EPSILON MULTIPLICITY OF MODULES WITH NOETHERIAN

SATURATION ALGEBRAS

A Dissertation
Submitted to the Faculty
of
Purdue University
by

Roberto A. Ulloa-Esquivel

In Partial Fulfillment of the
Requirements for the Degree
of

Doctor of Philosophy

August 2020
Purdue University

West Lafayette, Indiana



THE PURDUE UNIVERSITY GRADUATE SCHOOL
STATEMENT OF DISSERTATION APPROVAL

Dr. Bernd Ulrich, Chair

Department of Mathematics
Dr. William Heinzer

Department of Mathematics
Dr. Guilio Caviglia

Department of Mathematics
Dr. Linquan Ma

Department of Mathematics

Approved by:
Dr. Plamen Stefanov

Associate Head for Graduate Studies

11



To my grandmother Elizabeth.

111



v

ACKNOWLEDGMENTS

First and foremost I would like to thank my advisor Professor Bernd Ulrich for
his support and time throughout my doctoral studies. His classes were a fundamental
reason for me choosing Commutative Algebra as a research area. More than technical
knowledge, his approach to math is one of the greatest lessons I take with me. I am

very proud to be part of the big community of your students.

I would also like to thank Professor William Heinzer, who also was an important
part of my education here at Purdue. I took six different classes with him, and I
enjoyed every single one of them. His door was always open and I always felt wel-
comed walking in and talking math him. I wish to thank the rest of my comittee
members Professor Guilio Caviglia dn Professor Linquan Ma. I would also like to
thank Professor Jim McClure, who taught one of the best classes I've taken. You
are an inspiration on how to be a great teacher. I thank Vihn Nguyen for all the

discussions we had and for taking the time to talk multiplicity theory with me.

I am forever indebted to my family. My mom has been my rock for the last seven
years. It is thanks to her that I am where I stand today. My brother and dad, who
have given me their inconditional support, and the rest of my family: Nino and Nina,

Jonnathan and Keilyn, who I love as my parents and siblings.

I would also like to thank the commutative algebra group at Purdue, especially
Alessandra Costantini who always had the best advice. So many people that made
academic life at Purdue inspiring, Michael Kaminski, Lindsey Hill, Rachael Lynn,
Daniel Bath, Harrison Wong. I am glad that throughout this process I made so many

friends. I am very thankful to Vishal Bajaj and Colin Ford for being great roommates



and friends.

To my friends, who more than colleges became a second family: Daniel Shankman,
Donming She, Alejandra Gaitan, William Sokurski, Taylor Daniels, Mikahil Lepilov

andJake Desmond.

Finally to all my friends who outside the math department at Purdue, cheered for
me: Max Harvey, whose friendship was unconditional all these years, Emily Mettler
who I will miss deeply, my friends in Costa Rica: Ivana, Krissia, Andrés and some of
the smartest mathematicians I know Javier Carvajal, Daniel Campos, Oscar Zamora
and Mariano Echeverria. You are all an inspiration. Thanks for your friendship and

support.



vi

TABLE OF CONTENTS

Page
LISTOF TABLES] . . . . . . . o vii
ABSTRACT] . . . . . viii

2 PRELIMINARIES

[3.1 Some facts about length and local cohomology| . . . . . . ... ... .. 22
[3.2  g-multiplicity] . . . . . ... 24
[3.3  e-multiplicity] . . . . . ... 28
4 =-MULTTPLICTTY AND THE SATURATION REES ALGEBRA| . . . . .. 35
(4.1 Background| . . . . . .. ..o 35
4.2 Rationality of the e-multiplicity and the Noetherianness of the satu- |
| rated Rees algebral . . . . . . . . .. ... oo 39
4.3 The saturation algebra of monomial modules| . . . . . . . ... ... .. 42

H e-MULTTIPLICITY OF SOME MONOMIAL CURVES

[5.1  e-multiplicity of monomial curves in A.| . . . . ... ... ... ... 44

[>.2  Some conjectures for relative multiplicity| . . . . . . . . ... ... . 49




LIST OF TABLES

vii

Table Page

[5.1  Prediction of the e-multiplicity for the family p(7/) . . .. ... ... ...

[5.2  Colength and relative multiplicity of some monomial ideals in Q[ X, Y, Z] .




Viil

ABSTRACT

Ulloa-Esquivel, Roberto PhD, Purdue University, August 2020. Epsilon multiplicity
of modules with Noetherian saturation algebras. Major Professor: Dr. Bernd Ulrich.

In the need of computational tools for e-multiplicity, we provide a criterion for
a module with a rank F inside a free module F' to have rational e-multiplicity in
terms of the finite generation of the saturation Rees algebra of E. In this case, the
multiplicity can be related to a Hilbert multiplicity of certain graded algebra. A
particular example of this situation is provided: it is shown that the e-multiplicity
of monomial modules is Noetherian. Numerical evidence is provided that leads to a

conjecture formula for the e-multiplicity of certain monomial curves in A3.



1. INTRODUCTION

Given (R, m, k) a Noetherian local ring, one would like to study the growth of powers
of an R-ideal I. If I is m-primary, one can look at the function Ag(R/I™). It is a
classical result in commutative algebra that this numerical function is of polynomial
type, i.e., there is a polynomial with rational coefficients, P € Q[X] such that for n
large enough Ag(R/I") = P(n) [17]. The leading coefficient of this polynomial (after
normalization) is called the multiplicity of /. The same theory can not be applied
if 7 is not m-primary, since in this case the lengths of the modules R/I" are not

guaranteed to be finite.

