c)

Figure 2.13. Another case of radial singularities. Left to right: true
f, reconstruction f1%) error for f with radial singularities after 100
iterations. The relative error e is defined as before.

We should mention that in the numerical reconstruction in [14], the regularization
(2.12) is used to remove the instabilities caused by these zeros. Therefore the artifacts
are removed but on the other hand some true singularities are removed as well. In [33],
the regularization is also used in the numerical reconstruction of a smiley phantom

but we can still see some artifacts caused by the radial singularities (see Figure 2

in [33]).
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2.6 Example 2: the Parallel ray transform

We define the parallel ray transform as an integral transform over two or more
equidistant parallel rays. The simplest case is the one over two parallel rays and is

defined in the following

Pf(s,a)= /x.w(a)s f(z)dz + /:v~w(a)s+d f(z)dz.

It can be regarded as one example of the broken ray transform that we defined in
Section 2.2, if we suppose the two rays are connected by a smooth curve outside
the support of f or simply at the infinity. Additionally, the diffeomorphism y is the
translation which maps (s,a) to (s + d,«). Following the previous notations and
calculations, we have

dOéQ 1 d82

E =1, disl = —(p,v(a1)>.

Suppose p is on the ray (s1,aq). By Proposition 3, if p has a conjugate point ¢ on
the ray (sg, ), then ¢ is determined by ¢ = p+w(ay)d. By Theorem 2, a singularities
(x,€) can be canceled by (y,n) if and only if x and y are conjugate points and £ = 7.
It is shown in Figure 3 that the artifacts arising when we use the backprojection as
the first attempt to recover f.

Now we consider the reconstruction by iteration process. Suppose (z¢,&%) €
WEF(f) belongs to the ray (si,aq). It can be canceled by two conjugate covectors

(xo + d%, £%). We follow the same analysis as in the previous section to have

0

M(0,€°) = {(o +jdé0|,§°), j==+1,%2,.. }. (2.28)
The typology of M(zg, &%) is quite clear. It is a discrete set of points which has equal
distance. Assume P f is smooth. Then (zg, &%) € WF(f) implies M (z0,£%) € WF(f)

by the same argument as before. Thus, we have the following proposition, see also [15].

Proposition 6. Suppose f € D'(R?) and assume Pf is smooth. Then for any (z,§),
either M(x,&) C WF(f) or M(z,§) NWF(f) = @.
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In particular, with a prior knowledge that WF(f) is in a compact set, the singu-

larities are recoverable.

Corollary 3. Suppose f € £'(R?) and assume Pf is smooth. Then f is smooth.

original backprojection reconstruction

(a) (b) (c)

Figure 2.14. Left to right: true f, backprojection f(), f(100),

In the numerical experiment, we use the Landweber iteration to reconstruct f.
With the assumption that f € &'(R?), a cutoff operator is performed at every step.
After 100 iterations, we get a quite good reconstruction (with || 19 — f||., = 0.003).

It should be mentioned that Corollary 3 shows f with singularities in a compact set
could be recovered from the global data. This implies when performing the transform,
we move the parallel rays around until all of them leave the compact set. In fact, from
our analysis above, the condition that the rays leaving at least one side the compact
set is enough. On the other hand, the local problem (illumination of a region of

interest only) could create artifacts.
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3. THE INTEGRAL TRANSFORM OVER A GENERIC
FAMILY OF SMOOTH CURVES

In the draft [2] , we extend the result for local problems of the broken ray transform
to the integral transform over a generic family I' of smooth curves 7(t), which are
given by 4 = G(7,7), where the generator G(z,v) is smooth. The integral transform
over this kind of curves without conjugate points is studied in [19]. Injectivity and
the stability estimates are established there, which in particular implies that we can
recover the singularities uniquely. One example of a generic family of smooth curves
with conjugate points is that of magnetic geodesics when there a constant non-zero
magnetic field, see [16,53]. This gives us the circular Radon transform with fixed

radius. The main result of this chapter in is Theorem 6 and 7.

3.1 Model assumptions

Consider M = R? with a Riemannian metric g. Let I" be a smooth family of

curves satisfying the following properties:

(1) For each (z,v) € TM \ 0, there is one unique curve y(t) € I' passing = in the
direction of v. That is, we can assume 7(0) = x and 4(0) = pv, for some smooth

function p(z,v) > 0.
(2) Suppose such v(t) depends smoothly on (z,v), and thus it solves
() = G(v. ),
where the generator G(z,v) is smooth.

By modifying G, we can write the equation as

Dﬁ = G(77 7)7
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where D; is the covariant derivative along 7. Since 7 never vanishes, we reparam-
eterize these curves such that they have unit speeds. We abuse the notation and
use v;.,(t) to denote the smooth curve passing (x,v) € SM, where SM is the circle
bundle. This reparameterization will change the generator G(v,%) and the weight
function in the integral transform. Actually, the family of curves with this arc length

parameterization solves a new ODE and are called the A-geodesics in [54]

Dy = A7, 4)3

where A(7, %) € C*(SM).

3.2 Conjugate points and Jacobi fields

Let exp,(t,v) = 7.(t) be the exponential map, where (p,v) € SM. This defini-
tion of exponential map uses polar coordinates and is independent of a change of the
parameterization for curves in I". We say a point ¢ = v(%y) is conjugate to p = v(0)
if the differential d; , exp,(t,v) of the exponential map in polar coordinates is singular
at (to, 7(0)), as in [55]. Consider the flow ¢y(z,v) = (12.4(t), Y2 (t)). Set a fixed curve
Vpo.vo (t) With

(p1,v1) = ¢¢(Po, v0), (P2, v2) = Prss(Po, o),
where (p;,v;) € SM, for i = 0,1,2. Consider the representation of (¢;). in local

coordinates at (pg, vg) given by the Jacobian matrix

J dp exp,(t,v) d,exp,(t,v)
(po,vost) =
o dpexp,(t,v) dyexp,(t,v)

(po,vo,t)

Suppose (a;, 3;) is the tangent vector at (p;,v;), i.e. a; € T, M,5; € T,,S*. The
differential of ¢, satisfies (¢y1s)s = (¢s)« © (¢1)s, which implies

(65) (0%} (%)
= J(Pl,vhs) = J(Po,vo,t+8) ) (3'1)
Ba B Bo
whenever
(0%} Qp
= J(Po,vo,t) : (3'2)

b Bo
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We have the following proposition which connects the conjugate points and the Ja-

cobian matrix.

Proposition 7. A point ps = Yp.0,(t + ) is conjugate to p1 = Ypy 0, (t) if and only if
there exists ag € T, M, By € T,y S* and ¢ € R such that the following equations are
satisfied

dy exp,, (t,v0) () + dy exp,, (t,v0)(Bo) = 0, (33)

dp epro (t + S, UO)(QO) + dv epro (t + S, ’UO)(BO) + C;)/Po,vo (S + t) = 0.
Proof. Recall that py is conjugate to p; if only if there exists ¢ and [3; such that
ds,w €xpy, (8,v1)(c, B1) = 0 = dyexp,, (5,01)(B1) = —Cpy .0 (8),

This is equivalent to say in equation (3.1) there exist 5 and ¢ so that

(b) ag = dyexp,, (s,v1)(1) + dyexpy, (5, 01)(B1) = =Fpy 1 (5)-

Since Jipgvo,) a0 J(pgvg,t4s) are invertible with ¢, as a diffeomorphism, then the

statement above is equivalent to that there exists aq, Jy and ¢ € R such that

a1 = dy exp, (¢, v0) (o) + dy exp,, (¢, v0)(B0) = 0,

s = dy expyy (£ + 5, 10) (0t0) + dy XDy (£ + 5, 10)(Bo) = —Cipun (s +1).
O

Proposition 7 indicates that we can define the Jacobi field along ,, ., at time ¢

J(po,vo) (t) = dp C€XPypq (t’ UO)(Q/) + dv €XPpq (tv UO)(ﬁ) + (Cl + cQt);}/poyvo (t) (34)

It is a smooth vector field and can be regarded as the variation field along 7, ., ().
To understand the last term ¢, ,,(t), it is convenient for us to extend I' such that

for any V = rv € TM \ 0, with r > 0,0 € S', there exists a unique curve 7, v (¢)
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belonging to I'. Define v, v (t) = 7., (rt), which corresponds to our definition of the
exponential map. Notice 7, (t) satisfies the following ODE
Do) = 1V Moy (1), i () 0,
which means we can extend A to C*°(T'M \ 0).
The following result is also proved in [56].
Proposition 8. A point ps = vy, (t2) i conjugate to p1 = Ypo0(t1) if and only if
there ezists a nonvanishing Jacobi field J(t) such that J(t;) = J(t2) = 0.

Proof. If py = 7y (t2) is conjugate to p1 = Yp,u,(t1), then there exists a nonzero

J(po.0)(t) such that it vanishes at ¢; and ¢;. This can be done by letting ¢; + ¢t =

A ttz_ftll, according to Proposition 7.
Conversely, suppose there exists a nonzero Ji,, .,)(t) satisfying Jip, vo) (t1) = Jipo,0) (t2) =

0. More precisely, we have the following equations

dp exp,, (t1,v0) (o) + dyexp,, (t1, v0)(Bo) + A1¥pee (t1) = 0, (3.5)

dp epro (t27 UU)(O‘O) + dv eprO (t27 UO)(BO) + )‘2%70,1)0 (tQ) = 07
where \; = c1+cat1, Ao = ¢1+coty. It suffices to find af, 4 such that d,, exp,, (£, vo)(ag)+
dy expy, (t,v0)(Bh) = A1¥po,u (t), Which is proved by Claim 3. In this way, the term of
Ypowo (t1) in the first equation is canceled. Therefore, we are in the same situation as

in Proposition 7. [
Claim 3. For any constant c, we can find of, fy such that d,exp, (t,vo)(ag) +
dy expy, (£, v0)(5)) = Cpo,u0 (1)
Proof. By [54], consider the infinitesimal generator F'(z,v) of the flow ¢;. We define
Y (t) = c(do—)(F(e(z,v))).
Differentiating both sides with respect to t implies
Y (t) = c[F,F] =0.

Thus Y () is a constant vector field. By denoting it as Y = (ag, ), we have d¢,(Y') =
cF. Suppose 7 is the projection from SM to M. Applying dr to d¢,(Y') claims what

we need. O
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3.3 Microlocal analysis of the local problem

Define the integral transform along curves in I' as

Lof(3) = [wi (@) A0 ()t 5 €T,

It is an FIO of order —% associated with a canonical relation C'. To better describe the
canonical relation, we parametrize the family of such curves near some fixed v € I'.
For fixed =, there is a hypersurface H such that v hits H transversally at py = v(0)
and vy = 4(0). Suppose H is locally given by x = 0 and has local coordinates y. Let

7 be the parameterization of the direction v.

Claim 1. With parameterization of I', the Jacobi field along + can be simplified as

dvy v : _
J(POJJO) (t) = 5167@/ + 62(9777 + C1Vpo o (t) + CQt'YPo,vo (t)v
where (1, B2, c1,c0 € R.

Proof. We have shown in Claim 3 that there exists «a, 3, ¢ such that

S(t) = dp €XPp, (tv UO)(a) + dv C€XPyp, (tv UO)(@) + C;Vpomo (t) - 07

Oy

. . . oy
where ¢ is nonzero. We write d, exp,,(f,v0)(e) = a5} + o

%.
9y Oy
oy’ on’

It suffices to show

that as # 0 and therefore 2 is the linear combination of

o 4. Notice we have

the initial condition g—Z](O) = (0. This implies a cannot be zero. Moreover, we have

Dy

0= (S(0),(0)) = 157 7 (0) + aal 5. 54(0))

It follows that ay # 0, otherwise we will have a; = 0 which conflicts with a nonzero.

Indeed, since ~ hit H transversally, we alawys have <g—Z(O), 41(0)) # 0. O

Now we are in the same situation as in [17]. Suppose = = 7, ,(t) and £ is the dual

variable. Then (y,n, 9,7, z,£) € C if and only if there exists ¢ with = v, ,(¢) and

i ' N o' .
527 - 07 51 ay - y7 57, (97”] - 77 (36)
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Inspired by [56], let e;(t) = §(t)*, ea(t) = #(t) be a moving frame. We have the
corresponding dual basis €' (), e(t). If we regard £ as a function of ¢, then the first
condition requires ¢ = f(t)e!(t) for some nonvanishing function f(¢). Suppose the

vector field Z—Z and g% have the following expansion with respect to e;(t) and eq(t)
O _ Oy _
ay an
The second and third conditions in (3.6) implies

f)ai(t) =g, [f(t)bi(t) = 1.

If there exists different (z1,&') and (2, &%) corresponding to the same (y,n), then

ar(ter(t) + as(t)es(t), bi(t)er(t) + ba(t)ea(t). (3.7)

9b1(t) — flay(t) = 0 is true for some t = t1, to with ¢, ts.
Therefore we define the following vector field
0 0 . N N .

Coly11) = g = g = (901 (6) = s (D)er(8) + (3ba() = aa(0)ea(0).
Notice co(y,n,t1) = (9b2(t1) — faz(tr))ea(tr) = My(t1) and co(y, n,t2) = (Gba(t2) —
fas(ta))ez(ts) = Aay(t2). Then we can define the following Jacobi field

A@'y Aa’)/ t— tg t— tl

) =g=L — = — (A A (1)
c(y,m,t) oy~ Tan (1t1_t2+ 2t2_t1)7()

Notice ¢(y,n,t1) = c(y,n, t2) = 0, which implies py is conjugate to p;.
Conversely, if we have p, is the conjugate point to p;, then there is a nonzero

Jacobi field J(y,.00)(t) s0 that Jip, vo)(t1) = Jipowe) (t2) = 0, more precisely, we have
0 0
51@3 + 52(9; + () + eatA(t) = 0, for t =ty < s,
The projection on 4+ (t) shows
Bran(tr) + Baba(tr) = 0 {aﬂm mao]{&]
<~

Brai(ta) + Babi(te) =0 ai(ta) bi(t2) B2

Notice 1, f2 cannot be both zero, otherwise we have tangent Jocabi field. It implies

=0. (3.8)

the matrix in the equation above is singular. To show that (3.6) is true for ¢, ts, we

need to find &' = f(ty)e!(t1) and €2 = f(t2)e'(to) with nonzero f(t1), f(ts) satisfying

fan(n) = ftalk) {m(tl) al(tg)] {f(tl)

] —0. (3.9
f(t1)bi(t1) = f(t2)ba(t2) bi(t1) —bi(t2) f(t2)
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First on can see this linear system have nonzero solution, since the matrix is singular

by (3.8). To show f(t1), f(t2) are nonzero, we need the following claim.

Claim 4. Any nonzero solution to the linear system (3.9) satisfies f(t1) # 0 and
f(t2) #0.

Proof. We prove it by contradiction. Without loss of generality, we assume f(¢;) = 0.
The analysis above shows in this case f(t2) # 0. Therefore, ai(t2) = bi(t2) = 0.
By [56], a1(t) and b;(t) satisfy the ODE

i+ qu+ ku =0,

where ¢(t), k(t) are smooth function given there. Then the Wronskian W(t) =

a1 (t)by (t) — by (t)dy (t) vanishes for all ¢, since W (t) is independent of ¢ with W (t,) = 0.

It implies ay(t),b1(t) are linearly dependent. However, this conflicts with the ini-

tial conditions (g—;(O),”’yL(O» # 0 and %(0) = 0, since ay(t) = <g—;,f'y(t)L> and

bi(t) = (32, 7(1)"). O
Therefore, the canonical relation can be written as

C = {(?Jﬂ?, )\Ql(tay777)a )\bl<t7y777)77<t7y777)a )\’YL(@ZLU)% (y>77) € BH7 A 7& 07 S R}7

where aq(t,y,n) and by (t,y,n) are projections of 87(;’5’") and 87(2’3’") onto YL (t,y,n).

It is a graph and can be parameterized by (y,7n,t, A) with dim C' = 4.

The group action of R on M by ¢; is free and proper. Let M be the space of
curves as we defined before, then M = SM/¢, is a smooth manifold of dimension
2n—2 = 2. The point-curve relation Zj is a smooth manifold of dimension 2n—1 = 3.

This is from the coordinate charts and rank of Jacobian matrix.
Proposition 9. The natural projection wyr : C — T*M \ 0 is a diffeomorphism.

Proof. For each (x, &), with the assumption, there is a unique curve y passing = at time
t and conormal to €. Suppose « hits H transversally with direction parameterized by n
at time 0. Then (y, n) is given by the flow ¢_;(x, ) composed with restriction and pro-
jection. Thus, (y,n) depends on (z, ) smoothly and (§,1) = (Aai(t,y,n), Abi(t,y,n))
with A = || also depends on (z,¢) in a smooth way. O
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The projection mpq : C' — T*M \ 0 is a local diffeomorphism. We have dim C' =
dim T* M = 4. The differential dm,, has a nonzero determinant, since the Wronskian
is nonzero. From the analysis above, my, is a global diffeomorphism if and only if

there are no conjugate points.

Define C(x, &) = o 0 3 (1, €) = (y,m, Aa1, Aby). We have the following results.

Theorem 6. We have C is a local diffeomorphism and C(py,&Y) = C(pe, &%) if and

only if there is a curve y(t,y,n) joining p1 at t; and py at ty, with ty > ty, such that
(a) py is the conjugate point to p;.
(b) &' = Nyt (t1) and € = My - (t2) with Ay, Ay solving system (3.9).

Recall the integral transform is defined as

1,J () = [w(0, 5@ (v(H)dt,y € M.

Theorem 7. The transform I, is an FIO of order —% associated with the canonical
relation C. If there are conjugate points, a theorem of cancellation of singularities
similar to Theorem 8 can be established; if there are no conjugate points along curves
in T, then I, is elliptic at (z,€) if and only if w(z,v) # 0 for v such that v* is

collinear with &.
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4. THE CONE TRANSFORM

4.1 Introduction

This chapter is a slightly modified version of the previous work in [3]. Let ¢(u, 3, ¢)
be a circular cone in R? with vertex u, central axis 3, and opening angle ¢, as shown
in Figure 4.1. We study the weighted cone transform

I,J(u,ﬁ,qb)z/ kfdS, ueS,BeStoe (en)2— e

C(uMB’

of distributions supported in a domain M in R3 over cones of which the vertexes are
restricted to a smooth surface S, where x is a smooth weight, S is the Euclidean
measure on the cone surface, and € is a small nonnegative number. The goal of this
work is to study the microlocal invertibility of this transform.

The cone transform arises in Compton camera imaging dating back to [21-23].
A Compton camera is composed of two detectors: a scatter and an absorber. Both
detectors are position and energy sensitive. When incoming gamma photons hit the
camera, they have Compton scattering at various angles in the first detector and are
completely absorbed in the second one. Photons can be traced back to the surface of

cones.

Figure 4.1. The cone c(u, 3, ¢) with (z,() conormal to it
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From the setting of Compton camera, there are three important points about the
transform to be noted here. Firstly, it is natural and unavoidable to have a weight
function k. Since the integral over the cone is a superposition of the line integrals,
even without attenuation, there should be weight a/|z — u| with a smooth function
a depending on the cone. Secondly, the probability of scattering angles (i.e. the
opening angle ¢) governed by the Klein-Nishina distribution excludes angles that are
too close to 0 or m/2. For example, in [23] the scattering angles range from 5° to 75°
at 511 keV incident energy and one obtains 5° angular resolution by requiring the
energy resolution to be 3.8-18.9 keV. On the other hand, when the scattering angle
equals zero, the cone transform reduces to the weighted X-ray transform over a set
of rays and when the scattering angle equals 7/2, it reduces to the weighted Radon
transform. In both cases the inversion are easier. The limits of scattering angles can
be modeled by choosing x supported in such intervals w.r.t. ¢. Thirdly, the detectors
are located outside the region of interest M so it is reasonable to require the vertexes

are restricted to a smooth surface S that does not intersect M.

4.1.1 Previous works and main results

A lot of works have been done on the inversion of the cone transform and some
of them are [14,24-35,57,58]. For a more complete and detailed list of previous
works, see [57]. Some of the inversion formula are for special geometries, or they
consider the opening angle ¢ € [0, 7], or constant weight, or use transform over cones
whose vertexes can be everywhere. Most recently, [58] considers a polynomial weight
function and computes the normal operator of the cone transform over all cones
whose vertexes are in R" to show it is a WDO. It gives certain integral formula for the
amplitude of the normal operator but it is not so clear how to resolve the singularities
in the denominator of the integrand to obtain a smooth amplitude. There are also
works on a different setting from Compton scattering tomography with transmission

modalities, see [59,60] and their references.
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For the cone transform that we define, it is harder to analyze the Schwartz ker-
nel of the normal operator and the normal operator may fail to be a YDO in some
microlocal region, if Tuy’s condition is not satisfied. Instead, we use the clean in-
tersection calculus of Fourier Integral Operators (FIOs, for definition see [12, Def.
25.1.1]) in [12,61] to show under which conditions the microlocalized normal operator
is a YDO of order —2 and it is elliptic with certain nonvanishing assumptions of the
weight, see Proposition 13 and 14. This approach was proposed by Guillemin in [62]
for the generalized Radon transform. One difficulty to apply Hormander’s clean in-
tersection composition to our transform is that the composition fails to be proper.
For this purpose, we modify the clean composition theorem slightly by assuming the
microsupport of composed FIO is conically compact instead of the properness condi-
tion, following Andras Vasy’s suggestion. Our first result describes the singularities
of f that we can recover from the data I, f in a stable way. We note that this is the
intrinsic property of the transform itself no matter what inversion algorithm is used.

More specifically, let

C(z0,¢") = {(u, 3,9)[(20 —u) - B — |20 —ul cos ¢ = 0, ¢+ (20 — u) = 0}

be the set of all cones that are conormal to fixed a (zq, (") € T*M. Note its dimension
equals 2. We can only expect to recover singularities conormal to the cones of which
the weight is nonvanishing there. The definition of accessible singularities and Tuy’s

condition can be found in Section 4.2.

Theorem 8. Suppose (zg,(°) is accessible. If k(ug, Bo, b0, 20) # 0 for some (ug, Bo, ¢o) €
C(z0, %), then (29,¢°) is recoverable from local data. In particular, if I.f is smooth

near (ug, Bo, ¢o), then f is smooth near (zy,(°).

This theorem shows that accessible singularities are recoverable with some nonvan-
ishing assumptions on k. The recovery comes from the fact that with the assumptions
the normal operator in certain microlocal region is an elliptic WDO and therefore it is

microlocally invertible. Recall M is a domain in R? and let M = 8§ x 5% x (e, 7/2 —¢)
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be the family of cones, where € is a small positive number. We also show the map-
ping properties of I,;, I} and a microlocal stability estimate when all singularities are

accessible in the following theorem.

Theorem 9. Suppose S satisfy Tuy’s condition w.r.t. M. Then for any s € R, we
have I, : Hi (M) — HPY M), I*: Hi (M) — HEY(M) are continuous. For

loc loc K loc loc

f e H(M),l € R, there exists constant Cy,Cy, Cs; such that

Cillfllzsany — Csallf oy < Mk sy < Coll fll s any-

For surfaces satisfying Tuy’s condition, see Example 13. We should mention that
assuming S, k are analytic, one might be able to show the injectivity of I,, by applying
the analytic microlocal analysis, see [63]. Once we have the transform I, is injective
on some closed subspace of H*(M), we can show the microlocal stability actually
implies the stability estimate, i.e. we do not have the term Cy;l|f|| gt in above
inequality.

This chapter is structured as follows. Section 4.2 introduces the notations and
definitions. Section 4.3 proves that [,; is an FIO and shows in which cases the projec-
tion 7y is an injective immersion. Section 4.4 presents a slightly modified version of
the clean composition theorem. Section 4.5 shows with certain positive assumptions
on the weight x, the normal operator is an elliptic WDO at accessible singularities,
which implies Theorem 1. Section 4.6 contains the proof of Theorem 2. Section 4.7
studies the weighted cone transform over cones whose vertexes are restricted to a

smooth curve and the opening angle is fixed.

4.2 Preliminaries

Here we introduce some notations to be used in the following sections. As men-
tioned before, let M be an open domain in R? and f € £'(M) be a distribution with
compact support inside M. Suppose S is a smooth regular surface without boundary

where the vertexes of cones are located. Throughout this work, we always assume M
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and S do not intersect. Let 0 < € < 7/4 and M = 8 x S? x (¢,7/2 — €) be the family
of cones that we consider. Notice M is a smooth manifold.

Since both u and 3 are located in smooth surfaces, we consider them in local co-
ordinates. Suppose S has the regular parameterization locally given by u = u(v!, v?).
Let J, = (%,%) = (r1,72) be the Jacobian matrix. Notice ry, 7y form a basis
for the tangent space at u of S. Suppose 3 € S? is locally parameterized by 3 =
(sin @ cos 1, sinfsinp, cos ) for 0 € (0,m). Let Jo = (g—g, g—g) = (f,sinfps), where
B1 = (cosfcostp, cosfsint), —sinf) and Py = (—sin), cos1p,0). Notice 53, 81, 52 form

an orthonormal basis in R3.

Definition 5. We say (z,() € T*M is accessible by S if the hyperplane conormal to

(z,¢) has a non-tangential intersection with S.

If we donate the set of all (z,({) in T*M that are accessible by D, then D is
an open set. Observe that (z,() is accessible implies that exists a cone that it is
conormal to, and additionally for any qualified cone (u, 3, ¢), the covector ¢ cannot
be perpendicular to the tangent space at u in S. By (z,() is conormal to a cone
c(u, B, ¢), we mean z is on the cone surface and ¢ is conormal to the tangent plane

of the cone at z.

Definition 6. If every (z,() € T*M is accessible, then we say the surface S satisfying
the Tuy’s condition with respect to M.

This coincides with the definition in [35] that Tuy’s condition is satisfied if any

hyperplane intersecting M has a non-tangential intersection with S.

4.3 I, as an FIO

The weighted cone transform I, can be written as

[Nf(u757¢) = /R3 "’i(u>ﬁa¢7 Z)(S((Z - U) ' B - ’Z - u‘ COS¢)]£<’Z) dZ,

ueS,BeS:oc (e,m/2—¢)
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where the distribution ¢ has a nonzero factor but we can regard the factor as a part

of the weight.

Proposition 10. The weighted cone transform I, is an FIO of order —3/2 associated

with the canonical relation

C[ = {(u7ﬁa¢7 tJlCa)\tJZ(Z - U),)\’Z - u| Sin¢727C)> Y= 07>‘ 7& 0}7
w B ]
where p(u, B,¢,2) = (z —u) - B — |z —u|cos¢ and { = =\ — |Z — Locos ¢); the

verter u = u(v',v?) locally and J, = 72) is the Jacobian matriz; the unit vector

B = B(6,v) is locally parameterized in the spherical coordinates and Jo = is the

8(9,w>
Jacobian matriz.

Proof. We rewrite I, as the oscillatory integral
If(,8,6) = @m) ™ [ [ 9509w, 8,6, 2)f(2) drdz,

where ¢(u, 3, ¢, z) is defined as above. Notice that dy # 0. Its Schwartz kernel is a

Lagrangian distribution conormal to the characteristics manifold
={(u,p,0,2) € M x M, p =0}
Then the conormal bundle is
N*Z ={(u, 8,6, 2, A dup, A dgp, Adgip, Ad.p), ¢ = 0}

where we abuse the notation d,, dg to denote the differential w.r.t. the parameteri-

zation of u, # and we have

dep=f————cosd, dup=—"hdsp, (4.1)
|2 = ul
dpgp = "Jo(z —u), dyp = |z — u|sin ¢. (4.2)

Let
A ={(u, 8,0, 2z, Adup, Adgp, Adgp, Ad.p), ¢ =0, # 0}.
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One can show this is a closed conic Lagrangian submanifold of 7*(M x M) \ 0.
Additionally, since we always have M is away from S, from (4.1)(4.2) we get that

dp=0<+=dyp=dgp =dyp =0<¢=sin¢p =0, when p=0.
Since ¢ € (€, 5 — ¢€), therefore the Lagrangian satisfies
AC (T*M\0) x (T*M\ 0).
Then the canonical relation Cf is given by the twisted Lagrangian. The order is given
by 0+ 3 x1—1x(3+5)=—2 by [12, Proposition 25.1.5]. O

We have dimT*M = 10, dimT*M = 6, and dim C; = 8. Let mn, mys be the
natural projection of C} to T* M, T* M respectively. Note that in the cone transform,
neither of these projections can be local diffeomorphism. The following proposition

describes the mapping properties of them.

Proposition 11. Recall D is the set of all accessible covectors (z,() in T*M. Define
Cr(z,¢) = mmma (2,C) as the set of covectors related with (z,() by Cr. Let H, ) be

the hyperplane conormal to (z,(). We have the following statements.

(a) For each (z,() € D, the set Cr(z,() is a surface that can be parametrized by
(u,9) € Uy x (e,m/2—¢€), where Ur, oy = SNH . ¢), see Figure 4.2 as examples.

(b) For each (u,f, (b,ﬁ,ﬁA,(ﬁ) € mmmay (D), there is one unique solution (z,¢) for
the equation Cy(z,() = (u,ﬁ,qﬁ,ﬁ,@, ngS), which is given by (4.3) and below.

(c) The projection maq restricted to o (D) is an injective immersion. In particular,

if S satisfies Tuy’s condition, then mq itself is an injective immersion.
Before the proof, the following are two examples to illustrate its first statement.

Example 12. Suppose S is a plane. W.L.O.G., assume & = {u® = 0}. Let 2z =
(21,2%,2%),¢ = (¢4, (o, G3). If ¢4 = (o = 0, then there are no cones that are conormal

to (z,(). Here we assume (3 # 0. We solve

(2 =) ¢ =Gl =) + G —v?) + G2 = 0
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to get v? = é(z ¢ —v*¢). Thus, for (u, B, ¢, 4, 3,6) € Ci(z,¢), we have
1 Z—u .. C
u= (v, =(2-C—2'¢),0), £ = cos p——— — sin ¢p—,
1
¢, v" arbitrary, A=—|C].
sin ¢

Figure 4.2. Example 1 and 2.

Example 13. Suppose S is a unit sphere. Note in this case § satisfies Tuy’s condition
w.r.t. any inside domain away from it. It can be covered by six coordinates charts.

We consider the special case that z = (0,0,0) and ¢ = (0,0,1). Then
Ui.o) = {(v',0%,0), v'o' + 0% =1},

In a small neighborhood of U, (), the vertex u can be parameterized by one of the

following

(01— (@) = (03)2,09), (0, =1 = (01)? = (9)2,09),

(V1= (02)2 = (9)2,0%,0%), (=1 — (12)2 — (03)2,0%,0P).
Notice that d,su - ¢ # 0 and therefore U, ¢y can be parameterized by v' or v* from

the proof above. This can also be seen from U, o) = {(v*,0?,0), v'o! 4+ v*0? = 1}

itself.

Proof of Proposition 4. For (a), given (z,(), we are going to find out all possible

solutions of (u, 3, ¢, A) from the canonical relation in Proposition 10. We have some

freedom to choose u € S, but with ( = —\(f — z’z‘” cos @), the vector (z — u)

lz2—
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must be conormal to ¢. This coincides with the fact that the singularity (z,¢) can
only be possibly detected by the cones that it is conormal to. In other words, the
possible choice of u is the set U, ). Indeed, the vertex u should satisfy the equation

g(z,¢,u) =0, where g = (z — u) - (. The Jacobian matrix is listed in the following,

0, O¢ Op1 Op2
91 ¢ Yz—w) -r-¢ —r2:(

Figure 4.3. The Jacobian matrix of g(z, (, u).

with r|{ = O,1u, ro = O,2u. Here rq,r, form a basis of the tangent space T, S. Since
(z, () is accessible, the inner products 7 -  and 74 -  cannot vanish at the same time;
otherwise, the covector ( is normal to S at u. We simply assume r5 - ¢ # 0 in a small
neighborhood of fixed ug € U ). In this neighborhood, the derivative 0,29 # 0.
Applying implicit function theorem, we get v? is a smooth function of z,(,v! near
ug. Locally U, ¢ can be parameterized by v'.

Next, with ug given, by choosing ¢, the axis [ can be determined by [ =

cos @ Z:Z|

|z

— sin cb% and A = Sirll¢|<\. From Proposition 10,

= "J1(v1,v2)¢, B = A s(B) (2 = w), ¢ = Alz — ulsin ¢.

These are all smooth functions of z,(,u, 3, ¢, A and therefore smooth functions of
z,C, vl 6. The map (v',¢) — (u,f,6,4,3,6) € Ci(z,¢) is an immersion. Thus,
(v', @) is a local parameterization of C;(z,(). This proves statement (a). For (b),
to recover (z,() from given (u, 3, ¢, 4, A, gE), we are solving the following system of
equations. Recall (z — u)/|z — u| = m € S2. We have ¢ is always nonzero and 4 is
nonzero with the assumption that (u, 3, ¢, 4, A, gg) € mymmy (D). Indeed, @ vanishes
if and only if “J1(8 — mcosp) = (r1 - (6 — mcos@),rs - (B — mcos¢p)) = 0 —
(r1-C,rmo - ¢) = 0. As we stated before, this contradicts with the assumption.