A way to generalize the notion of multiplicity is to apply the section function,
or zero-th local cohomology to the modules before considering their length, i.e, to
look at the modules HX(R/I"). For a fixed n € N, this module is the largest sub-
module of R/I"™ which has finite length, hence we can define the function Aj(n) =
Ar(H2(R/I™)). This numerical function however is more complicated that its ana-
logue in the m-primary case. For example, it is not always of polynomial type. If
is a monomial ideal, it is known that this function is of quasipolynomial type, i.e.,
it behaves cyclically as a polynomial function [13]. In particular, there is no lead-
ing coefficient to look at to extract a multiplicity. However, if depth(R) > 0, and I
contains a nonzero divisor, then I'y(n) is bounded above by a polynomial of degree d

[24]. This allows to define

!
e(I) = limsup diA:(n)

n—00 nd

Cutkosky has also shown that if R is analytically unramified and dim R > 0, then

one can replace limsup by an actual limit, or if R is regular. [4] The limit in question



appears when studying the asymptotic behaviour of graded families of ideals. The
graded family associated to the e-mutliplicity on an R-ideal is its saturated Rees al-
gebra. The R-ideal I" :p m> = (J,,(I" :r m/) is called the n-th saturated power of
I. 1t is straight forward to see that A;(n) = Ag({™ :g m>°/I™). This function appears
naturally as it is also equal to A\(H .\ (I™)) whenever depth(R) > 2. Moreover, by local
duality if R is Gorenstein, A;(n) = Ag(ExtG(R/I7, R)).

Even when the e-multiplicity exists as a limit, unlike Hilbert’s multiplicity, it can
be irrational [5]. For example, if R = Clzy, ..., z4] and m = (21, ..., z4), Cutkosky has
proved that there is a nonsingular projective curve € C P2 with defining R-ideal [
and

Ar(Hy(R/1M)) e

lim
n—ro0
There are cases where the e-multiplicity of the ideal is known to be rational. For
example if I is a monomial ideal, A;(n) has a quasipolynomial behaviour. Herzog,
Puthenpurakal and Verma have proved that the polynomials repeating cyclically have
the same degree and the same leading coefficient [I3]. In particular, the limit exists

and it is a rational number. Jeffries and Montano have improved this result by actu-

ally computing this multiplicity as a volume of certain region [16].

Given a ring R and two R-ideals J C I, one can define the saturation Rees algebra

of I with respect to J as
Re(I) = PI" 15 J)" C R1]
n>0

A crutial result in the proof of Herzog, Puthenpurakal and Verma is that the satu-
ration Rees algebra of a monomial ideal with respect to any other monomial ideal is
Noetherian [12]. We prove in Chapter 4, that (/) € Q whenever the saturation Rees
algebra is finitely generated. The saturation Rees algebra may not be Noetherian

in general. For example, if R is a local ring of dimension d and [ is a prime ideal

of height d — 1, then I™ :zp m*> = I™ the n-th saturated power of I. The study



of the Noetherianness of the symbolic Rees algebra is a classical problem. In fact,
it is related to a geometric problem via the following theorem: let k be an infinite
field and € is a curve in A™(k). If the symbolic Rees algebra of the curve is finitely
generated, then € is a set-theoretical local complete intersection, i.e., it is locally the
intersection (as a set) of n — 1 hyperplanes. Rees already knew of examples where

the symbolic Rees algebra was not Noetherian.

A particular family where the saturation Rees algebra correspond to the symbolic
Rees algebra are monomial curves in A*(k). Let € be a monomial curve parametrized
by the map A — (A", A", \"3) and let p = p(ny, n2, ng) = ker(y) is the defining ideal.
It is an open problem to find a characterization in termns of nq, n, and n3 of when is
Psas(p) Noetherian. However, Herzog and Ulrich have characterized monomial curves
with symbolic Rees algebras generated by the first and second symbolic powers [14].
We explore numerically what happens with the growth of Ag(H2(R/I™)) for some of

these monomial curves in Chapter 5.

Ulrich and Validashti have generalized the notion of e-multiplicity to modules [24].
If £ C F are R-modules with F' ~ R" free and E a module with a rank, then one can
make sense of the funtion Ag(n) = Ag(HL(F"/E")) as follows: the symbolic algebra
of F'is just a polynomial ring over R, say S = R|[ty,...,t,]. The n-th power of F
is just the n-th graded component of S. The symmetric algebra of E maps into S
by the universal mapping property of symmetric algebras. The image of this map
is a standard graded R-subalgebra of S, called the Rees algebra of ' and denoted
R(E). Its graded components are the powers of E. We prove in Chapter 4 that if
the R-algebra:

Rt (E) = R(E) :g m™

is Noetherian, then e(E|F) is rational, whenever one can realize the e-multiplicity as

a limit.



In the case of R-ideals this reduces to g, (I) being Noetherian. As we mention
before, this algebra is known to be Noetherian for monomial ideals. We generalize this
to monomial modules. In Chapter 4 we prove that the e-multiplicity of a monomial
module is rational, by showing that their saturation Rees algebra is always Noethe-

rian.

Finally in Chapter 5, we explore some numerical evidence about the e-multiplicity
of monomial curves, and some results for the relative multiplicity of two ideals of finite
colength, equality of colength and multiplicity and the effect of quotiening by general

elements in the multiplicity.



2. PRELIMINARIES

2.1 Blowup algebras

Definition 2.1.1 Let H be an additive monoid and R a ring. We say that R s
H-graded, if there is a direct sum decomposition of the additive group of R
R=EPR,
heH
such that 1 € Ry and RyRy C Ry for all h,k in H. We call Ry, the h-th graded
component of R. An element x € R is called homogeneous if there is h € H such that
x € Ry and an R-ideal is called homogeneous if it can be generated by homogeneous
elements. If H = Ny we will just say that R is graded and if R = Ry[R,] we say that

R is homogeneous or standard graded.

Definition 2.1.2 (Rees algebra, extended Rees algebra) Let R be a ring and
I an R-ideal:

(a) The Rees algebra of R with respect to I is defined to be

R(I) = R[It] = {i a;it' :n € Ny, a; € P} C R[t].

Note that R|[It] is a standard graded subalgebra of R[t], and [R(I)]; = I't",

o0

R =PIty =ReIte e
i=0
(b) The extended Rees algebra of I is defined as

R[It,t71] = { > ait':ineNga; € P’} C R[t,t7Y].

i=—n



where by convention I* = R for k < 0. This is a Z-graded R-subalgebra of
R[t,t7'], and R[It,t7']; = I't" where I' = R for i < 0. With this we can write

RiItt )= P Uty=-- 0RoROItO I D ---

1=—00

Sometimes R[It,t™'] is also denotes by R} (R).

Definition 2.1.3 (Associated graded ring, fiber cone, analytic spread ) Let R

be a ring and I an R-ideal.

(a) The associated graded ring of R with respect to I is defined as gr;(R) :=
R(I)/IR(I). Note that IR(I) is a homogeneous ideal, hence gr;(R) is a stan-
dard graded R-algebra, and [gr;(R)|; ~ I't"/I""* . With this

gr;(RY~R/IDT)[*D ---

(b) If (R, m, k) is local, the fiber cone of I is the ring
F1(R) := R(I) /mA(I)

Again, mR(I) is a homogeneous ideal, hence the fiber cone is a standard graded
R-algebra, and:
Fi1(R) ~ k@ I/mI ® I*/mI*®

(¢c) The dimension of the fiber cone is called the analytic spread of I and is
denoted by ((1).

Remark 2.1.1 Let R be a ring and I an R-ideal. The associated graded ring is an
epimorphic image of the extended Rees algebra

R[It,t7"]

= Rl

We can summarize the relations between the Rees algebra, the extended Rees

algebra and the associated graded ring in the following diagram:



2.2 Powers of modules

Let R be a commutative ring, M and N R-modules and g : M — N an R-linear
map. By the universal mapping property of symmetric algebras, there is an induced

homogeneous R-algebra homomorphism
Sym(g) : Sym(M) — Sym(N)

z € [Sym(M)]y = g(x) € [Sym(N)]y

Note that im(Sym(g)) is a standard graded R-subalgebra of Sym(N) generated by
linear forms. We apply this construction to the case where E is a submodule of a
free R-module F. The inclusion £ - F induces a homogeneous homomorphism of

standard graded R-algebras
Sym(2)
Sym(E) ——= Sym(F)

(which may not be necessarily injective). Now, since F' ~ @, _, R; is free, Sym(F") ~

R[{t;}ieal.

Definition 2.2.1 (Rees algebra on an embedding [6]) Let R be a commutative
ring, E an R-module, and i : E — F an embedding of E into a free R-module F'. The

Rees algebra of the inclusion E — F, R(i), or sometimes just denoted R[E],
(i) = im(Sym(i))  Sym(F)

Since R (i) is a standard graded ring, when realized inside R[{t;}ica], it is gener-

ated by linear forms.



Remark 2.2.1 If R is a ring and I is an R-ideal, the previous construction for the

inclusion i : I — R gives the classical definition of Rees algebra for an ideal.

Definition 2.2.2 (Powers of a module) Let R be a commutative ring, E an R-
module, and i : E — F an embedding of E into a free R-module F'. The n-th graded
component of the Rees algebra of the embedding is called the n-th power of E, and
denoted E™, i.e.:

E" = [R(0)]n

Note that the powers of modules do not have all the properties powers of ideals
have. In fact, unlike in the ideal case E“*1 < E' so { E'};cy does not form a filtration.
As a consequence, we cannot define the associated graded ring of a module, nor its
extended Rees algebra. Furthemore, this construction does depend on the embedding,

unless we have some assumptions on the module or the ring.

Definition 2.2.3 (Rank) Let R be a Noetherian ring and M a finite R-module. We
say that M has a rank if M @ Quot(R) ~ Quot(R)" for some r > 0. In such a case,

we say that M has rank r and denote it by rank(M) = r.

Proposition 2.2.1 Let R be a Noetherian ring and M a finite R-module. The fol-

lowing are equivalent:
(a) M has a rank and rank(M) = r;
(b) M, ~ Ry for every p € Ass(R).
For a proof of this, see for example [2], Proposition 1.4.3:

Theorem 2.2.2 (Einsenbud, Huneke, Ulrich) Let R be a Noetherian ring and
E a finite R-module. Assume that for each p € Ass(R), one of the following holds

(1) E, is a free Ry-module (e.g. E has a rank);

(i) R, is Gorenstein;



(111) R, is Z-torsionfree (e.g. if Q C R, or if R is a domain).

Then R(E) does not depend on the embedding. In particular, the powers of E do not
depend on the embedding.

For a proof of this, see [6], Theorem 1.6.

2.3 Numerical functions

In this section we introduce the concept and some properties of numerical functions

that will be used later on.

Definition 2.3.1 (Numerical function) A numerical function is a function
F:7Z — Q. IfS CZisasetand F : S — Q we regard F as a numerical
function by extending G : Z — Q with G(n) = 0 forn € S and G(n) = F(n) for

nes.

The set of numerical functions V' is a Q-vector space. One can regard Q[t], the
space of polynomials over Q, as a subspace of V: given a polynomial P(t) € Q[t], one
defines P : Z — Q with n — P(n). We will refer to these as polynomial numerical

functions.

Define an equivalence relation on V' by declaring F' ~ H if and only if F'(n) = H(n)
for n > 0. If F ~ P for some polynomial numerical function, we say that F' is of
polynomial type. Note that if F'is of polynomial type, there is a unique polynomial
P such that F' ~ P. In this case we say that P is the polynomial associated to F
and define deg F' = deg P.