We are solving the system. Divided by |z — u| and Az — u| respectively, the
equations (?7?) and (2.4) give us the projection of m along (3, 31, and sin 6f35. These
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vectors form a orthogonal basis in R? and we can get m from the projection. Plugging

back m into equation (??), we can solve A. Thus, when 6 # 0 or 7

A

z=u+ /\s?ngbm ¢ =—\(B — cospm), (4.3)
where . o
m = cos ¢f3 + Sl?ﬁb(élﬁl + sii@ﬁﬁz) A= | tjl(gulsijfos I

When 6 = 0 or 7, this argument still holds if we choose another regular parameteri-
zation of 3 there.

For (c), first we prove mp : (u,ﬂ,gﬁ,ﬁ,@,é,z,{) — (u,B,cﬁ,ﬁ,B,&) is an immer-
sion. It suffices to prove that rank(dma ) = dim C; = 8. The canonical relation C; has
a parametrization (u, 3, z, A), which implies dim C; = 8. Indeed, we can solve ¢ di-

rectly from (u, 3, z, A) and therefore C; can be represented by them, as in Proposition

10. Recall we have
a="1¢, B=AN(z—u), ¢=Az—ulsing,

where ¢ = =% - f and ( = —A(f — mcos¢). We list the Jacobian matrix with

|z—ul

respect to these variables in Figure 4.4. As before, we write m = Z=%; the matrix

lz—ul’

Ouw Og| 0, 0y

. J
! 0 0
B J2 9, N
1) * ¢ | ~sgzma (B —msing) 0
~ —%(tﬁ — (11 -m) 'm)=Asing(ry - m)d.¢ 11 - (B — mcoso)
u [
- /\.ms{/)(th —(rg-m) tm)f/\ sing(ry - m)o.¢ re- (8 —mcosg
~ * J3 Js = |z—u] ( . 2 () )
B N PN B (z—u)
A 8 )
qf) * A By sin 6 B2 (z —u)sin
¢ Amsin g +\|z — u| cos ¢0.H |z —u|sing
(a) (b)

Figure 4.4. The Jacobian matrix of 7,

J1 = (r1,r2) with 11 = d,iu and 1y = J,2u, which form a basis of T'S; the matrix

Jo = (B1,sin055), where 51 and [y are unit vectors orthogonal to 5. Observe that
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rankJ; = rankJ, = 2. It suffices to show that the matrix J; has rank = 4. Notice
by row reduction, the terms related to 0.¢ in the second, third, and sixth row can be
canceled by the first row, see Figure 4.5. Next by column reduction, the last column
can be simplified if we subtract the inner product of the first three columns with

+(z — u) from it. Since (Amsing) -3 = Asin¢cos ¢ # 0, we only need to show either

gt (8~ msing) 0 ~ s (B—msing) 0
*A\:Eif(th —(r-m)'m) - (8 —mcos¢) _2cosd (b (p ) ) r1 - (B — mcos @)
7 E:“““’" _)‘\Z‘SZA/T<ET2 —(r2-m)'m) 12+ (8 —mcosg) | = A‘Z‘T:{""(th — (ro-m)'m) ro - (8 —mcos )
— t
2By Bi-(z—u) A By 0
A'Bysind B2+ (2 —u)sin® A 982 sin @ 0
Amsin ¢ |z — u|sing Amsin ¢ 0
(a) (b)

Figure 4.5. The submatrix after row and column reduction

r1- (8 —mcos ) or ry - (S — mcos @) is nonzero. Indeed, if this is not true, we have
B — mcos ¢ is normal to S at u. By the same arguments as before, this contradicts
with the assumption. This proves that rank(dmy) = 8.

The injectivity of my comes from the statement (b). In particular, if S satisfies
Tuy’s condition, then R = {(u, 8, ¢, 0, 3, 0) € Cr(z,O)|V(z,¢) € T*M} = 7w (Cy).
And for every (u, 3, ¢, 1, B, ngS) € mm(Cr), there is a unique (z, () such that

A

WM(U7B7¢7€L’/§7Q/S7Z7<) = (u7/8’¢7ﬂ7/87$>'

4.4 Clean Intersection Calculus

In this section, we present the clean intersection calculus stated in [12, Thm.
25.2.3]. We modify it slightly to better suit our problem. Recall a subset of the
cotangent bundle is conically compact if its canonical projection on the cosphere
bundle is compact. The cosphere bundle can be defined as the quotient space modulo

the equivalent relation induced by the group action of R*. For more details see [64].
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Proposition 12. Let X, Y, Z be three C* manifolds. Suppose Cy from (T*Y \ 0)
to (T* X\ 0) is a C* homogeneous canonical relation closed in T*(X xY)\ 0 and Cy
another from (T*Z \ 0) to (T*Y \ 0). Let

A e IM(X xY,C), Ay eI™(Y x Z,Cy)

be properly supported FIOs with principal symbol oy and oy respectively. Assume we

have

(A1) Cy x Cy intersects T*X x A(T*Y) x T*Z cleanly with excess e. We call the

intersection C'.

(A2) there exist conically compact subsets K1, Ky of Cy,Cy respectively, such that the

microsupport of Ay, As is in some open set of K1, Ky respectively.

(A83) the inverse image C, under the projection C — T*(X x Z)\0 of any vy € C =

Cy o Cy is connected.

Then there exists an open set O in T*X x T*Z such that ONC' is a conic Lagrangian

submanifold and

AlAQ S ]m1+m2+e/2(X X Z, (O N C),)

and for the principal symbol o of A1As we have

a :/ g X g, (4.4)
C’Y
where ay X oy is the density on C., as is defined in [12, Theorem 25.2.3].

Remark 6. If we compare this proposition with Theorem 25.2.3, the difference is that
Hérmander assumes the restricted projection IT : ¢' — T* (X x Z)\ 0 is proper instead
of (A2) above. The properness of restricted IT has the following implications in the
original proof. First, since by [65, Theorem 21.2.14] the restricted II has constant
rank, if it is proper and additionally has connected fibers (i.e. the preimage of a

single point is connected, that is assumption (A3)), then the image C' = II(C) is

an embedded submanifold, see Lemma 2 and its remark. Second, since a continuous
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map is proper if and only if it is closed and has compact fibers (i.e. the preimage of a
single point is compact), we have C' is a closed submanifold and C, is compact. The

later implies the integral [ a1 X ap is well-defined.

Proof of Proposition 12: part 1. We prove in the following that there exists an open
set O C T*X x T*Z such that O N C is an embedded submanifold of T*X x T*Z.
Let IT be the natural projection

M:T*X x A(T'Y) x T°Z = T*X x T*Z.

Since II is an open map, we can choose O by choosing an open subset O of T*X x
A(T*Y) x T*Z by condition (2). More specifically, recall C' = (C} x Cy) N (T*X x
A(T*Y) x T*Z) and we define

A

K = (K x K3) N (T*X x A(T*Y) x T*Z),

A

W = (WF(A;) x WF(A42)) N (T"X x A(T*Y) x T*Z)

Let O be an open set such that W ¢ ONC ¢ K ¢ C. Then we have O = I1(O) is
an open subset.

We can show O N C'is an embedded submanifold in two ways. On the one hand,
since II restricted on K is proper and OnlC c K, by the proof of Lemma 2, each
point in O N C' has a submanifold coordinate chart. On other other hand, we can

prove it by the following claim.
Claim 5. The restricted projection 11 : ONC = O is a closed map.

Also by Lemma 2, we have ONC' is an embedded submanifold of O and therefore
that of T*X x T*Z.

Then, by Claim 6, the wave front set of A is contained in II(T¥) and thus is
contained in O N C. Now we can define the Fourier integral distributions on the
embedding Lagrangian submanifold C' N O by [12, Lemma 25.1.2] and its remark.
Although O N C' is not necessarily closed, by the remark in [66, p. 147], we can

require the symbols (the amplitude in any specific representation) vanishing outside

a closed conic subset and have the same conclusions about the principal symbols. [J
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Proof of Proposition 12: part 2. We follow the proof of Hormander and skip most of
it here. One can first show A; A, can be written as a sum of an FIO associated with
O N C and a smoothing operator, and then compute the principal symbol. The only
difference is that we still need to verify that the integration in (4.4) is well-defined.
We claim that the principal symbol oy, ay have conically compact support. Indeed,

consider the local representation of A;, A,
A(z,y) = (27r)—(nx+ny+2N1)/4/eid)(ﬂﬁvyﬂ)al(x’y’g) a6,

As(y, z) = (271-)*(nernz+2N2)/4/eiw(y,z,‘r)a2(y7 2, 7)dr,

where ¢, 1) are non-degenerate phase functions and ai, as are amplitudes. For more

details see [12, Theorem 25.2.3]. Then the principal symbols of Ay, Ay are
. 1 : 1
a; = ay(x,y, 9)6“’/4Sg“H¢d51, ag = as(y, z,T)em/“g“deéz, (4.5)

according to [12, p. 14]. Since A;, As have conically compact microsupport respec-
tively, it suffices to show that the principal symbol vanishes outside the microsupport.
Indeed, for fixed (x,yo,£% n°) ¢ WF(A;) in the canonical relation, there exists a
small conic neighborhood of (zg, yo, &%, n°) such that the local representation of A;
above is smooth. By [67, Lemma 4.1], there is a; . € ST such that a; = a1, on
Yy ={(x,y,0), ¢y = 0}. On the other hand, the principal symbol oy defined in (4.5)
only depends the amplitude restricted to the the manifold 4. Therefore, it vanishes
in this neighborhood.

Suppose v = (z,&, 2, (). We integrate oy X oy over the closed set C.,Nsupp(aq X az)
and it is contained in (73! (7, &) x 7, (z,¢)) N (supp @; x supp @), where 7x, 7 are
the natural projection from C4,Cy to T* X, T*Z respectively. By Lemma 3, the later

is compact and therefore this integral is well defined. O]
The following are lemmas that we mention above and their proofs.

Lemma 2. Let f : X — Y be a smooth map with constant rank. If f is closed
and the preimage f~'(y) of any y € f(X) is connected, then f(X) is an embedded
submanifold of Y.
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Remark 7. In particular, this lemma holds if we assume f is proper instead of simply
closed. A slightly different version of this lemma can be found in [68]. It claims the
proof can be found in Appendix C.3 in [65]. The proof we write in the following is
based on the outlines of Hormander and we borrow most of it from an online answer

that proves the case when f is proper.

Remark 8. It is necessary to assume that f is closed. Consider projection 7 from R3
to the xy plane. Let v; be a smooth curve as is shown in Figure 4.6 (a), whose image
under projection is the figure 6. Here f is the projection 7 restricted on v;. The
preimage for each point in 7(v;) under f is connected but f is not closed. The image

f(v1) is not an embedded submanifold. It is also necessary to assume that each fiber

z z

Figure 4.6. Counterexamples

of f is connected. A counterexample shown in Figure 4.6 (b) is constructed from the
immersed manifold “figure 8”. By lifting it into R® and smoothly extended the two
ends, we get a smooth curve v, in R? and f is defined as before. Notice f is a closed

map but the preimage of certain point is not connected.

Proof of Lemma 2. We followed the suggestions posted in [69] to prove this lemma.
The proof can be divided into three steps.
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Step 1. By [65, C 3.3], the constant rank of f shows f(X) is locally a submanifold.
That is, for every x € X and y = f(x), there exists an open neighborhood U, C X of
x and an open neighborhood V,, C Y of y such that f(U,) C V,, is a submanifold of V.
It suffices to prove that there is an open W, C V,, such that f(X)NW, = f(U,)NW,,.
Then we will have f(X) is a submanifold of Y.

Step 2. Since f~!(y) is connected, for any z,2’ € f~'(y), we can show f maps the
neighborhood of z, 2z’ to the "same” neighborhood of f(y) by defining an equivalence
relation. More specifically, we say = ~ 2’ if for any open neighborhood O, of x
and O, of 2/, there exists open neighborhood U, C O, and U, C O, such that
f(Uz) = f(Uy). Observe that each equivalence class is an open set, and different
classes are disjoint. Therefore, if there are more than one equivalence class, then they
form a partition of f~!(y), which contradicts with the connectedness.

Step 3. Back to what we want to prove, assume there is no such W, exists. Then
there exists a sequence yp € f(X) converging to y with each point distinct from
y but yp ¢ f(U,). Pick arbitrary preimage xy of yx. When f is closed instead of
proper, we have two cases. If {z;} has limit points in X, then we can choose a
subsequence x, — 2’, which is forced to be in f~Yy). By Step 2, there should be
U, and U, C U, such that f(Uy) = f(Um) For large enough k, we have x € U,
and therefore y;, € f(U,) C f(U,), which contradicts the assumption. If {x;} has no
limit points, then {x;} is a closed subset of X. The set {yx} = f({zx}) has a limit
point y which is not contained in {y;}. This contradicts with the assumption that f

is closed. O

Claim 6. If the microsupport WF(A;) and WF(As) are conically compact, then the

A

wave front set WF(A) is conically compact and is contained in II(W).

Proof. By [70, Theorem 8.2.14], since WF(A;), WF(A;) are away from the zero sec-
tions, then we have

WEF'(A) € WF'(A;) o WF'(Ay),
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where WF'(+) is the twisted relation. Hence, WF'(A) is a closed conic set contained
in the image of the projection from the intersection (WF'(A;) x WF'(Ay)) N (T*X x
T*A(Y) xT*Z) to T*X x T*Z. The intersection is conically compact so it is closed.
Then the projection restricted there is continuous and it maps compact set to compact
set. Moreover, it commutes with the multiplication by positive scalars in the covariant
variables, and therefore the image of the intersection is conically compact. Thus, we

have WF'(A) is conically compact. O

Proof of Claim 5. Since OnC is an open set in K, any closed subset S is the inter-
section of @ with some closed subset Sy of A. Notice K is conically compact and
IT preserves the fiber, which implies II restricted to K is proper (by Lemma 3) and
therefore is closed. It follows that II(.Sp) is closed and therefore II(.S) = I1(Sp) N O is
a closed subset of O. O

Lemma 3. Suppose Cy from (T*Y \ 0) to (T*X \ 0) is a C*° homogeneous canonical
relation closed in T*(X x Y)\ 0. Let K be a closed subset of Cy with the projection

to'Y compact. Then the projection wx : K — T*X is proper.

Proof. By [11, Prop. 2.17], a continuous map between two topological manifolds is
proper if and only if it maps sequence that escapes to infinity to sequence that escapes
to infinity. We say a sequence escaping to infinity if every compact subset contains at
most finitely many elements of this sequence. In our case, we prove by contradiction.
Assume there is a sequence {(x,,&", y,,n")} C K escaping to infinity but its image
{(z,,&™)} does not. That is, there is a compact set in T7*X that contains infinitely
many elements of {(x,,£")}. By compactness, we can choose a subsequence {(x;, &%)}
convergent to (zg,£%). Additionally, since K has compact projection on Y, there
is a convergent subsequence {(z;,&,y;,7°)} such that we also have y; converges
to yo. For large enough j, there is a conic neighborhood V' of (xg, %) such that
{(zj,&,y;,m7)} is contained in V. In local coordinates, since {(z;,&,y;,17)} escapes

to infinity, W.L.O.G we can assume |n’| > j for each j. Then by homogeneity, we
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have (z;, ﬁfj, Y, ﬁnj) € K and there is a subsequence convergent to (x;, 0, y;,n°)

with n° € S™v. This contradicts with the assumption that C; has no zero section. [J

Clean Composition

A special case is when we compose the operator with its adjoint. As the following

lemma shows, in this case with certain condition the composition is clean.

Lemma 4. Suppose Cy from (T*X \ 0) to (T*Y \ 0) is a C°>° homogeneous canonical
relation closed in T*(Y x X)\0. Let Ay € I™(Y x X, Cy) be a properly supported FIO
associated with Cy. If the projection my : Coy — T*Y is an injective immersion, then
the composition A5Ay is clean. In particular, the canonical relation of the composition

map 1s the identity.
We follow the same arguments in [71].

Proof. From [12, Thm. 25.2.2], we have Aj € I"™(X x Y, (C5")). By definition, the
composition is clean if Cy = (Cy 1 x Co) N(T* X x A(T*X ) x T*X) is a smooth manifold
and its tangent space equals to the intersection of the tangent space of the intersecting
manifolds. Indeed, let v, = (2, &, g, n*) € Co, k=1,2and s: X x Y =Y x X be

the interchanging map. We have
(s*71,72) € C & my (1) = Ty (12).
Since the projection is injective, then 7, = 5. This implies
C = {(s"v,7), v € Cy}, T(S*AM)C* = {(5", 5.0,,7,05), 0, € T,C}.