Define a Q-linear transformation A : V' — V by:

AF :7Z —Q
n— F(n)—F(n—1)

F—
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Lemma 2.3.1 Let B_(t) :=0, By(t) := 1 and for r > 1:

t+r) I+ ol

r rl

(0 = (
() {B(t) -+ > 0} is @ Q-basis for Q1] V'
(h) For1<d<r, AB.(t) = B, 4(t);
(¢c) Forn € Z, B,(n) € Z.

Proof For (a) note that if » > 0, B,(¢) is a monic polynomial of degree r and so
{B,(t) : r > 0} is a Q-basis for Q[t] C V. For (b) proceed by induction on d. Let
d = 1. Note that

AB,(t) = B,(t) — B,(t — 1) = [T t+i) T, (t—1+i)

rl N

r—1

H(t +i)- (t +77:!) —t _ Hg;_(tf; i) — B, (1)

i=1

Assume d > 2. Note that
A'B.(t) = A(AT'B,(t)) = AB,_aqy1(t) = Bo_4(t).

Finally for (d), note that if n +r > 0, then B,(n) = ("7") € Z. If n+r < 0, then

T

n<-—r<0,s0 —n—12>0 and:

B,(n) = (" ”) _Tatd) eIl en =)

r rl r!

Ly o . (_1)T(—n - 1) s

(—mn—r—1) r

Lemma 2.3.2 Let F' be a numerical function and d an integer with d > 0. The

following are equivalent:
(a) F is of polynomial type of degree d;

(b) AF is of polynomial type of degree d — 1;
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(c) AYF is eventually a non-zero constant.

Proof (a)= (b) Since F is of polynomial type of degree d, and {B,(t) : v > 0} is a
Q-basis for Q[t], there are a; € Q, 0 <7 < d such that F ~ 3¢ a;B;(t) and ag # 0.
For n > 0 note that

d d
AF(n)=A (Z aiBi(n)> = a;AB;_y(n)

=0 =0

In particular AF ~ Zg:o a;AB;_1(t) and this is a polynomial of degree d — 1.

(b)= (a) If d = 0, then AF ~ 0, so F' is eventually constant and hence F
polynomial type of degree 0. With this assume d > 1. There is @ € Q[t] such that
AF ~ Q and deg(Q) = d— 1. Write Q = >>70 b; By(t), where bg_; # 0. Consider the

polynomial
d—1

P(t) =) b:iBi(t)

i=0
Then AP(t) = Y90 b;Bi(t) = Q(t) ~ AF. In particular A(F — P) ~ 0, hence
F — P must be associated to a constant polynomial, say C', C' € Q C Q[t]. Note that

F ~ P+ (), and hence F' is of polynomial type of degree d.

(b)= (c) Proceed by induction on d. If d = 0, AF ~ 0, and AYF = F is eventu-
ally constant. Assume d > 1. Since AF is a of polynomial type of degree d — 1, by
induction AYF = A4"1(AF) is eventually constant.

(c)= (b) If AF is eventually constant, then F is eventually constant, and hence
AF ~ 0. With this we may assume d > 1. If AYF is eventually constant, then
AYL(AF) is eventually constant. By induction hypothesis AF is of polynomial type
of degree d — 1. ]

Lemma 2.3.3 Let F' be a numerical function of polynomaial type with associated poly-

nomial P of degree d. The following are equivalent:
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(a) F(n) € Z forn > 0;
(b) P(n) € Z for n > 0;

(c) P(n) € Z forn € Z;

d
(d) P(t) = a,B.(t) with a, € Z,ag # 0 if d # —1.

Proof Note that (a) is equivalent to (b) by definition and (c¢)=- (b) trivially. Also
(d)= (c), since Lemma [2.3.1](c) say that for n € Z, B,(n) € Z. Hence it is enough to
show that (b)= (d). Write P(t) = Zizo a;B;(t), with a, € Q for every r and aq # 0.
Proceed by induction on d. If d = 0, then P is constant and by (b) it takes integer
values, so the result holds. Let d > 1. Note that

d

AP(t) = a,AB,(t) =Y _a,B,_1(t) = i ary1 By (1) = i (rs1 B, (1)

r=0 r=-—1
Since P(n) € Z for n > 0, AP(n) € Z for n > 0. By induction on d, a,...,a, are
integers. Now, note that ag = P(n) — S.°_, a,B,(n) € Z for n > 0 and so we are

done. [ ]

Definition 2.3.2 (Integer-valued numerical function) A numerical function F
is said to be integer-valued if F(n) € Z forn > 0. We say that F is non-negative
if F(n) >0 forn> 0.

2.4 Hilbert functions

Let R = @, R; be a Noetherian graded ring with R, Artinian and let M =
D,cz M; be a finitely generated R-module. The Ry-modules M; are finite for every i.
Since Ry is Artinian, A(M;) < oo for i > 0. With this, the following definition makes

sense.

Definition 2.4.1 (Hilbert function) Let R = ;" R; be a Noetherian graded ring
with Ry Artinian and let M = @,., M; be a finitely graded R-module.
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(a) The function Hyr @ 7Z — Ny given by Hp (i) = Ar,(M;) is called the Hilbert
function of M.

(b) The Laurent series hy(t) =Y, Hy(i)t" is called the Hilbert series of M.

Theorem 2.4.1 (Hilbert series is rational) Let R be a Noetherian graded ring
with Ry Artinian, write R = Ro[x1, ..., T, where x; is homogeneous of degree d; > 0,
let M = @B, M; be a finitely generated graded R-module. Then:

q(t)
[[— (1 —t%)

for some q(t) € Z[t,t7Y. If M; = 0 fori < 0, then q(t) € Z[t] and hy(t) is a rational

ha(t) =

function.

Proof Proceed by induction on n > 0.

(Case n=0) If n =0, R = Ry and hence because M is a finite R-module, it has
finite length. Since M = @,., M;, it follows that M; = 0 for |i| >> 0. In particular,
there is N such that

ha(t) = D (M)t € Z[t,t7).

Note that if M; = 0 for i < 0 then hy(t) = q(t) € Z]t].

(Case n > 0) Let n > 0. Then M(—d,) = M is a homogeneous R-linear map
since x,M;_q, C M;. Its kernel and cokernel are graded modules giving rise to an

exact sequence of homogeneous R-linear maps
0= K= M(—d,) ™ M—L—0

where z, K = 0 = x,L. By the latter, K and L are graded modules over the graded
ring R/(x,) ~ Ro[Xi, ..., X,—1], where X, is the class of z; in R/(x,). Thus by

induction hypothesis

/(1) wd () 10

hi(t) = i T
[ (1 —t%) [[= (1 —t%)
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for some ¢'(t),q"(t) in Z[t,t7] (or Z[t] if M; =0 for i < 0). Now, by additivity:

q"(t) —d't) _ B
m = hr(t) — hx(t)

= har(t) — har(—an)(t) = har(t) — ™ har(t) = (1 — %) hay(t).

Proposition 2.4.1 Let R be a standard graded Noetherian ring with Ry an Artinian
ring and let M be a finitely generated graded R-module. If M # 0, then hy(t) can be

written uniquely as:
()
(L—ty

where d = d(M) > 0 and qu(t) € Z[t, t™] with qa(1) # 0.

ha(t) =

Proof By [Theorem 2.4.1], hy(t) = q(t)/(1 — )" for some q(t) € Z[t,t~']. Further-

more 1y
(1=t

for some qps(t) € Z[t, t7] with qar(1) # 0. Set d =n — ¢. If d < 0, then

ha(t) = aur(t) = (1 =) "qu(t)

0=hu(1) =D Ary(M;) #0

1€EZL

since M # 0. We condude d > 0. |

We focus now on the case where M # 0 is non-negatively graded, i.e., M; = 0 for
i < 0. Write deg(qas) = s. Since d(M) is the order of the pole of hy(t) at t = 1, we
want to express ¢y (t) in the basis {(1 —¢)" : n > 0} which we can do by considering
a Taylor expansion around ¢ = 1 for gy/(¢). Note that

g\ S (_1)igd) |
QM(t):ZQMZ.—‘(D(t—l)i:ZM(l_t)Z

! 7l
i—0 i=0

(1) =ZH<n—j>an:Z(n7+‘i),an:i (”) '='Z (”>

n=i j=0 n=t n=t
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In particular

=0 Ln=1

o) =3 [Z () ] (1)(1 — 1)

)
Lete; = > (’7)an — W Note that eo=qu(1) #0. Alsoes =a; #0and e; € Z

n=i \ 4 il
for 0 < ¢ < s. With this notation

S

qu(t) = . ei(—1)H(1 —t)%.

With the Taylor expansion, we can now write hy(t) as

alt) _ Sipel(-1)(1 1)
(-1 (1=t

T () =

Now we will use this form of hy,(t) to find a polynomial Py, with Hy; ~ Pys. Recall
that if d € N. Then:

1 ad i1+d—1 . s ,
= t = Bd_l(i)tZ
(1—t)d ; d—1 ;

Theorem 2.4.2 Let R be a standard graded Noetherian ring with Ry Artinian and let
0# M =@, _, M, be a finitely generated graded R-module which is non-negatively
graded. For d > 1 write

Then Hy(n) = Py(n) forn > s—d+ 1. In particular Hyy is of polynomial type of
degree d — 1. If d =0, then Hy; is of polynomial type of degree —1.

Proof If d = 0, then hp(t) = qun(t) and hence Hy(n) = 0 for ¢ > s+ 1. Then
Hy(n) is of polynomial type of degree —1. Assume then d > 1. Consider the case

where s < d. Then:
s . 1
ha(t) = Z(—l)’eim
i=0

and d —i > d — s > 0. Using the expansion for 1/(1 —t)? we have:

o0 S

har(t) = (=1)'e; Y Baoia(B)t" = ) (=1)'e;Bgia (k)"

=0 k=0 =0
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and hence, comparing coefficients

s d—1

Hy(n) = MM,) = > (=1)'e;Ba_i1(n) = > _(=1)’€iBa_s-1(n)

i=0 i=0
since e¢; = 0 for 7 > s. Note that this holds forn > 0> s —d + 1.

With this we may assume s > d. Then one can write

1—t +Z ell—t

Using the arguments from the previous case, one can rewrite the first sumand to get

d—1

=0

oo d—1

=> ) (~1)eiBaia(k)t* +Z Yiei(1—t)

k=0 i=0
Note that Y7 ,(—1)%;(1 — ¢)""? is a polynomial of degree at most s — d, hence for

n > s—d-+ 1 we have:

¥
L

Hu(n) = ) _(=1)'e;Bi-i-1(n) = P (n)

I
o

Definition 2.4.2 (Hilbert polynomial, multiplicity) Let R = @:°, R; be a Noethe-
rian standard graded ring with Ry Artinian, and M = @, , M, a finitely generated
graded R-module.

(a) Py (t) is called the Hilbert polynomial of M ;
(b) The Hilbert multiplicity of M, denoted e(M), is defined as follows:

M) ifd=0.

e(M) =

Theorem 2.4.3 (Hilbert) Let R be a Noetherian standard graded ring with (Ry, mg, k)
Artinian and M a finite graded R-module of dimension d. Then Hys is of polynomial
type of degree d — 1.
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Proof We prove the case M = R/p for p a graded prime ideal of R first. Proceed
by induction on dim(R/p) = d.

(Case d = 0) If dim R/p = 0, then p = my & R, since this is the homogeneous
maximal ideal. In particular R/p ~ k and hence Hg/,(n) = 0 for n > 1. In particular

Hpgy, is of polynomial type of degree -1.