On the other hand, we have (5,0,,,6,,) € T(sw,4,)(C5" x C) is contained in the
tangent space of T*X x A(T*X) x T*X, if and only if

7TY<'71) = 7TY(72)7 dWY(é'ﬂ) = dﬂ'Y(d’Yz)'

Since 7y is an injective immersion, it follows that v, = 72 and 4., = d,,, which proves

the lemma. O
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Remark 9. In the setting of this lemma, the connectedness condition (A3) in Propo-
sition 12 is not needed. Observe that from the proof of Proposition 12 and Lemma 2,
the connectedness of (. is required to guarantee that the composition C; o Cy does
not intersect itself. However, in this case we have the composition is the diagonal of

T*X x T*X, which is automatically not self-intersecting.

4.5 The normal operator [, as a VDO

In order to apply the clean composition theorem in Proposition 12 to I}, we
need the composition satisfying three assumptions (A1), (A2), (A3).

For (A1), by Proposition 11 and Lemma 4, if T*M is accessible, then the com-
position "I, is clean. For (A3), see the remark after Lemma 4. In most case in
application, the surface S is a plane, which makes the situation simpler. As for (A2),
we would like to show that with certain assumptions on the support of s (or by choos-
ing proper smooth cutoff functions), we can find a compact subset K of C; such that

the microsupport of I, (or multiplied by cutoffs) is contained in some open subset of

K.

Lemma 5. Let x1(z), x2(u, @) be smooth cutoff functions with compact supports.
Then xol.x1 ts a Lagrangian distribution with conically compact microsupport sup-
port in Cy. Additionally, there exists a compact set K C Ct such that WF(xal.x1) is
contained in some open subset of K. In particular, these statements are automatically

true for I, itself when k has compact support in M x M.

Proof. As is shown in the proof of Propostion 11 (¢), we have (u, 3, b, z) is a param-

eterization of C;. Thus, the map

Fy:SxS*xR\0x M — C;
(U/)/B?gg?Z)'_) (U/?B?qb?ﬁJ/éJgg?Z?C)

is a continuous submersion. Since we have continuous functions map compact sets to

compact sets and submersions are open maps that map open sets to open sets, this
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implies Fy maps compact (or open) set in & x % x R\ 0 x M to compact (or open)
set in C7.

In fact, we have Fy maps conically compact (or open) set to conically compact (or
open) set. Indeed, suppose we have a conically compact neighborhood in & x S? x
R\ 0 x M, we can modify it to a compact neighborhood by restricting |g§| Then the
image of the compact set is compact in C7 and therefore is compact in C; restricted
to the cosphere bundle. Since 1, B, q@,( is homogeneous of order 1 w.r.t. |<;A5], we have
the image of the conically compact (or open) set is conically compact (or open).

For the first statement of this lemma, notice that 5 € S? is compact and we have

the compact supports w.r.t z,u. Since ¢ € (€, 7/2 — €) might not be the whole range

of ¢ =cos (8- é:Z'), we additionally assume we have compact support w.r.t ¢. To
show the existence of the compact set K, observe that for any compact set K" in M, S
or (e,m/2 — €), we can find a larger compact set such that K’ is in some open set of

this larger compact set. By the arguments above, it proves the second statement. [

With the lemma above, assuming x has compact support, we can apply Proposi-
tion 12 to I}, to show it is a WDO. Moreover, with additional assumptions it is an
elliptic ¥DO, according to the formula (4.4) for composed principal symbols. Indeed,
by [12, Thm. 25.2.2] the principal symbol o(I*) of the adjoint operator I equals to
s*o(l,)*, where s is the interchange map s : M x M — M x M. It follows that over
the fiber C.,, the term o(I}) x o(I,) is always nonnegative and its integral is positive

if kK # 0 somewhere.

Proposition 13. Assume T*M is accessible. Suppose the weight function k(u, (3, ¢, z)
has compact support in M x M. If we have k(ug, By, o, z0) 7% 0 for some (ug, Bo, Po) €
C(20,¢%), then I,*I, is a WDO of order —2 elliptic at (zg,¢°).

Remark 10. The order is calculated by (—3/2) + (—3/2) + e¢/2, where the excess e
equals to the dimension of C.,. By Proposition 11, we have C, = C}(z, (), of which

the dimension is 2.



78

If it is not true that the whole cotangent bundle T*M is accessible, then we can
have a microlocal version of Proposition 13 by choosing proper cutoff ¥DOs. More
specifically, for a fixed accessible covector (zg, (), there exists a conic neighborhood
'y of (20, ¢°) such that each covector in this neighborhood is accessible. By choosing a
cutoff ¥DO which is supported in this neighborhood, then we can prove the following

proposition.

Proposition 14. Suppose (zo,(°) is accessible. Suppose k(ug, o, Po, 20) # 0 for
some covector (ug, o, Po, o, 3o, QASO) in C1(20,C%). Then there exists a VDO P(z,D,)
of order zero elliptic at (29, (") with microsupport in a conically compact neighborhood
that is accessible, such that for any Q = Q(u, B, ¢, Dy, Dg, Dy) that is a YW DO of order
zero elliptic at (ug, Bo, ¢o, 4°, BD, QASO) with conically compact support, the microlocalized

normal operator (QI.P)*QI.P is a VDO of order —2 elliptic at (2, (°).

Theorem 1 is the direct result of this proposition and the following example is a

special case when we have unrecoverable singularities.

Example 14. Let the surface of vertices S = {(z',z?,0)| z'z' + z%2* < R?*} be an
open disk with radius R in the xy plane. Let M be an open domain above zy plane.
Consider a covector (z,() € T*M with (; or (3 nonzero. There is a cone c(u, 3, ¢)

with vertex v = (u',u? 0) in S conormal to (z,() only if

(z—u)-¢=0 = u'G+uG =z-¢
ulu! + wPu? < R? uru + vPu? < R?
If we have (, # 0, we can solve u? = % from the first equation, and plug it

in the second one to have

ORI AL SRSV

(¢2)?

For simplification, we denote u' by t to get

(G + () —2G(2- Ot + (2 - 0)? — (&)*R* < 0.
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This is a parabola opening to the top. There exists a solution of ¢ if and only if

A = 82 — dac = 4((G)2(z - O — (G + (Q)((= - O — (G)2R2) > 0,
which implies
((C)* +(Q))R* = (2-Q)* > 0. (4.6)
If (o = 0, then we must have (; # 0. By symmetry we should get the same result.
Notice, if we can find such v in S that (z — u) - ¢ = 0, then we can construct a

cone c(u, B, ¢) conormal to (z,() by properly choosing 5 and ¢. Thus, the set of the

unrecoverable singularities is

{2 O (G)* + (&) R* = (2 - ¢)* < O},

-05

Figure 4.7. unrecoverable singularities at three points

4.6 Proof of Theorem 2
For the L? estimates, we have the following restatement of [66, Theorem 4.1.9 and
Thmeorem 4.3.2], which indicates the mapping properties in the general case.

Proposition 15. Let C' be a homogeneous canonical relation from T*M to T* M

such that
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(1) the maps C — M and C — M have subjective differentials,

(2) the projections wyr : C — T*M and mwaq : C — T* M have constant rank.

Let ky = rank(dmy,) — dim M and ky = rank(dma) — dim M respectively. Then
ky = ka = k. Suppose A € I™(M x M, C") is properly supported. Then

A Hlsoc(M) — HSth(M)? AT Hli)c(M) — H8+t(M)

loc loc

are continuous, for any t < (2k —dim M — dim M)/4 —m and s € R.

Proof. This corollary is a direct result of the theorems above. Let A? be the YDO
of order o such that A%u = [e®¢(1 + [£]?)20(€)dE. We apply [66, Thm.4.3.2] to
A= ANHANS € I (M x M,C"). Then A : L3 M — L3,

any m +t < (2k —dim M — dim M) /4. Notice if C satisfies the conditions (1)(2) in

(M) continuously, for

above corollary, then C'~! satisfies them as well. Since A* € I"™(M x M, (C™')'), we

can apply the same argument. O

Now we consider the conical Radon transform and its canonical relation C;. We

have the following claim by Proposition 15.

Claim 7. When T*M is accessible, the canonical relation Cr satisfies condition (1)
and (2). In particular, we have k = dim M = 3 and the inequality in Corollary 15 is
t<1.

Proof. By Proposition 11, the projection 7y, is an injective immersion, which implies
7y is a submersion. Thus, £ = dim(7*M) — dim M = dim M. From the proof
of Proposition 11, we have C; is parameterized by (u, B,z,é). It is obvious that
C; — M has subjective differential. For the projection C; — M, the Jacobian is in
the following, where x = %. Since ¢ is solved from (z —u) - — |z — u|cos¢p = 0,

differentiating w.r.t. z we have

8¢: 1 (- zZ—u
|2 — u

8z |z—u|sing
Thus, the vector g—f is nonzero and the differential of projection has rank equals

dim M. ]

COS ).
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9. 95 0. |9
u Ji
0 0
B Ja
¢ = x 0

Figure 4.8. The Jacobian matrix of the projection C; — M

By the claim above, we can prove Theorem 2 in the following based on similar

arguments in [16, 72]

Proof of Theorem 2. By Corollary 15 and the claim above, we have the second in-

equality and || I;g|| g=+1(ary < C|lg|
we have Ct| fll s ) — Coull fllmrany < ML f|
desired result. O

Hs (M), for some constant C'. From Proposition 13,

ms+2(v)- Combining these two we have

Another proof of the estimate for s = —1. First we prove I, : H, — H*T'(M) is
bounded, for s > 0, where Hj, is the space of all u € H*(R3) supported in M.

Indeed, we have

1L f lirsiinny S C D (s Iefs L) 2anl = C Y (105 5.0y Infs Fr2an)-
|a|<2s+2 |a|<2s+2
Here we have
Toporled = 5 [ (050m)0 0 (0)(025539) £ (2) d=

artastaz=a
where «, ay, g, as are multi-indexes and g = (z —u)- 3 — |z —u| cos ¢. Since we always
have |0.g| # 0, locally we can write §(!)(g) as fljgazjé(g), where j is the index such
that 0.,g # 0. Therefore by integration by parts and the induction, we get the similar
integral transform of derivatives of f up to order |«| with a new weight function. This

implies 1;;0f, 5 41 f is a YDO of order |a| — 2. Thus, we have the estimates

[ f o1 0ty < CIIF]

Ho (M)



82

When s = —1, the proof is simplified. Then by duality, we have I : Hﬁ_l —
H=*(M) is bounded, for (H**'(M))* = H "' and (H*(M))* = Hj,. Since we
always assume k(u, 3, ¢, z) is compactly supported, we have I, f has support in M.

Thus,
I L f s ar) < O f || r-s-1(0m)-

Combining these two inequality and the ellipticity of I}/, , we have for [ < —1,

Cillfllz— = Cillf | ary < Mufllzevy < Coll fll -

We abuse the notation C, C4, C5 to denote different constants. n

4.7 Restricted Cone Transform

In this section, suppose Sy is a smooth regular curve that is parameterized by

u(t). For fixed ¢ € (€,m/2 — €), we define the restricted cone transform as

In,d’of(“v@) = /K(U’B7Z>5<<Z - U) : ﬁ - |Z - u| COS ¢O)f(z) dz.
We have the following corollaries.

Corollary 4. The restricted cone transform I, 4, is an FIO of order —1 associated
with the canonical relation
C¢0 = {(uv 57 u/(t) ) Cv A tJZ(Z - U), <, C)v Poo = O}’
T T
“ B
where pg, (U, 5,2) = (z—u)-B—|z—u|cos gy and { = =B — [2may COS ¢0); the vertex

u = u(t); the unit vector B is parameterized in the spherical coordinates and Jy is the

Jacobian matrix defined as before.

Corollary 5. Let Dy be the set of all (z,¢) in T*M that are accessible w.r.t. Sp.
Then Dy is an open set. Let Ry = {(u, 8, 0,0, 3,¢) € Ci(z,0)|(z,¢) is accessible}.
We have the following properties.
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A

(a) For every (u, 3,1, 5) € Ry, there is one unique solution (z,() for the equation

Cyo(2,C) = (u,ﬁ,ﬁ,ﬁ), which is given by (4.7) and (4.8) .

(b) The projection wp restricted to WX,%(DO) s an injective immersion. In particu-

lar, if S, satisfies Tuy’s condition, then mn itself is an injective immersion.

Proof. For (a), notice we have Az — u| = Sif¢ = sir11¢|(31, ﬁﬁg” By (4.3) and its

proof, when 6 # 0 or 7,

|(317 ﬁﬁ/\?”

z=u+ Nein & m, (= —\f — cos¢m) (4.7)
where
B sin ¢ N 1 4
m = cos ¢ + W(ﬁlﬁl + mﬁzﬁz)-

We still need to solve A from (u,ﬁ,ﬁ,ﬁ). Note that & = u/(t) - ( = =A\u/(t) - (B —

ﬁ cos ¢g) # 0, since (z,() is accessible. Therefore, we have

A

A= Cw(t) (8- Fu COS bo) (48)

For (b), to prove that ma restricted to my(Dp) is an immersion, it suffices to show
that Cy, is parameterized by (u, 3, 1, B) Indeed, from (b), (z,() can be represented
by (u, 5, 1, B) By writing z = u+p cos ¢34+ p sin ¢g(sin af; +cos affs) and performing
a same argument as in the proof of Proposition 4, we can show it is a parameterization

and therefore the rank of the differential of 4 equals dim Cy, = 6. O

Remark 11. Based on similar arguments, we can also show the same results hold if
we only restrict the vertexes on a smooth curve Sy without ¢ fixed. Additionally, one

can show an analog of recovery of singularities in both cases as in Theorem 1.
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5. RAYLEIGH WAVES AND STONELEY WAVES
5.1 Introduction

Rayleigh waves in linear elasticity are a type of surface waves. They are first
studied by Lord Rayleigh in [73] and can be the most destructive waves in an earth-
quake. They propagate along a traction-free boundary and decay rapidly into the
media. By geophysical literatures, Rayleigh waves have a retrograde elliptical parti-
cle motion for shallow depth in the case of flat boundary and homogeneous media,
see [?,7]. Stoneley waves are a type of interface waves that propagate along the inter-
face between two different solids. They are first predicted in [74]. Roughly speaking,
Rayleigh waves can be regarded as a special (limit) case of Stoneley waves. Both
geophysical and mathematical works have been done for these two kinds of waves,
see [7,7,2,2,2,2,7,.2,5,73,75,75-77] and their references. Most geophysical works on
them are considering specific situations, for example, the case of flat boundaries, plane
waves, or homogeneous media. The propagation phenomenon of Rayleigh waves in
an isotropic elastic system is first studied by Michael Taylor in [76] from a microlocal
analysis point of view. Kazuhiro Yamamoto in [?] shows the existence of Stoneley
waves as the propagation of singularities in two isotopic media with smooth arbitrary
interfaces. Sonke Hansen in [?] derives the Rayleigh quasimodes by the spectral fac-
torization methods for inhomogeneous anisotropic media with curved boundary and
then in [?] shows the existence of Rayleigh waves by giving ray series asymptotic ex-
pansions in the same setting. In particular, the author derives the transport equation
satisfied by the leading amplitude which represents the term of highest frequency.
Most recently in [4], the authors describe the microlocal behavior of solutions to the

transmission problems in isotropic elasticity with curved interfaces. Surface waves
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are briefly mentioned there as possible solutions of evanescent type which propagate
on the boundary.

In this work, we construct the microlocal solutions of Rayleigh waves and Stone-
ley waves, describe their microlocal behaviors, and compute the direction of their
polarization explicitly, for an isotropic elastic system with variable coefficients and a
curved boundary. In particular, we show the retrograde elliptical particle motion in
both waves as an analog to the flat case. Essentially, the existence of Rayleigh waves
comes from the nonempty kernel of the principal symbol of the Dirichlet-to-Neumann
map (DN map) A in the elliptic region. In Section 3, based on the analysis in [4],
one can see the Rayleigh waves are corresponding to the solution to Au = [ on the
boundary, where [ is a source microlocally supported in the elliptic region. Next,
inspired by the diagonalization of the Neumann operator for the case of constant co-
efficients in [5], we diagonalize A microlocally up to smoothing operators by a symbol
construction in [6]. The DN map A is a matrix-valued pseudodifferential operator
with the principal symbol o,(A) in (5.3) and the way to diagonalize it is not obvious.
One can see the diagonalization is global and it gives us a system of one hyperbolic
equation and two elliptic equations on the boundary with some metric. The solution
to this system applied by a WDO of order zero serves as the Dirichlet boundary con-
dition on the timelike boundary R x 0f2 of the elastic system, and then the Rayleigh
wave can be constructed in the same way as the construction of the parametrix for
elliptic evolution equations, as the Cauchy data is microlocally supported in the el-
liptic region. The wave front set and the direction of the microlocal polarization of
the Rayleigh waves on the boundary can be derived during the procedure and they
explain the propagation of Rayleigh waves and show a retrograde elliptical particle
motion. These results are based on the diagonalization of the DN map. In Section
3.3, we derive the microlocal Rayleigh waves on the boundary if we have the Cauchy
data at ¢ = 0. The polarization is given in Theorem 10 and the leading terms show a
retrograde elliptical motion of the particles, same as that of the case of homogeneous

media in [?,?]. In Section 3.4, the inhomogeneous problem, i.e., when there is a source
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on the boundary, is studied and the microlocal solution and polarization are in 11.
In the second part of this work, Stoneley waves are analyzed in a similar way with a
more complicated system on the boundary. The main results of Stoneley waves for
Cauchy problems is in 13 and for inhomogeneous problems is in 14. The microlocal
Stoneley waves derived there have a similar pattern as that of Rayleigh waves and

the leading terms show a retrograde elliptical motion of the particles as well.