(Case d > 0) Since R is standard graded, we know that R = Ry[R;] and hence

R/p = k[pr%l%l]' If Ry = pN Ry, then dim R/p = 0, a contradiction. Hence we can

pick 0 # x € R/p homogeneous of degree 1. Consider the exact sequence:
0— R/p(—1) > R/p — R/(p,x) — 0.
By additivity
AHpp(n) = Hryp(n) — Hrp(n — 1) = Hpypa) (n).

Note that R/p is a Noetherian standard graded domain with Ry = k a field, and
hence dim R/(p,z) = dim R — 1. By induction hypothesis Hg/( 4 is of polynomial
type of degree d — 2. But this says that AHpg/, is of polynomial type of degree d — 2,
hence Hpg/, is of polynomial type of degree d — 1, according to Lemma m

Now we prove the general case. Consider a graded prime filtration of M, i.e.; a
chain

0=NoCNCNC---CN =M

of graded submodules of M such that for each i, N;/N; 1 ~ R/p;, 1 < i </, where

p; are graded prime ideals. Considering the exact sequences:
0— Nifl — Nz — Ni/Ni,1 —0

it is easy to see by induction that:

¢ ¢
Hy = Z Hy, N, = Z Hpyp,
=1

i=1
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We know that Hp/p, is of polynomial type of degree dim(R/p;). It is straightforward
that Hj; is of polynomial type. We also know that the leading coefficient of the

polynomial associated to Hp/,, must be positive, since Hg/p,(n) > 0. In particular
deg Hy = g;ﬁiﬁx@{deg Hp)p} = 1rrglgaugxé{dirn(R/pi) —1}.

But all the minimal primes of M are homogeneous, and they must appear in every

prime filtration of M. In particular:

d—1=dimM —1= max){dim(R/p) -1} < 1n<1a<xe{dim(R/pi) -1} <d-1.

Min(M

2.5 Hilbert-Samuel Functions

Definition 2.5.1 (Ideal of definition) Let R be a Noetherian semilocal ring. An
ideal of definition is an ideal I with /I = Rad(R), where Rad(R) is the Jacobson
radical of R, i.e., the intersection of all maximal ideals. Note that if Q) is an ideal of

definition, then R/Q is an Artinian ring.

Definition 2.5.2 (Hilbert-Samuel function) Let R be a semilocal Noetherian ring,
I an ideal of definition and M a finitely generated R-module. Define the Hilbert-

Samuel function of M with respect to I as follows:

Liy : Ng — Ny
n—1 n—1
Lia(n) = Ap(M/I"M) =" Hye 0n)(j) = Y Ar(I?M/P M)
j=0 =0

Note that gr;(R) is an Noetherian standard graded ring with [gr;(R)]o = R/I
an Artinian ring. Also gr;(M) is a finite gr;(R)-graded module. Hence the previous

definition makes sense.
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Proposition 2.5.1 (Existence of the Hilbert-Samuel polynomial) Let R be a
semilocal Noetherian ring, I an ideal of definition and M a finitely generated R-
module. There is a unique polynomial Py (t) € Qt], with Ly (n) = Pra(n) for
every n. > 0. Furthermore

d

Pra(t) =Y (=1)'eiBay(t — 1)

1=0

with e; € Z, 0 <1 <d, and eg # 0 if M # 0.

Proof If M = 0, then Py (t) = 0. Hence wee say assume that 0 # M. We
know that Hg, (ar) is of polynomial type of degree d — 1 for some d. If M # 0, then
gri(M) # 0, and:

—

n—

n—2
ALLM(n) - ng,(M)(j) - Z HQTI(M)(j) = HQTI(M)(n - 1).
=0

<.
Il
o

It follows that L s is of polynomial type of degree d. Let Ly ~ Pras. Write:

d

Pra(t) = (—1)'e;Bai(t)

=0

A priori, e; € Q, but since L; j, is integer-valued, e; € Z and ey # 0 as wanted. [ |

Definition 2.5.3 (Hilbert-Samuel polynomial) Let R be a semilocal Noetherian
ring, I an ideal of definition and M a finitely generated R-module. The polynomial
Py is called the Hilbert-Samuel polynomial of M with respect to I.

Let R and M be as in Definition 2.5.3. Define

d(M) = min {n € No|3Jay, ..., a, € Rad(R), A (%) < oo} _

(a1,...,a
Theorem 2.5.1 (Fundamental Theorem of Dimension Theory) Let R be a lo-
cal ring and M # 0 a finite R-module. Then dim(M) = 6(M). This is also equal to

the degree of the Hilbert-Samuel polinomial with respect to any m-primary ideal.

For a proof, see [I7], Theorem 14.3.
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Corollary 2.5.2 Let R be a Noetherian local ring and I an ideal of definition. Let
0# M be a finite R-module. Then dimgr;(M) = dim M.

Proof In this case [gr;(R)]o is an Artinian local ring. Hence by Theorem [2.4.3]
H g, () s of polynomial type of degree dim(gr;(A/)) — 1. On the other hand, by the
proof of Theorem [2.5.1| we know that

AL[,M(TL) = HgTI(M)(n — 1),

and so Ly must be of polynomial type of degree dim(gr;(M)). But by the funda-
mental theorem of dimension theory, Theorem [2.5.1, L; 5 is of polynomial type of
degree dim M. We conclude that dim M = dim gr;(M). n

Let R and M be as in Theorem [2.5.1] Let P; s be the Hilbert-Samuel polynomial
of M with respect to I. If 0 # M and d = dim M, then

where e; € Z and ey # 0. In this case, one can write:

60Xd

T o(x4 1

P]’M(n) =

Definition 2.5.4 (Hilbert-Samuel mutiplicity) Let (R, m) be a Noetherian semilo-
cal ring and M a finite R-module. Let I be an R-ideal of definition for M. Define
the Hilbert-Samuel multiplicity of M as

eo if M # 0;
e(l; M) =

0 otherwise.

Remark 2.5.3 Assume 0 # M. Since L;p(n) = Pra(n) for n > 0 note that:
€ - nd

d!

+O0(n*") = Agyr(M/I"M)

In particular, multiplying by d!/n? gives

eod!

dDR(M/TM)
d! -

nd

+0(n™)
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and so, taking limits as n — oo we get

| n
e(I; M) = eg = lim ¢g+ O(n™') = lim dAr(M/1 M)

n—00 n—00 nd

It is also easy to see that in this case
e(I; M) = ALy ar(n) for n>> 0.

If I = m we write e(m; M) =: e(M) and if M = R we write e(I) := e(I; R).
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3. eMULTIPLICITY

3.1 Some facts about length and local cohomology

One would like a notion of Hilbert-Samuel multiplicity in the case where I is not
m-primary. The problem in this case is that the quotients R/I"™ may not have finite

length. A way to fix this is the section functor.

Proposition 3.1.1 Let (R, m, k) be a Noetherian local ring and M a finite R-module.
m*M =0 for some s € N if and only if \g(M) < cc.

Proof (=) Assume m*M = 0 for some s € N. Consider the chain:
O=m’MCm*'MC---CmMCM

Note that
s—1

Ar(M) = Ap(M/m’M) = " A(m'M/m™™ M) < oo

since m'M/m" ™ M are a finite k-vector spaces and hence
Ap(m'M/m M) = dimy,(m’ M /m" ™ M)

(<) Assume m*M # 0 for any s € N. By Nakayama’s lemma, one obtains strict
containments
mMCm* ™ 'MC.---CmMCM

For each s, this gives a chain of length s+ 1 and since s is arbitrary, Ag(M) = co. B

Definition 3.1.1 (Section functor) Let R be a ring, I an R-ideal and M an R-
module. The section functor of M with respect to I, or 0-th local cohomol-
ogy of M with respect to I is

Tr(M) =02y I° = J(0:y I) ~ | JHomp(R/I, M).

>0 >0
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Remark 3.1.1 Let R be a ring, I an R-ideal and S a graded R-algebra with R = Sy.
Let M = @ ;.o M; be a graded S-module. Then I'1(M) is a graded S-submodule of
M.

Proposition 3.1.2 Let (R, m, k) be a local ring ring and M a finite R-module. Then

(a) Tw(M) is the unique largest submodule of M with finite length;
(b) Tw(M) =0 if and only if depth(M) > 0
(¢c) Let M = M/T(M). Then T'y(M) =0, so depth(M) > 0.

Proof Let N be a submodule of M with finite length. By Proposition there
is s € N such that m*N = 0, and so N C I'y(M). On the other hand, since M is
Noetherian, the chain

OMmQOMmZQ

must stabilize and so there is s € N such that m*T' (V) = 0. In particular Ag(T'y(M)) <
oo by Proposition [3.1.1]

For (b), recall that if I is an R-ideal, then I contains a non-zero divisor of M
(and so, depth;(M) > 0) if and only if Homg(R/I,M) = 0. If I'w(M) = 0, then
0:y m=0. But (0:p m) ~ Hompg(k, M), hence depth, (M) = depth(M) > 0. On
the other hand, if depth(M) > 0, then depth,.(M) > 0 for s > 1, hence 0 :jy m®* = 0.

]

Lemma 3.1.2 Let (R,m, k) be a Noetherian local ring, I = (z1,...,x,) a proper R-
ideal. If A\p(M) < oo, then

H{(M) = H(C (1, ..., x0; M)) =0 for i>0.
Proof Note that M,, = 0 for all j, hence Ci(xl, ey Ty M) =0 for i > 0. [ |

Proposition 3.1.3 (Subadditivity of A\(I'y,(—))) Let R be a Noetherian ring, I an

R-ideal and consider an exact sequence of finite R-modules

0O—-M —->M—-M"—0
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(a) AR(T1(M)) < Ar(T1(M")) + Ar(T'r(M"));

(b) Equality holds in (a) if A\(M') < oco.
Proof Consider the longexact sequence

0= Ty (M) =Ty (M)—=To(M")— H (M) — -
and let C' = Coker(I';(M) — I'n(M")). Then we have an exact sequence:
0T (M) 5T (M) = Tu(M')—C—0

Using additivity of length, we have

Ar(C1(M)) = Ar(T1(M')) + Ar(T1(M")) — Ar(C)
< Ar(T (M) + Ar(Tr(M"))

For (b) note that if A(M’) < oo, then Hi(M') = 0 for i > 0 by Proposition In

particular, Hi(M’') = 0 giving the short exact sequence
0T/ (M) -T;(M)—Tu(M")—0

and the result follows from additivity of . [ ]

3.2 j-multiplicity

In studying intersection theory, Achilles and Manaressi introduce a multiplicity
associated to an R-ideal that is not m-primary, but has maximal analytic spread [1].
Today, this multiplicity is known as j-multiplicity, and it has been generalized to

modules.

Let R = €P,5¢ I?n a Noetherian standard graded ring with (R, m) a Noetherian
local ring and M = @;io M; a finite graded R-module. By Remark Cn(M) is
a graded submodule of M.
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By [3.1.2] I'y(M) has finite length and so by Proposition there is s € N such
that m*T", (M) = 0. In particular I';,(M) is a finite graded R/m® R-module. Note that
R/m*R is a Noetherian standard graded ring, with [R/m°R|y = Ry/m® an Artinian

local ring.

With this, there is a well-defined Hilbert function for I'y,(M)
HFm(M) Ny = Ny
= Apy ([Fm(M)]n) = Ary (P (M)

In this case, the Hilbert polynomial Pr () € Q[z] has degree dim(I'y(M)) — 1.