5.2 Preliminaries

Suppose 2 C R? is a bounded domain with smooth boundary. Suppose the density
p and the Lamé parameters p, v are smooth functions depending on the space variable
x, and even the time ¢.

In this section, we recall some notations and results in [4]. For a fixed point 2 on
the boundary, one can choose the semigeodesic coordinates x = (', #3) such that the
boundary 92 is locally given by 2% = 0. For this reason, we view u as a one form and
write the elastic system in the following invariant way in presence of a Riemannian
metric g. Let V be the covariant differential in Riemannian geometry. We define the

symmetric differential d* and the divergence ¢§ as
1 . .
(dsu)ij = i(VZuJ + Vjui), (52))1 = V]Uij, 5U = Vzui,

where u is a covector field and v is a symmetric covariant tensor field of order two.

The stress tensor is given by
o(u) = Adu)g + 2u d*u.
Then the operator E and the normal stress are

Eu=ptoo(u) = p~ (d(Aou) + 26 (pd®u)), Nu=Y_0s;(u)’|sn,
J

where 17 is the outer unit normal vector on the boundary. The elastic wave equation

can be written as

Ut = Eu
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and near some fixed (zg, &%) one can decouple this system up to smoothing operators

by a WDO U of order zero such that

. A, + Ag 0 B
U EU = mod W™,
0 alg+ A,
where A is a 2 x 2 matrix WDO of order one, A, is a scalar ¥DO of order one, and

the S wave and P wave speed are

co=\lu/p =\ +2u)/p.

Let w = (w® w?) = U~lu. Then the elastic system decouples into two wave equa-
tions. This decoupling indicates that the solution u has a natural decomposition into

the S wave and P wave modes.

5.2.1 The boundary value problem in the elliptic region

When we solve the boundary value problems for the elastic system, the construc-
tion of the microlocal outgoing solution depends on where the wave front set of the
Cauchy data is. The Rayleigh waves happen when there is a free boundary and
the singularities of the Cauchy data on the boundary are in the elliptic region
< 2.

In this case, given the boundary data f = u|,3—, first we get w|,s_¢ by considering
the restriction operator Uy, of the WDO U to the boundary, which maps w|,3—¢ to f.
It is shown that U,y is an elliptic one and therefore it is microlocally invertible in [4].
Then we seek the outgoing microlocal solution w to the two wave equations with
the boundary data, see [4, (47)] Since the wave front set of the boundary data is in
the elliptic region, the Eikonal equations have no real valued solutions. Instead, the
microlocal solution is constructed by a complex valued phase function, see [4, §5.3]
for more details. After we construct w, we have u = U~'w as the microlocal solution

to the elastic system.
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5.3 Rayleigh Wave
5.3.1 Diagonalization of the DN map

The main goal of this section is to construct the microlocal solution of Rayleigh
waves and to analyze their microlocal polarization. We follow Denker’s notation to
denote the vector-valued distributions on a smooth manifold X with values in C by
D'(X,CN). Similarly &'(X,C") is the set of distributions with compact support in
X with values in CV.

Suppose only for a limited time 0 < ¢t < T there is a source on the boundary
' = R, x R.. We are solving Nu = [ on I' in the elliptic region, where u is an

outgoing solution to the elastic wave equation, i.e.

Utt—EUZO inRth3,

Nu =1 on T, (5.1)

u|t<0 = Oa

with I(t,2") € £'((0,T) x R?, C?) microlocally supported in the elliptic region. This is
equivalent to solving the boundary value problem u|r = f, with f being the outgoing

solution on I'" to
Af = la f|t<0 = 07 (52)

where A is the Dirichlet-to-Neumann map (DN map) which maps the Dirichlet
boundary data u|r to the Neumann boundary data Nu|r. More specifically, as long
as we solve f from (5.2), we can construct the microlocal outgoing solution u to (5.1)
as an evanescent mode with a complex valued phase function. The construction of
the microlocal solution to the boundary value problem with wave front set in the
elliptic region is well studied in [4, §5.3]. The main task of this section is to solve

(5.2) microlocally and study the microlocal polarization of its solution.
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Proposition 16. In the elliptic region, the DN map A is a matriz VDO with principal
symbol

_ pla = B)e + Bpr*  —p&ibola—B)  —ip& .
1 (4
WA = lgpap | THagla =) wla= B+ B —intd | = jap 5N

b€y 1pf&s apt?
(5.3)

where
&2 =272, B=/I¢2 =22 0=2|¢]2—c*m? —2ap. (5.4)

Proof. In [4] the restriction U,y of U to the boundary maps w|,s—¢ to f = u|,3—¢ and

it is an elliptic DO with principal symbol and the parametrix

0 —ia &§ ' &6 & —af —iag
0p(Uoit) = | ia 0 & |s 0p(Upa) = —M —(& —apB) L& ia&
& & B ioé iy —a?

The operator M,,; that maps w|,3—¢ to the Neumann boundary data | = Nul,s—q is

an WDO with principal symbol

USES n(&F + a?) 238,
op(Mout) = | —p(&3 + a?) St 2ip 88,

—2ipay 2ipay  —2p|¢'2 + pr?

Then the principal symbol of the DN map

UP(A> = O-P(MOUtUo_u}f) = Up(Mout)Up(U_l)

out
can be computed and is given in (5.3). O

In the following, we first diagonalize o,(A) in the sense of matrix diagonalization

and then we microlocally decouple the system Af = [ up to smoothing operators.
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By [5], first we have

Bpr* —i|¢'] 10 0
%*(t,fﬂ,,T, 5/)N1(t7x/77—7 51)%(tax/777 51) = Z|€/|g,u9 01,07'2 0
0 0 pa([€']; — ap),
(5.5)
where
&/, 0 =&/I¢,
Vb(t» 33'/,7', 5/) = 52/|§I|g 0 §1/|§/|g
0 1 0
Then let
2 _ 2

ml(t7xl77_7£/): (a+/8>p27— \/E’ m2(t’x/77_’§/): (Oé+6)p27— +\/§7

ma(t 2’7, €) = pa(€ — af),  with o= (& — B)2pPr" + A|E 226° > 0.
Notice we always have the following equalities

my +my = (a+ B)p7r?, mimy = afp’tt — |¢']2120°. (5.6)
We conclude that the principal symbol o,(A) can be diagonalized
ma(t, o', 7,&) 0 0
1
W_l(tax/77—’ SI)UP(A)W(t’x/7T’ S/) = Ta2 . 2 0 mQ(taxlaTa 5/) 0
‘5 ’g - Oéﬁ
0 0 ms(t, ', 7,&)

by a matrix

W(t,z',1,&) = Vo(t, 2, 7, YW (t, 2, 7, &),

where
il&’| 18/ K il ypub/ks 0
Vilt, o', 7,8) = | (Bpr®> —m1)/ky  (Bpm® —ma)/ky O],
0 0 1
with

kj = \/(ﬁpTQ —my)? + [§2u20%,  for j=1,2. (5.7)
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More specifically,

UTISYES ip0& ko —&/[¢]
Wta' 7€) =1 ipfl/k inba/ky &I (5.8)
(Bpr* —mu)/ky (Bpr® —ma)/ky 0
is an unitary matrix. Here mq,ms, mg are the eigenvalues of Ny (¢, 2', 7,£’) smoothly
depending on ¢, 2, 7, £'. The eigenvalues m;(t, z’, 7,¢’) of 0,(A) are given by m;(t, ', 7,¢') =
im;(t,a', T, 5’)/(!5’@ —af), for j = 1,2,3. Notice that my, m3 are always positive.
It follows that only my(t,2',7,&’) could be zero and this happens if and only if the

determinant of the 2 x 2 blocks in (5.5) equals zero, i.e.
0= afp’r' — |20 = app’r' — | + 0 — 2a5)?

= (I¢'l; — aB) p*aBIE'fg — (pr* = 2ulg"[5)") . (5.9)
R(E)

Notice the elliptic region has two disconnected comportments +£7 > 0. We consider

the analysis for 7 > 0 and the other case is similar. Define s = 7/[¢'[ and let

als) = |§C’M| - m’ b(s) = |§?| - m7

0(s) = ?2 =2—c.; %5 —2a(s)b(s), kj(s) = Ls’ for j =1,2. (5.10)
€15 €',
Then (5.9) is equivalent to
R(s) R|(§T/7|4 ) = 4p”a(s)b(s) — (ps® — 2u)* = 0. (5.11)
g

It is well-known that at fixed point (¢,2'), there exists a unique simple zero s, satis-
fying R(s) = 0 for 0 < s < ¢5 < ¢,. This zero sy corresponds to a wave called the
Rayleigh wave and it is called the Rayleigh speed cr = sy < ¢; < ¢,. Rayleigh waves
are first studied in [73]. Since sq is simple, i.e., R'(so) # 0, by the implicit function
theorem we have the root of R(s) = 0 can be written as a smooth function so(t, z’)
near a small neighborhood of the fixed point. Then we can write m4(t,2’,7,£') as a
product of (s — so(t,2’)) and an elliptic factor, i.e.
i

my(t, o', 7, &) = mml(t,x’,ﬂ ) = eo(t, ', 7,&)i(r — cr(t,2)[¢],), (5.12)
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where eg is nonzero and homogeneous in (7, ') of order zero. There is a characteristic

variety
Sp=A{(ta2,7.&), 7= gt )¢ =0}

corresponding to m; = 0. In order to fully decouple the system up to smoothing
operators, we want the three eigenvalues to be distinct. Notice this is not necessary
in our situation, since with msy, m3 > 0 one can always decouple the system into a

hyperbolic one and an elliptic system near sg.

Claim 2. Near s = cg, the eigenvalues my (t, 2", 7,&'), mo(t, o', 7,£'), ms(t, 2, 7,£') are

distinct.

Proof. We already have m; # msy. Additionally, one can show that ms > mg is always

true by the following calculation

(a+0)ps® + y/(a —b)2p?s* + 4p%(1 + a2 — 2ab)?
my —ms =[¢/|,’( V 5 — pa(1 — ab))

>|€,|93((a +b)u(l — a?) ; 2u(1 +a® — 2ab) pa(l — ab))

:g((b—a)—i—cﬂ(b—a)+(a—b)2—|—1—b2)>O,

where a(s),b(s) are defined in (5.10). The values of m; and mj3 might coincide but
near Y p they are separate, since m, is close to zero while ms = ua(\f’\g —aff) > 0 has

a positive lower bound. Therefore, near ¥z we have three distinct eigenvalues. O

Let W(t, x', Dy, D) be an elliptic WDO of order zero as constructed in [6] with the
principal symbol equal to W (¢, z', 7, ¢'). Let the operators eq(t, 2, Dy, D) € W0 with
symbol eg(t, ', 7,&") and m;(t,2’, Dy, D) € W' with symbols m%aﬁmj(t,x’,r, &),
for j = 2,3. Near some fixed (¢,2',7,£’) € Xk, the DN map A can be fully decoupled

as
Go(at — iCR(t,ZE/)\/ _Ax’) +nr 0 0
W_IAW = 0 %2 “+ 19 0 mod ‘11_007

0 0 /77734—7“3



93

where ry(t,2', Dy, Dy),ro(t, 2, Dy, Do), r3(t, @', Dy, D) € W0 are the lower order

term. If we define
r(t, 2, Dy, D) =eg'ry € VO, A(t,2', Dy) = cr(t, 2’ )\/—Ay € U (5.13)

in what follows, then the first entry in the first row can be written as ey(0; —

iNt, ', Dy ) +r(t, ', Dy, D).

Remark 12. Each entry of the matrix o,(A) is homogeneous in (7, ¢’) of order 1 and
that of W(t, 2, 7,¢’) is homogeneous of order 0. The operator ey(t,2’, Dy, D’) has a
homogeneous symbol, which implies its parametrix will have a classical one. After the

diagonalization of the system, the operator ry(t,z’, D;, D!) have a classical symbol,

and so does r(t,z’, Dy, D.,).

Now let
hl fl [1 ll

h=|h| =W p|=W"f I=|L|=W"'||=W" (514
h3 f3 ig 13

where u; is the component of any vector valued distribution u for j = 1,2, 3. Solving

Af =1 mod C* is microlocally equivalent to solving the following system

(0, —icp(t, 2 )/ =Dy + r(t, 2, Dy, D.))hy = el mod C,

(M + 12)he = I, mod C*, (5.15)

(mg +rg)hs = l~3, mod C°.

In the last two equations, the operators m; + r; are elliptic so we have h; = (m; +
rj)_ll} mod C*°, for 7 = 2,3. The first equation is a first-order hyperbolic equation

with lower order term.

5.3.2 Inhomogeneous hyperbolic equation of first order

For convenience, in this subsection we use the notation x instead of z’. Suppose

z € R™
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Definition 7. Let A\(t,z,D,) € W' be an elliptic operator with a classical symbol
smoothly depending on a parameter ¢ and the lower term r(t,z, Dy, D,) € ¥° with a

classical symbol.

In this subsection we are solving the inhomogeneous hyperbolic equation

Oy —iNt,z, D, +1r(t,x, Dy, Dy)))w = g(t,x), t>0
(O — iA( ( t: Da))) (t, ) (5.16)

w(0,x) = 0.
where g(t,z) € £'((0,T) x R™) with microsupport in the elliptic region.

Remark 13. If the density p and the Lamé parameters A, v are time-dependent, then
A, 7 depend on t,z. Otherwise, the eigenvalues my, mo, m3 only depends on z,&, 7,
and therefore we have sqo(x), cgr(z) and Az, &), r(z, Dy, D,.) instead of the functions

and operators above.

Generally, the operator 0, —i\(t, z, D,) is not a WDO unless the principal symbol
of X\ is smooth in £ at £ = 0. However, since we only consider the elliptic region,
we can always multiply it by a cutoff YDO whose microsupport is away from £ = 0
and this gives us a WDO. Therefore, by the theorem of propagation of singularities
by Hoérmander, we have WF(w) C WF(g) UCr o WF(g) if w is the solution to (5.16),

where Cp is given by the flow of Hy, _;x(t4,p,), for a more explicit form see (5.27).

Homogeneous equations

We claim the homogeneous first-order hyperbolic equation with lower terms given

an initial condition

Oy —iNt,z,D,) +r(t,x, Dy, Dy))v =0, mod C™
(0 —iX( ) +7( i Dz)) (5.17)
v(0, ) = vo(z) € E'(R"),

has a microlocal solution by the geometric optics construction

u(t,z) = / a(t, z, €)e® o9, (6)de,  mod C, (5.18)
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where we require a(t,z,&) € S° and ¢(t,z,€) is a phase function that is smooth,
real valued, homogeneous of order one in & with V,p # 0 on the conic support
of a. These assumptions guarantees the oscillatory integral (5.18) is a well-defined
Lagrangian distribution. The procedure presented in the following is based on the
construction in [6, VIIL.3].

If we suppose
(8t - Z)‘(tu xz, D:v) + T(t, €z, Dt7 Dac))v(t7 1’) - /C(ta xz, §>6i<p(t,z,§)@0<§) df)
then we have
c(t,x, &) =ipa+ dya — b+ d,
where
b=e"“\ac?), d=e "“r(ac”)
have the asymptotic expansions according to the Fundamental Lemma. In the fol-

lowing we use the version given in [67].

Lemma 6. [67, Theorem 3.1] Suppose ¢(z,0) is a smooth, real-valued function for
x € Q,0 € S and the gradient V,¢ # 0. Suppose P(x,D,) is a pseudodifferential
operator of order m. Write ¢(z,0) — ¢(y,0) = (x —y) - Vo(y,0) — ¢o(z,y), where
do(z,y) = O(|xr — y|?). Then we have the asymptotic expansion

e Pz, D,)(a(x)e?) Z 35 , PV 20)Ra(¢; p, Dy)a, for p>0,  (5.19)

where we use the notation
Ra(9: p, Do)a = Dy{e?*Va(y)} ], (5.20)
Remark 14. Indeed, we can write
YA L
0(2,0)=0(y.0) = (v=y)-V(y O)+x=y)" ( | | (V2o(y+st(a—y).0))dsdt)(a—y),

which implies —¢s(x,y) equals to the last term above. One can show R, (¢;p, D.)a

is a polynomial w.r.t. p with degree < ||a|/2]. In particular, we have
Rao(®; p, Dy)a = Dya(z), for |a| =1,

Rao(9; p, Dy)a = DSa(x) —ipDSo(z,0)a(z), for |a| = 2.
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From Lemma 6, we have the following asymptotic expansions of b, d by writing
(7,€) = pb, 0 = pp(x,0), with p > 0,0 € S We use the notation A = O¢ and

r@ = 8&5)7“ to have

1
b~ D ANt w, pVad)Ra(@: p, Da)alt, o, pf)

~ Az, pVa)a+ Y Nt x, pV)Dia
—_————

la|=1

order <1 order <0

+ Z ANt 2, pV ) D% —i NV (t, 2, pV,0)(D2p)a) + ...

NI
o= 2@ order < —1 order < 0 order < —1

and

i~y

~r(ta, pVigg)at+ Y v (t, x, pV,.0) D a+ Z (2, pVi.0) DY

'(t, 2, pV120)Ra(d; p, Dis)a(t, z, pb)

1
a

1 2
order <0 lod= order < —1 o= order < —2
- (« a
- ZT( )(t7$»PVt,x¢)(Dt,x<P)a)+ <
order < —1 order < —2

Indeed for each fixed «, the order of each term in the asymptotic expansion of b is no
more than 1 — |a| 4 ||«|/2], that of d is no more than 0 — |o| + ||a|/2].

To construct the microlocal solution, we are finding proper a(t,z,£) in form of
<o a;(t,x,§), where a; € S~7 is homogeneous in & of degree —j. We also write
b, ¢, d as asymptotic expansion such that

c(t, x,§) ~ ; ¢j(t @, &) = (ipy — iA(t, 2, Vop))a + Z;O(@taj — ib; +dy),
1> WS

where we separate the term of order 1 since it gives us the eikonal equation

C1 :Z(Spt_)\l(tvx7vx90))a:() = Pt :)\l<t7$avazgp)a with 30(0,1',5) :xg
(5.21)

for the phase function. Then equating the zero order terms in £ we have

8ta0 — by +dy=cy=0= Xag — Yag = 0, with ao(O,x,f) =1, (522)
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where we set X = 0, — V¢, -V, be the vector field and
. 1 (0% 6%
Y= (Z)‘O(thavLESD)—'— Z 7‘)\g )DxQO—T()(t,ZL',Al,vaO)-
la|=2 7"

Then for lower order terms, i.e. j < —1, we have
0=c¢; = Xa; —ya; —ej, with a;(0,z,§) = 0, (5.23)

where e; is expressible in terms of ¢, ag,a_1,...,a;_1, A, r. This finishes the construc-

tion in (5.18).

Remark 15. This construction of microlocal solution is valid in a small neighborhood
of t = 0, since the Eikonal equation is locally solvable. However, we can find some
to > 0 such that the solution v is defined and use the value at t; as the Cauchy data

to construct a new solution for ¢ > ¢y, for the same arguments see [4, §3.1]

Inhomogeneous equations when r(¢,z, D;, D,) = 0.

Now we are going to solve the inhomogeneous equation with zero initial condition.
A simpler case would be when the lower order term r(t,z, D;, D,) vanishes, i.e.

(0 —iA(t, @, Dy))w = g(t,x), t>0 (5.24)

w(0,z) = 0.
In this way the microlocal solution can be obtained by the Duhamel’s principle.
Indeed, let the phase function (¢, z, ), the amplitude a(t, z,£) to be constructed for
solutions to the homogeneous first order hyperbolic equation with an initial condition
as in (5.17). More specifically, suppose the phase (¢, x, §) solves the eikonal equation
(5.21) and the amplitude a(t, x, {) = ap+>_;<_; a; solves the transport equation (5.22)
and (5.23) with v = (idg + X0/ iAga)Dg‘go). Then the solution to (5.24) up to a

smooth error is given by

w(t,z) = /H(t —s)a(t — s, z,6)e' P20y (5 ) dydeds = L, ql(t,z), (5.25)
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where we define L,, as the solution operator to (5.24) with the phase ¢ and the

amplitude a. Here, the kernel of L, ,
kr(t,z,s,y) = H(t —s) /a(t —5,2,6)e!Pl=sTOv (5 4) dE
can be formally regarded as the product
kr(t,z,s,y) = H(t — s)kp(t,x,s,9) (5.26)

of a conormal distribution H(t — s) and a Lagrangian distribution where kr(t, z, s, y)

is analyzed by the following claim.

Claim 3. The kernel kp defined by (5.26) is a Lagrangian distribution associated

with the canonical relation

CF = {(tvmﬂot(t - 8793’5)79036“ - S,$,§), S, Y, @t(t - Sax7£)a§)7 with Yy = @E(t - 3733’5)}'

t’z7£7i’s7y7'§7g

(5.27)

It is the kernel of an FIO F,, of order —%.

Remark 16. In Euclidean case, we have ¢(t,z,§) = t|{| + z - £. Then

Cr = {(t,2,]€], &, 5. €], €), with = y — <t—s>|§|}.

Further, we show that kj, is a distribution kernel such that the microlocal solution

(5.25) is well-defined for any ¢(t,z) € £'((0,7") x R™) supported in the elliptic region.

Proposition 17. The kernel kp is a well-defined distribution, with the twisted wave

front set satisfying WF'(kz) C Co U Ca U Cr, where

CO = {<t7x7l'[’707 S’y?/’L?O)?t = 87/’1/ % 0}7 CA = {(t7'r77—7£7 S7y77—7€>7 t: 87:'17 = y}'

tvxa£7i757y7§7g t7x7£7:%787y7§7g

If g(t,x) € £'((0,T) x R™) microlocally supported in the elliptic region, then L, is a
distribution with WF (L, .g) C WF(g) U Cp o WF(g), where Cp is defined in (5.27).
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Proof. We use [70, Theorem 8.2.10], with the assumption that the principal symbol
of A(t, z, D,) is homogeneous in £ of order one. By [66, Theorem 2.5.14], for g(¢,z) €
E'((0,T) x R™), since WF(kz) has no zero sections, we have

WF(L,.g9) C Coo WF(g) UWF(g) UCp o WF(g).

In particular, the first term in the right side is ignorable in general. However, if we
assume there is no (¢, x, u,0) € WF(g), which is true if g is microlocally supported in
the elliptic region, then for w satisfying equation (5.24), the wave front set WF(w) C
WF(g) U Cr o WF(g). Especially for ¢t > T, we have WF(w) C Cr o WF(g). O

Inhomogeneous equations with nonzero r(t,z, D;, D,).

When the lower oder term r(t, z, Dy, D,) is nonzero, the Duhamel’s principle does
not work any more. Instead, we can use the same iterative procedure as in [67, Section
5] to construct an operator é(t,x, Dy, D,) € ¥~! such that
O —iA(t, x, Dy)+r(t,x, Dy, D) = (I—8€)(8,—i\(t, x, Dy)+ > 7(t,x, D;)) mod U~

= (5.28)

Here each 7;(t,z, D,) has a classical symbol so does their sum. In particular, the

principal symbol of 7o (¢, x, D,) is 7o(t, x, A1 (t, x, &), €). The similar trick is performed
for A-pseudodifferential operators in [5].

In this way, the microlocal solution to the inhomogeneous hyperbolic equation can

be written as

w(t,x) = Lyq(I — &)~ 'g (5.29)

L‘P
- / (t — s)a(t — s, 2, €)ePt=s2O=vO ([ _ &) lg)(s,y)dydeds  (5.30)

where L, is the solution operator of the inhomogeneous first order hyperbolic equa-
tion (0 —iA(t, x, D)+ ;-0 75(t, ¥, D,))v = g with zero initial condition. Since (1 —¢)
is an elliptic ¥DO with principal symbol equal to 1, we have the same conclusion for

the wave front set of w as the simpler case.
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Proposition 18. Assume g(t,z') € £'((0,T) x R?) microlocally supported in the el-
liptic region. Then the inhomogeneous first-order hyperbolic equation (5.16) admits a
unique microlocal solution given by (5.30), where the phase function o(t,z,§) and the
amplitude a(t, z, &) are constructed for the operator (O,—i\(t, x, Dy)+>" ;-0 Ti(t, z, Dy))
in (5.28), as in Subsection 5.3.2. More specifically, the phase p(t,z,£) solves the
eikonal equation (5.21); the amplitude a(t,x,§) = ag + X ;<1 a; solves the transport
equation (5.22) and (5.23) with v = (iXo(t, 2, &) + Xja)=2 i)xga)Dg‘go —ro(t, z, A1, §)).

Proof. To verify the parametrix, we still need to show that if w is the solution to
(5.16) with g € C* and w(0,x) € C*, then w € C* as well. By (5.28) it suffices to
show this is true when the lower order term r(t, z, Dy, D,) can be reduced to the form
r(t,x, D,) or vanishes. One can verify that the operator 0, — iA(¢,x, D,) +r(t,z, D,)
is symmetric hyperbolic as is defined in [6]. Then following the same arguments there,

by a standard hyperbolic estimates, one can show w is smooth. O]

5.3.3 The Cauchy problem and the polarization

In this subsection, before assuming the source | € £'((0,7) x I') and solving the
inhomogeneous equation (5.2) with zero initial condition, we first assume that the
source exists for a limited time for ¢ < 0 and we have the Cauchy data f|;—¢ at t = 0,
le.

Af =0, fort >0, fli=o given . (5.31)

Recall the diagonalization of A in (5.14, 5.15). The homogeneous equation Af = 0
implies

f=Wh= Wy |k modC® <« hy=h3=0 mod C*, (5.32)

where hy solves the homogeous first-order hyperbolic equation in (5.15). Notice in

this case the hyperbolic operator is 0, — icg(t, 2')[¢'|, + (¢, 2', Dy, Dyr) with 7 given
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by (5.13). If we have the initial condition hy g = hili—o, then by the construction in
Subsection 5.3.2, then

ha(t,z') = / a(t, 2!, €)e O, ((€') e’ mod O, (5.33)

where the phase function ¢ solves the eikonal equation (5.21); the amplitude a = a¢+
> j<—1 a; solves the transport equation (5.22) and (5.23) with v = (3|42 <$CR(15, x')Dg¢'|, Dyrp—
ro(t, ', A\, Vxlgo)).

To find out how the initial condition of f is related to that of h, we plug (5.33) into
(5.32), use the Fundamental Lemma in Lemma 6, and set ¢ = 0. Since ¢(0,2',¢') =
x' - & after these steps we get three WDOs of order zero, of which the symbols can

be computed from the Fundamental Lemma, such that

I,/‘711,0
f|t:0 == ‘//[72170 hl,O mod C«oo (534)
If/[v/31,0

In particular, the principal symbols are

op(Wire) = 0, (Win)(0, 2, crl¢'],, &), 0p(Warg) = 0,(Wan)(0, 27, cgl¢],, ),
0p(Waro) = 0,(Wan) (0, 2, ||, €')
and by (5.8) they are elliptic WDOs. This indicates not any arbitrary initial conditions

can be imposed for (5.31). Instead, to have a compatible system, we require that there

exists some distribution hg such that f(0,z’) can be written in form of (5.34).
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Theorem 10. Suppose f(0,') satisfies (5.34) with some hyo € E'. Then microlocally
the homogeneous problem with Cauchy data (5.31) admits a unique microlocal solution
Wi
=Wy /a(t,x’,5’)6"”“’1/’5/)%1,0(5’) d¢’ mod C*
Wi
Z'M@(CR)VMD/’WS% . L
. agp (ta x/’ £/>ezw(t7x &) 4 / /
= / i10(cr)V 10/ |V hio(€)dE" + lower order terms,
g ki(cr)
b(cr)pci(t, 2')

(5.35)

where cg is the Rayleigh speed, b(s),0(s),ki(s) are defined in (5.10), and a(t, 2’ )
is the amplitude from the geometric optics construction with the highest order term

ao(t,z’, ).

With f, one can construct the real displacement v as an evanescent mode. Notice
this theorem gives us a local representation of f in the sense of Remark 15.
To understand the polarization of microlocal solution in the theorem above, if we

write the real and imaginary part of the term P separately, then we have

o oy [ 29
a ’x )
R(P) = =222 | ubler) cos(io + v+ 1/2)Va, 0/ [V, |
k?l (CR) g
b(cr)pck(t, z') sin(p + v + 7/2)

| ie(er) cos(p +0) Va9 /[ Vil
x _,|a0(t,x,§)] .
S(P) =i———5— | ipd(cr) cos(p + v)Vau,/ Vil |
k1(cr) g
b(cr)pck(t, ') sin(p + v)
where we assume v = arg(ao(t,z’,£’)). It follows that the solution in (5.35) can be
regarded as a superposition of $(P) and J(P). We are going to show that each of
them has a retrograde elliptical motion in the following sense.

Take the real part R(P) as an example, by assuming hyo(€') is real. Then
the real part of the displacement f(t,2’) on the boundary is the superposition of
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R(P) = (p1,p2,p3)T. On the one hand, we have the following equation satisfied by

the components

i op a2 )P
ub(cr)?  |pb(cr)*  [blcr)pck]? k2 (cr)

which describes an ellipsoid.

On the other hand, the rotational motion of the particle has the direction opposite
to its orbital motion, i.e. the direction of the propagation of singularities. Indeed, if
we consider the Euclidean case, we have ag(t,2',¢") = 1 and (¢, 2/, &) = t|¢'| +2'- €.
It follows that v = 0. Locally the singularities propagate along the path —%t + 9/

in the direction of (—¢’,0) on the boundary x® = 0, where 3/ is the initial point.

W.0.L.G. assume &', €2 > 0 in what follows. In this case, we have

pl(cr) cos(tlg’| +a" - & +m/2)& /|€]
R(P) = = | nb(cr) cos(t|¢| + ' - & + m/2)&/|¢|
kl (CR)
b(er)pc sin(t]¢'| + 2/ - €+ 7/2)

Notice t|¢'| + 2’ - & + /2 is the angle between the vector (py, ps, p3)?, as the direction
of strongest singularity of the solution, and the plane z® = 0 as in Figure 5.1. At each
fixed point, the polarized vector (pi,ps, p3)T rotates in the direction that the angle
increases as t increases, i.e. the clockwise direction, while the singularities propagates

in the counterclockwise direction. Therefore, we have a retrograde motion.

N
=
\&

Figure 5.1. Propagation of the wave and the rotation of the polarization.

In the general case, notice by (5.22) the leading amplitude satisfies

Xag —vay =0, with ao(0,2', &) =1,
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where
I (@) ma
X = at - VE’)\I : v:c’a Y= ( Z jAg ) A 2 To(t,fﬂ/, )‘17 V.T’SO)?
la|=2
with Ay = cg|{’|,. In the following assume the Rayleigh speed cg only depends on

the space variable 2’ and we write § = cp’g. Let

YT=" (ta '1'/7 5/) + 72(167 xla fl)z

be the decomposition of the real and imaginary part. We emphasize that the imag-
inary part yo(t,2',£’) comes from that of ro(t,2', A1, V), the lower order term in
the decoupled system, and it is a classical symbol of order zero.

The integral curve of X is the unit speed geodesic (t, 0, ¢ /¢,(t)) and for sim-
plification we omit the initial point ¥ and the initial direction —¢'/|¢'|; to write it as

(t,2'(t)) for the moment. Then the solution of the transport equation is

ao(t, x/(t)7é~/) . fot v(s,a'(s),€")ds _ e fot 71(s,2'(s),6") ds e—i fot ’yz(s,x’(s)7§’)ds7

which implies v = — [ y5(s,2'(s), &) ds and v is a classical symbol of order zero. To
find out at each fixed point 2/ how the polarization rotates as the time changes, we

compute the time derivative
(p+v)e = [Vuep(t, 2", &); + vy, (5.36)

which is positive for £’ large enough since v, is a symbol of order zero. This indicates
for large &’ the angle ¢+ v increases as t increases and the rotation of the polarization
vector is still clockwise, if we assume at the fixed point V¢ points in the direction
that 2!, 22 increase.

In this case, the singularities propagates along the null characteristics of 0; — A;.
Particularly, the wave propagates along the geodesics o, ¢/ /¢, (t), where 3 is the
initial point. By Remark 17, along the geodesics we have Voo = —[€'[3G6, —¢' /i1, (),
which is exactly the opposite direction where the wave propagates. Since we assume

2

V. points in the direction that x!, 22 increase, the wave propagates in the counter-

clockwise direction. Therefore, we have a retrograde elliptical motion as before.
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Remark 17. Notice in (5.36), the phase function ¢ is always the dominated term
for large ¢’. By (5.21), the phase function ¢ satisfies the Eikonal equation

Pt = !Vx/90|g, with 90(071’"5) =T 5

By [Geometric Optics], we solve it locally by the method of characteristics. Let
H(t,x,7,n) = T — cg|z'|; be the Hamiltonian. First we find the Hamiltonian curves

by solving the system

t(s) = H. =1, 2/(s) = Hy = —g7'¢' /€|,

7(s) = —Hi =0, (s) = —Ho = (0w g'k)&;€1/1€' I3,

where s is the parameter and we set n(s) = Vuo(t, 2/, &). This system corresponds

to the unit speed geodesic flow
2(t) = oy e (D), 7' () = =1€15900 ¢ 11, (),

where y' = 2/(0).

5.3.4 The inhomogeneous problem

In this subsection, we solve the inhomogeneous problem (5.2). We apply Proposi-
tion 18 to the first equation in (5.15) with zero initial condition. Recall [; is defined
in (5.14) and eg in (5.12). Then the first equation with with zero initial condition has

a unique microlocal solution

M) = [H(t = s)alt 5,2/, €)e O O(1 = &) e 1) (5, /) dy €' ds,
(5.37)

where the phase function ¢(t, 2/, ¢) and the amplitude a(¢, ', £’) are given by Propo-
sition 18 with the hyperbolic operator being 0; — icg(t, ')/ —Ay + r(t, 2, Dy, D).
We can also write the solution as hy = Ly .(I — &) 'eg'ly by (5.29). This proves the

following proposition.
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Theorem 11. Suppose I(t,2') € £'((0,T) x R C3) microlocally supported in the
elliptic region. The inhomogeneous system (5.2) with zero initial condition at t = 0

admits a unique microlocal solution

f1 L%a(] — é)_lealil ll ll
Bl =W @t+r)t |, where || =W"{l| modC> (538
f3 (ms + 7’3)_ll~3 l~3 l3

Recall that we assume the microsupport of [(¢, z) is supported in (0, 7)) x R%. Since
Wl = (W‘l)ij for i, = 1,2, 3 is a matrix-valued YDO, so does the microsupport of
I(t,z). Similarly, the microsupport of hy, hs, (I—&) eyl are supported in (0, T') x R
as well.

In the following, we are going to find the polarization of the microlocal solution
(5.38) outside the microsupport of [(¢,2’). In other words, we only consider the

solution when the source vanishes and we always assume ¢t > T'. With this assumption,

the Heaviside function in £, is negligible, i.e.
hi(t, ) = Fuo(I — &) ey,

where F,, is the FIO defined in (3) associated with the canonical relation Cp. Ad-
ditionally, we have hy € C°, hy € C*° when t > T. Then for ¢ > T, the microlocal
solution (5.38) is
Wi
f= Wy | Foull —&)tegtly mod C*, (5.39)
Wy
where [} = (W*1)11l1 + (W*1)12l2 + (I//Iv/*l)lglg. To find out the leading term of the

amplitude of the solution, we need to find the leading term a( of the amplitude of hq,

the solution to the following transport equation

1 (a .
(0 — Ve - Viy)ag— (> J)\g )ijmp —ro(t, ', M\, Vw))ag = 0, with ag(0,2', &) = 1.
la|=2 7
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Here the zero order term ry(t, x, A\,§) of the WDO r(t,2’, Dy, D,/) is involved. The
procesure of computing rg is in the Appendix A. Then by Lemma 6, the leading term

is given by

[~ / ap )(t,x atgo, Vo) ap(t—s,z,£)ea,(eg M) (t, , Osp, Vo)1 (s, &) dsde’.
UP(W31>(t7 xz, 8,50, Vx/QO)

Recall 0,(W) = 0,(W) given in (5.8) and the definition of ey in (5.12). The leading

term equals to

iN9€1/|5/|g
w%g/\f’\g ] |T:614p, &=V ¢

olt = 5,4, )0y 1.2, V)
V(B2 —ma)? + [¢[21262

Bpr?

(= 5t ol 05, V) [
CLO - S x a. ’x’ t(p7 1/90 )
- P — ZMQ(CR>V:U290/|V:C’QO|9
\/b (50)2p%ch(t, ") + 1202(s0) ) /
b(cr)pck(t, ')

B(cR)V /| V],
=i(cg)ao(t — s, 2", &) iu@(cR)Vmgp/]Vm/@g =P

b(cr)pck,
with
L(CR) = Up<eal)(t7 xlv 8tg0, V;SD) _ 1 \J a(CR) + b(cR>
\/b(CR)QpQC%(t, ') + p?0%(cgr) R'(cr) b(cr)
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where we use the notation a(s), b(s), 0(s), R(s) defined in (5.10) and combine (5.6,5.9).
Further, taking the phase function into consideration, we have the real and the imag-

inary part of the integrand equal to

pb(cr) cos(p +v) Ve, 0/ |V,
R(P) = ler)lao(t — s, 2, )| | ub(cr) cos(p + V)V 0/ |Vl | 5
b(cr)pck sin(p + v)
ub(cr)sin(p + v) Vi, 0/ |Varp|,
S(P) = ivlen)lao(t — 5,2, )| | pb(cr) sin(p + v) Va0 /IVarel, | 5
—b(cr)pch cos(p + v)
where we set p = @(t —s,2,£) —y-£ and write v = arg(ag). This implies a retrograde
elliptical motion of f as we stated before.

Moreover, if we expand the term [;, then the microlocal solution in (5.39) can be

written as
Wn Il
f=|Wy Fooll — é)_legl (WHI ngl WBI> ly mod C.
Wi‘]l lg

Similarly, by the Fundamental Lemma we compute the leading term in the amplitude

op(Wi1)
aolt = 5.2,) | o, (W) | 20(e") (0, (W) o) (W) ) (82, 0, Vi)
Up(Wm)
3 iM9§1/|§/|g
:[a0<t—s,x,£>"p(,;°) b/, | (=inbes —inds 5pr® —mn )] lrmsis =900
Bpr? —my

i1f(cr)Va /I V|,
= 0l =00 VeIVl | X
bcr)pch R (cq) | 10N Ym0 I
b(er)och

(=in8(cr) Voo Vgl —inben) Vi) [Virpl, blen)oc,)

(5.40)
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op(eo ) (r—crl¢'],)me
= (Bpr2—m1)R(7,£")(ma—m1)"

where the last equality comes from that Therefore,

we have the following theorem.

Theorem 12. Assume everything in Theorem 11. Fort > T, the displacement on

the boundary equals to

5 . Z',U,Q(CR)VIISO”VI’SOM
— s, { ) . 7 /
f= / b(cr)pct R (cR) i (cr)Va,p/|Varipl, | (=inb(cr)li(s,8) Ve, 0/ |Verpl +

b(er)pc

—ipf(cg)la(s, NV o/ |Vl + b(cr)pcls(s,€)) ds de’ + lower order terms .

(5.41)

This theorem describes the microlocal polarization up to lower order terms of the
displacement of Rayleigh waves on the boundary, when there is a source (Iy,lo,l3)T
microlocally supported in the elliptic region with compact support. Up to lower
order terms, the displacement can also be regarded as a supposition of the real part
and imaginary part of the leading term and each of them has a elliptical retrograde
motion as we discussed before. Indeed, the leading term has a similar pattern of that

in Theorem 10, except different scalar functions in each component.

5.3.5 Flat case with constant coefficients

In this subsection, we suppose the boundary I" is flat given by 2® = 0 with Eu-
clidean metric. Suppose the parameters A, i, p are constants.
In this case, by using the partition of unity, the elastic wave equation can be fully

decoupled as
_CzAIQ 0

U EU, =
0 —CI%A

and the solution is u = Uyw, where

wit,a) = w, | = [0 oo fy(r ) | dr ag
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with f; as the solution to Af = [, where
€5 = B =yl — 2T

To solve A f = [, we perform the same procedure as before. By verifying o¢(A) = 0,
we have
eo(0r —icrv/—=Ay) 0 0
WIAW = 0 me 0 |,
0 0 mg
where ej is a WDO of order zero with symbol

(o = (=0 —cnle)

where we use some notation as before

2 _
0= (@—cHEP—208 m= 0T ﬂ)/; VO ith o = (a— B)pr" + 402lE

Combining the microlocal solution (5.18) to the homogeneous hyperbolic equation
and that of the inhomogeneous one with zero initial condition in (5.63), we have the

solution to the inhomogeneous one with arbitrary initial condition
(0 —icrV/—Dp)hi = ey "W )1 =g, t>0
h1(0,2") = ho(2')
has the following solution
hy(t,z') = / eilterllyta" €N fo ey ae’ + / H(t — s)ellt=)erlelg+2" ) g5 ey ds dg’
(5.42)

and one can show
hi(r,€) = 8(cal¢] = T)ho(€) + H(r — cal¢')j(7,€)

by directly taking the Fourier transform. Since all WDOs involved here have symbols

free of 2/, then they are Fourier multipliers and we have

§(r.€) = aleg") S oW uli(r, &),

k
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where o(W) given in (5.8) is unitary and therefore o(W™') = o(W*) = o(W)*.
The last two equations after we diagonalize the DN map have the following solu-

tions

(Tf 120 B 2klk7'f) (Tf 120 - 3klk7'f)

k k

Thus, the displacement on the boundary is given by f(T, ¢ = J(W)E(T, &h.

Example 15. In the following assume we have a time-periodic source

T .
l(t,x’):<A1, As, Aa) 61pt5($1)a

where p is a positive number and A;, Ay, A3 are constants. This gives us a line source
on the boundary.

Furthermore, we assume A; = Ay = 0. In this case Ful3(s, &) = Aze?5(&y).
Since the amplitude ag(t — s,2’,&") = 1, by (5.41,5.42) the displacement away from

the support of the source up to lower order terms equals to

inb(cr)ér/[€]

eilter|g[+a"-¢")

/\/b (cr)(b(cr) + a(cr))pci

b(cr)pcy,
((t—s)cr|€|+a'-¢") u0(cr)r/|¢'|
—ze R A
v e e p (o) | #0ler)&/ €] | bler)perdae™6(6) ds dg, dg.
b(CR)PC%

ipb(cr)6 /18]

etlter|€1|+z161)

- / 0 ho(&') A€’ + lower order terms
\/b b(cr) + alcr))pck )
(cr)pcr
10 i(t+:—1)p . i(t—:—l)p 10
i (cR)(e R e’ °r ) A ipd(cr)é1 /161
1 A3 N A ci(pt+z1-€1) .
" 0 /
R'(cR) R/(cr) ) p—crlé]

b(cr)pch (ei(H%)p + ei(t_‘%)p) b(cr)pck

5 inf(cr)&a /€] ﬁo(ﬁ’) d¢’ + lower order terms

de,.
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If we choose the Cauchy data as the inverse Fourier transform of the tempered dis-

A b(cr)(b(c a(c C
3\/ R)(R/(f;;‘ (cr))pcs, eilp— CR|€1D/( — CR|§1|)7 then we have

tribution iLLo(g/) =

ind(cr) (ei(H%)p - ei(t_%)p)

0 + lower order terms,

b(cR)pc%(ei(H%)p i ei(t*%)p)

1As
R'(cr)

fit,a) =

which coincides with the results in [Lamb].

Ay
Example 16. In this example assume we have | = | A, | §(¢)d(z1), where Ay, As, A3
As
are constants. This gives us a line source on the boundary.
In this case, since [3(8, £ = A30(s)d(&2) and Ay = Ay = 0, by (5.41) the displace-

ment for ¢ > 0 equals to

pb(cr)é1/|¢]
ei((t=s)crl¢’|+a’-¢) ) -
e e | 0w €] | Plenlpch Asd(s)0(6) ds a6y d€s - mod O
b(cr)pck
) iuf(cr) sgn & iAspb(cr) 11/ R (cr)
- 3 pilterlé|+@1-61) - o0
= e 0 d¢; = 0 mod C*°,
/ R'(cg) &
b(cr)pck Asb(cr)pckla/ R (cr)

where

L= [t s de = [ et g) dg - [ e@Cen(-g) g
1 1

= 7m(6(—t —(t (p.v.——m8M — pV.————
w(0(—tcgp + x1) (CR+x1))+Z(thCR+ZE1 pv_tCRer17

I, = /ei(tCRléle’-&)dgl - /ei(&(7501:#331))]'1{(51)dg1 + /61‘(&1(%03%1))[{(_&)dél
1 1

= —r(5(—t o(t Y et TP e
m(0(—tcp +x1) + (CR"’_ml))—i_Z(pV—tCR+$1+thCR+x1
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5.4 Stoneley waves

In this section, we assume I is an interface between two domains 2_, €2, . Locally,
[ can be flatten as 23 = 0 and € is the positive part. For the density and Lamé
parameters, we have py, Ay, uy in Q) and p_, A, pu_ in Q_, which are functions
smooth up to I'. Let u* be u restricted to €.

Suppose there are no incoming waves but boundary sources I,q € £'((0,T) x
R? C3) microlocally supported in the elliptic region, i.e. we are finding the outgoing

microlocal solution u* for the elastic equation with transmission conditions

Putr —Eut =0 inR; x Qq,

[ul =1, [Nu]=¢q onT, (5.43)

u|t<0 = 07

where [v] denote the jump of v from the positive side to the negative side across the
surface I". By (9.11) in [4], with no incoming waves the transmission conditions can

be written in the form of

= — = , (5.44)
MYy —Myy, Wyt q AT —AT [~ q
if we set
fr= U;th;;t = UJF’D 7 =Uswo = u .

This implies that if we can solve f* from (5.44), then the solution u+ to (5.43) can be
solved by constructing microlocal outgoing solutions to the boundary value problems
with Dirichlet b.c. f*, f~in Q. , Q_ respectively. Since 23 has positive sign in €, and
negative sign in €2, to have evanescent modes in both domain, we choose &3 4, 3

with opposite signs

. _ . _ . o . —92
gg,j: = :|:ZO(Z|: =4 |£/|_¢2] - Cs,iTZ7 gg,:t - ilﬁ:ﬁ: =+ \/ |€/‘?] - Cp,iT27

where

Cst =\ bt /pt, Cptr = \/(/\:I: +2p1)/ p-
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Then the principal symbols o, (A*) are

. +(ps (s — )8 + BepeT?) Fp:6 (B — ax) —ip1£6104
% 0468 (Br — ag) +(ps(on — B1)&5 + Brps7®) —ipsbobs |
|£ |g aiﬁi

i+0+& ip+048o taypyt?

where
0 = |§l|_¢2; +of —2a4fy = 2|f'|3 — 0;172 — 2004 B4

To solve (5.44), first we multiply the equation by an invertible matrix to have

B e [ B

I —I It l fr=1l+f
= = =
0 At—A ) \f q— ATl (At — A7) f~ =q— A+l

In the following, first we solve f~ from

(AY — A7) f~ =q— ATl (5.45)

microlocally and then we have f*. This gives the microlocal outgoing solution to
(5.44).

Recall the calculation before, the principal symbol of the DN map can be partially
diagonalized by the matrix V. By the same trick, we have

M 0
Viop(Ar = A = [
0 i(pyay +p-a-)

where
B 1 Bipyt? —i|§,|g,u+9+ B 1 —B_p_1? —i|§/|gﬂ—9—
€']5 — o By il by ayppyt? €15 — a-f- il pb-  —a_p_1?
Let s = - as before. We follow the similar argument as in [75] to show the 2 x 2

matrix M has two distinct eigenvalues and only one of them could be zero for 0 <

s < minc¢, . Define the following functions of s related to a4, 84,04

ax(s) = /1 —c;3s% bi(s) =1 —is?  0i(s) =2 — 1 — 2as(s)bs(s).

(5.46)
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Set
Ne(s) 1 bi(s)pes® —ip+O+(s)
+(8) = 77—
L=asbe \ Zipnf,(s)  as(s)pes?
by (s)prs? . 52
— T—aﬁt —i(2ps — 15111&)
. 82 a S 82 !
Z(2/Ji - 1f(fibi) itf(a)ip?):i
and it follows the matrix M can be represented by
M = ’5/‘ bi—ﬁif?)_j2 + biﬁif;_ﬁ _2(2(/1“4- - /‘L—) - (1fiz+ B 15;52_ ))
o g\ s2 _ 52 at(s)pys? a_(s)p—s?
i(2(pg — ) = (1f;r+b+ - £5)) Ir—afll .
My My
= |€|,(N+(s) + NI(s)) = , (5.47)
My Mo

where we denote the entry of M by M;; for 4,7 = 1,2 and the two eigenvalues by

m1(s) and my(s). Notice

0= \/(Mn — Ma)? + 4 My My

((b+(8) — a4 (s))pes®  (b—(s) — a_(s))p—s’
1—aiby l—a_b_

P+32 p—32 ))2

P @ — ) (P

is always nonnegative. The eigenvalues of M can be written in the following specific

form
My + Moy —
mi(t, 2,7, &) = — 222 Ve _ 1€'],ma(s), (5.48)
M M.
mQ(tu xlﬂ T, £/> = = * 222 * \/E = ’£/|gm2<8)7

where only m;(s) could be zero. More precisely, we have mq(s) vanishes if and only

if the equation

S(s) = ((p+a— + p—as)(psb— + p-bi) — (py — p-)*)s* — 4(py — p=)*(1 — ayby ) (1 —a_b_)
+4(uy — p-) (P (1 —a-bo) — p-(1 — ayby))s’ (5.49)

is satisfied for some sy. If such sy exists, it corresponds to the propagation speed

cst of the so called Stoneley waves, first proposed in [74]. We call cg7 the Stoneley
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speed and it is a simple zero by Proposition 19 in the following. This proposition of
uniqueness of Stoneley waves is proved by the definiteness of Ni(s) and first appears

in [77] and then is used in [75]. Here we present a slightly different one.

Proposition 19. For 0 < s < minc; 4, the eigenvalues my(s), ma(s) decrease as s
increases. Only my(s) can be zero. This happens when there is some sy such that

Particularly, if such sy exists, it is unique and is a simple zero of mi(s).
Proof. We claim the matrix N4 (s) and their transposes satisfy
(a) the limit N4 (0) = lim,_,q N+(s) exist and are positive definite,
(b) for 0 < s < minc¢; 4, the derivative N/ (s) is negative definite,
(c) for 0 < s < minc, ., the trace Tr(NN.(s)) is always positive.

Then M satisfy these conditions as well, which indicates its eigenvalues decrease as
s increases but their sum is always positive, i.e. at most one of them could be zero.
The monotonic decreasing of eigenvalues implies the zero should be a simple one.

Now we prove the claim. For (a), we compute

lim LSQ = lim 2P+ = lim 20+
=01 — aibi s—0 —a’ibi — aib’i s—0 —a/:f:bi — QCL/:tb/:t — aib’j[

C 2ua(2pe + As) _
p+ + At

Assuming p4, A+ > 0, we have %ui < ¢g < 2ug. Then Tr(N4(0)) = 2¢+ > 0 and
det(Ni(O)) = 4;&((& — /Li) > 0.
To prove (b), for convenience we change the variable ¢ = 5% and Ny () = N (,/2)

with s > 0. Then it is sufficient to show N’.(¢) > 0. Indeed we have

bi(re(t)  —i(2ue — k(1))
i(2pt — k(1)) a+(t)r+ (1)

Ni(L) =

where we set

a+(t) \/1—6;:2|:L, l;i(L): 1—0;@, Iii(L)—L
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Then i ~
N () = b/i(L)KJi(L.) + by (1)K (¢) ~ 22/<c’i(i))
=12k (1)) @y (L)ka(t) + ax(L)R (1)
and
K = P+ 1 — a . B:I:
T (I—agbs) 2b  2ay’
Bk = P PG

= — = —(a :
2C~L:|:(1 — dibi) 2(1 — dibi)( - a4+
Therefore, the determinant and the transpose of N’ (1) are
det(NY (1)) = (k) axbs + rarldlybs + marliarh — (k)

i 1 732
= = =—(a+ —by)” >0,
(1 — ayby)?2asby (s = bs)

Te(N, (1)) = Ky (@x + be) 4 ro(@ +by)

__ px(as A Bi)
25L:|:b:t(1 — (Nl:tb:t)

S((@x = b2)? + (axbs +1)%) <0,

which indicates N’.(¢) is negative definite. For (c), obviously we have

(ax(s) + bi(s))ps+s®

Tr(N)(s) = 2

> 0.

]

If S(s) # 0 for all 0 < s < minc¢, 4, then A + —A_ is an elliptic DO and the
microlocal solution to (5.45) is f~ = (A, —A_)"'(la—A.l;). The singularities does not
propagate. Otherwise, if there exists 0 < cgr < minc, 4 such that ms(cgr) = 0, then
(5.44) has a nontrivial microlocal solution that propagates singularities, analogously
to the case of Rayleigh waves.

In the following suppose there exists a cgr such that S(cgr) = 0. By Proposition
19, this zero is simple so by the implicit function theorem it is a smooth function
ssr(t, ') in a small neighborhood of a fixed point. Then we can write m (t,2’,7,£)

as a product similar to what we have before

ma(t, 2,7, &) = imu(t, 2, 7,8) = eo(t, o', 7, §)i(T — csr(t, 2)[E'],)- (5.50)
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To decouple the system as what we did in Section 5.3, we need the following claim.
Notice even without this claim, the analysis still holds since with only m; vanishing

the last two eigenvalues always give us an elliptic 2 by 2 system.

Claim 4. The three eigenvalues my(t, ', 7,&"), mi(t, 2, 7,&"), mi(t, 2, 7, &) of the ma-

trix o,(A+ — A_) are distinct near s = cgr.

Proof. Obviously near sg we have m; # mo and my; # mgs. The values of my, m3 may

coincide but near sy they are separate by the following calculation

my(t, o, 7, &) +ma(t, 2, 7,8) —ms(t, ', 7,&) = Tr(M) —i(pray +p_a)

. (al,(s) + bl,(s))pl,sz - ,u,,al,(l —ayb,)
v==+ vUp

o (av(s) + by (5))pus” = puay(s) + by (s)(1 — £25%)
=ilg'], > o, (90,(5)

v==£

= i|§’|g Z a,(8)pus® + (b (s) — a,(s))

)
= 1—a,b,

where the imaginary part is always positive, since by (5.46) we have 0 < a, < b, < 1

and m; = 0 at s = cgr. O

More specifically, this time we define

My, /ky My [ ko 0
‘/l(tvx/ﬂ—? 5,) = (Mu — mﬁ/lﬁ (MH — mg)/kig 01,
0 0 1

where M;; is the entry of M in (5.47), for i, j = 1,2 and we define

k’j = \/’Mll — ﬁj|2 + |M21|27 kj(s) - k]/‘fllf; (551)
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Then

W(t7 xl? T? 5,) = ‘/E)(t’ Il) T? 5,)‘/1(.[:’ Il? T? 5,)

Man&i/([€] ) =Mk /([€] k) —&2/1€'],
= | Man&o/(I€'],k1)  —Mi&a/(I€']k2)  &/1E, |- (5.52)
(Mll _ml)/kl (Mll _mQ)/kQ 0

Let the operators ey(t,z’, Dy, D) € WO with symbol ey(t,2’,7,¢') in (5.50) and
m;(t,x', Dy, D) € U with symbols m;(t, 2, 7,&), for j = 2,3. By [6], there exists
an elliptic YDO of order zero W(t,x’ , Dy, D) with the principal symbol equal to
W (t,z',7,£), such that near some fixed (¢,2',7,¢&') € X, the operator At — A~ can

be fully decoupled as

eo(at — iqu*(t, .T},)\/ —Azf) +nr 0 0
W_l(A+ - A_)W = 0 ﬁQ + T 0 mod \IJ_OO,

0 0 mg‘i"l“g

where r(t,2', Dy, Dy),mo(t, 2, Dy, Do), r3(t, ', Dy, D) € W0 are the lower order

term. If we define
r(t,a', Dy, D.) = ey'r; € U0, (5.53)
in what follows, then the first entry in the first row can be written as

eo(0y — icsr(t, 2" )\/—Ay + r(t, ', Dy, DL)). (5.54)

5.4.1 The Cauchy problem and the polarization

In this subsection, similar to Subsection 5.3.3, we first assume that the source

exists for a limited time for t < 0 and we have the Cauchy data f~|,—g at t =0, i.e.

(AL —A)f =0, fort >0, f |=o given . (5.55)
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Recall the diagonalization of Ay — A_ in before. Let

hy Ir
h==1hy| = W | = Wl
hs fs

The homogeneous equation (A — A_)f~ = 0 implies
Wi
fT=Wh™ =Wy |hf mod C®<«<h; =h; =0 mod C*, (5.56)
Wa1
where hy solves the homogeneous first-order hyperbolic equation in (5.54). Notice in
this case the hyperbolic operator is 9, —icsr (¢, 2')|¢'|, +7(t, 2", Dy, Dyr) with 7 given
by (5.53). If we have the initial condition Ay, = Ay [,—o, then by the construction in

Subsection 5.3.2, then

~

ho(ta!) = / alt, 2/, &)t Ry (€) dg' mod €, (5.57)

where the phase function ¢ solves the eikonal equation (5.21); the amplitude a = ag+
>_j<—1 @; solves the transport equation (5.22) and (5.23) with v = (3|2 (icR(t, 2")Dg €', Daip—
ro(t, ', A1, Vx/go))
By the same analysis before, the initial condition of f~ is related to that of h~ by
Wnp
im0 = Wzl,o hi, mod C™, (5.58)
I//1731,0

where the principal symbols are

O—p(Wll,O) = O_p(Wll)(Oa l’/, CR|§/‘97 Sl)a Up(W21,O) = Up(W21)(07 'Tla CR|€/|97 5/)7
0p(War0) = 0,(Ws1)(0, 2", cgl¢] . €).

We have the following theorem as an analog to Theorem 10.
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Theorem 13. Suppose f~(0,2') satisfies (5.58) with some hyy € £'. Then microlo-

cally the homogeneous problem with Cauchy data (5.55) admits a unique microlocal

solution
Wiy
== Wa /@(t»$’>f/)ew(t’x,’gl)ﬁio(fl) d¢’ mod C*
Wiy
11V 0/|Va
.Cl SO/‘ gp,g aO(tax/afl)ew(t’x/’g/) 7 — / !
:/ i1V a0/ |Vl o (cor) hio(&) dE" + lower order terms,
G
P
(5.59)
where we define
2 2
P+Csr P-Csr
g 2 — _ ) — —_ R
o= @l =) = T b (esr) 1= a_(esr)bo_(esn)
o (ilesmoichy | b(esrlp-cy

1 —a(csr)biv 1 —a_(csr)b_(csr)

as smooth functions w.r.t. t, o’ & with cgr be the Stoneley speed, a(s),by(s) defined
in (5.46), ki(s) defined in (5.51).

This theorem describes the microlocal polarization of the displacement of a Stone-
ley wave on the intersurface. Up to lower order terms, the displacement f~ can also
be regarded as a supposition of £(P) and I(P), each of which has a elliptical ret-
rograde motion as we discussed before. Indeed, the leading term of f has a similar
pattern of that of Rayleigh waves in Theorem (10), except different scalar functions

in each component.

5.4.2 The inhomogeneous problem

In this subsection, first we are going to microlocally solve the inhomogeneous

problem

(AL —A ) f =q—A"l, fort >0, [ |i=0=0, (5.60)



122

and the then the microlocal solution to (5.44) and (5.43) can be derived as we stated

before. We perform the same analysis for the Rayleigh wave in the previous section.

Let
hy fr I

W=\ | =W | =W, I=|L|=W"'l-AT), (561)
hs fs I3

where u; is the component of any vector valued distribution u for j = 1,2, 3. Solving

Af =1 mod C* is microlocally equivalent to solving the following system
(8, —icsr(t, 2’ )/ =Dy + r(t,x’', Dy, DL)hy = egtly, mod C,
(mQ + 7“2)h2_ = l~2, mod C*, (5.62)

(%3 + Tg)hg = [3, mod C*°.

In the last two equations, the operators m; + r; are elliptic so we have h; =
(m; + Tj)*ll}, mod C'* for j = 2,3. The first equation is a first-order inhomoge-
neous hyperbolic equation with lower order term, which can be solved by Duhamel’s

principle. We apply Proposition 18 to have

By (') = [H(E=s)alt — 5,2/ €)= o) e (s, /) dy' A€’ ds

= L,o(I — &) tegtly, (5.63)

where the phase function ¢(t, 2/, ¢’) and the amplitude a(t, 2’, ¢’) are given by Propo-
sition 18 with the hyperbolic operator being 8; — icsr(t, 2’ )v/—Ay + r(t, a’, Dy, D.);
and ¢ is defined in (5.14) for the new hyperbolic operator. We also write the solution
as hy = Ly o(I—¢&)teg 1y by (5.29). This proves the following theorem, as an analog
to Theorem 11, 12.
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Theorem 14. Suppose I(t,2'), q(t,2") € E'((0,T) x R, C3) microlocally supported in
the elliptic region. The inhomogeneous system (5.60) with zero initial condition at

t = 0 admits a unique microlocal solution

R

fl_ me,(] — é)_lealil ll
=W @tr) 'l |, where || =W g~ A*l) mod C*,
I3 (mg + 7“3)_ll~3 l~3

(5.64)

where W has the principal symbol in (5.52), ey defined in (5.50), and € is constructed
as in (5.28). Then the microlocal solution to the transmission problem (5.43) can be
constructed as evanescent modes from the boundary value f~ and f* =1+ f~. In
particular, for t > T, the displacement on the boundary has the leading term

Wi

f7= | W | Fall = &) gl
Wiy
i<1v$190/|v33/g0|g

, ePag(t — s, 2',&)»
= [ |itVae/ Vo,

l1(s,&")dsdg + lower order terms

m (csr)k1(csr)
Ca
where we define
) 2
P+CsT P-Csr
= 2 - M—-) N ’
G = 2(ps — po) (1—a+(CST)b+<CST) 1 —a_(csr)b-(csr)
G = ( by (csr)p+Cop b—(csr)p-Csr

1 —ai(csr)biv 1 —a_(csr)b_(csr)

as smooth functions w.r.t. t,x' £ with csr be the Stoneley speed, my(s), ki(s) defined

in (5.48, 5.51).
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5.5 Appendix: the lower order term ry.

In this section, we are going to write out the explicit form of the principal symbol

of . Recall the decoupling procedure in [6]. First we have

m; 0 0
Wlo, MW =0 my, 0|+R=G+R mod ¥ >,
0 0 ms

where R € U°. Then we decouple terms of order zero by finding a K; in form of

0 K K3
Ki=|Ky 0 Ky|eU™!
Ks1 Ks 0

such that
1+ K)G+R(1+K)'=G+ (K\G—-GK, + A) +

and the off diagonal terms of (K1G — GK; + A) vanish. There exists a unique
solution for K since all eigenvalues are distinct. After this step, the diagonal terms
Rj;,j = 1,2,3 in R remains and they form the zero order terms of the decoupled
system.

We introduce the notations P = 1D ¢ P and Py = D{; ) P for a matrix-valued
symbol P(t,z,7,&) in the following. Moreover, the principal symbol of R;; are the

second highest order term in the asymptotic expansion of the product

Z’|a\71
o(W*AW) = a(W*(AW)) ~ go o J(Wfl)(a)g(AW)(a)
Jla—-1 R
~ X S oo

where the product of symbols are multiplication of matrices. Observe that any terms

that are multiples of m; vanish along ¥ . It follows that

op(Rin) = ) > ol (Mo (W) 0kt + 0 (W) 1k(0p (M) Do (W)(0)) )i

lal=1 k

+Z"p )ik (0p-1(A)a(W))k1,
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where we use 0,_1 to denote the symbol of second highest order. By analyzing the
pattern of each matrix, one can show that the first and second term are real. Whether

the third one is real or not depends on the pattern of o,_;(A).

Remark 18. The second highest order term o,_;(A) can be computed by

Upfl(A) = Upfl(Mout>0p(Uout)_1 - Up(A)Upfl(Uout)ap(Uout)_l
—( Z UP(A)(Q)UP(Uout)(a))Up(Uout)_la

laf=1

where 0,_1(Mout), 0p—1(Usut) can be regarded as the composition of a YDO with an
FIO with complex phase function. Indeed, we consider the geometric optics construc-
tion of w(t, x) from the boundary value problem, which is a Lagrangian distribution
with complex phase function. By the Fundamental Lemma for the complex phase
in [67], one can find the composition is a DO if restricted on the boundary z3 = 0
and we have 0,_1(Moyt). The same procedure works for 0,1 (Upyt)-

Notice the second term in o,_1(A) multiplied by o,(W*) on the left will vanish
along X in the first row and the pattern of the third one will give a real term after

conjugated by o, (V).

Since we write my ~ eo(0; — icgr(t,2')v/—A,) in the principal symbol level, there

is an extra term in r; besides Ryy. Let p = i(7 — cg(t, 2")[¢’]). Then we have

o(r1) = op(Ru1) — Z e

|laj=1

and

ro = 0p(r) = Jp(ealrl) = Up(eo) (0p(Ra1) — Z eo p(a
la|=1
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