Definition 3.2.1 (j-multiplicity) Let R = P, R, a Noetherian standard graded
ring with (Ro, m) a Noetherian local ring and M = ;2 M; a finite graded R-module.
Let d =dim M and 6 = dim ', (M). For D > d define:
0 if D > 6;
jp(M) =
e(Tw(M)) if D =0.
If D = dim M, then we write j(M) = jp(M).

Let (R, m) be a Noetherian local ring and M be a finitely generated d-dimensional
R-module. Let I be an R-ideal (not necessarily primary) and D > d. Note that gr;(R)
is a standard graded ring with Ry = R/I Noetherian local, and gr;(M) is a finite
gr;(R)-module. Hence we are in the context of the graded j-multiplicity and so the

following definition makes sense:

Definition 3.2.2 (j-multiplicity) Let (R,m) be a Noetherian local ring and M be
a finitely generated d-dimensional R-module. Let I be an R-ideal and D > d. Then
the j-multiplicity of [ with respect to M is

jp(I; M) = jp(gr;(M))

where the latter j-multiplicity is computed considering gr;(M) as an gr;(R)-module.

We write j(I; M) = ja(I; M).
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Lemma 3.2.1 Let R =, I, a Noetherian standard graded ring with (R, m) a
Noetherian local ring and M = @;’io M; a finite d-dimensional graded R-module. If
q € Min(M)NV(mR), then I'n(M)q = Njy.

Proof If q € Ming(M), then dim M; = 0, or equivalently R,/anng, (M) is an
Artinian local ring and so there is k such that q*M, = 0. But then m*M, C ¢*M, =0
and hence My = I'y(M,) = T'n(M),. n

Lemma 3.2.2 Let R =, ., I, a Noetherian standard graded ring with (R, m) a
Noetherian local ring and M = @;io M; a finite d-dimensional graded R-module. Let

D > d. The following are equivalent:
(a) dim(M/mM) < D;
(b) dim 'y, (M) < D.
Proof First notice that a power of mR annihilates I'y(M). In particular
Suppp(Lm(M)) € Suppg(M) NV (mR) = Suppp(M/mM)

and so dim 'y (M) < dim M/mM. This shows (a)= (b).

(b)= (a) Assume that dim M/mM = D. Then there is q € Suppyz(M) with
mR C q and dim R/q = D. Since D > dim M, such a q is minimal in Supp(M) and
so by Lemma [3.2.1] T'w(M), = M, # 0. Hence

D = dim(M,/mM,) < dim M; = dim 'y (N), < dim [y (N) < D,
and so equality holds throughout. [ |

Remark 3.2.3 By Lemma we have that

0 if dim(M/mM) < D:
Jp(M) =
e(Tu(M)) if dim(M/mM) = D.

and that j(M) # 0 if and only if dim(M /mM) = dim(M).



27

Remark 3.2.4 Let (Ry, m) be an Artinian local ring and R a standard graded Noethe-
rian ring. Let M be a finite d-dimensional graded R-module. Since Ry is Artinian,
there is k € N such that mF = 0 and so U'(M,) = M, Tw(M) = M and § = d. If
d>1, then

(D — DIATwm(M))

nP-1

(D —1)IN(M,,)

n—oo

so the 7 multiplicity generalizes Hilbert’s multiplicity.

Definition 3.2.3 (Internal grading, [25]) Let (R, m) be a Noetherian local ring
and S a standard graded R-algebra. Let I be an S-ideal generated by linear forms. The
internal grading on S[t,t7!] is the grading obtained by setting degt = 0. Restricting
this grading to the extended Rees algebra of I gives the internal grading of the
extended Rees algebra of S.

Note that &, (S) C S[t,t!] are Noetherian standard graded rings with the in-
ternal grading. In fact, note that S[t,t~ '] = R[t,t™'], hence

S[t’ t_l] = (R[tv t_l])[sl] = S[t> t_l]O[S]la
and since % (S)o = R[t™!], we see that
R (S) = R[Sy, 1) € R7 (S)olR7 ()1

Given a graded S-module M, the modules & (M) and M[t,t7'] = M @5 S[t,t7!] =
M ®pr RJ[t,t7'] are finite graded modules over &} (S) and S[t,t~!] respectively. Fac-
toring out the homogeneous element ¢! we see that gr;(S) is a Noetherian standard
graded ring and [gr;(S)]o = R. Also notice that gr;(M) is a finitely generated gr;(5)-

module. Furthermore

lgr (M)}, = é {%} "

=0

Note that only finitely many of these direct summands are non-zero since [ is an ideal

generated by linear forms.



28

Definition 3.2.4 (j-multiplicity of modules [25], Definition 4.1) Let (R, m) be
a Noetherian local ring, d = dimR, E C F ~ R" be finite R-modules. Set S =
Sympg(F). Set D=d+1r and I = E - S. Define the j-multiplicity of E as

J(E) == jp(F - gr;(5))

where F' - gr;(S) is a gr;(S)-module and gr;(S) has the internal grading.

Define a function

n—1 ; ;
E'LFTL_Z
() = Mnl(Ca(F () = 3 M (T (G ) )
=0
Note that if D = d + r > 0, then

ip(E) = tim P Ve (A= DiEs(n)

n—00 nbP-1 n—00 nd'H"_l

€ No.

3.3 e-multiplicity

Definition 3.3.1 Let (R, m) be a Noetherian local ring, E C F C R". Assume E
and F have a rank. Define

Agip(n) = Ag (T (7/57)) -

Lemma 3.3.1 Let (R,m) be a Noetherian local ring, E C F' = R". Assume that E

has a rank.
(a) Agip(n) < Xgrp(n);
(b) Equality holds in (a) if N\(F/E) < cc.
Proof Fix n and consider the filtration
E"CE"'FCE"?F?C..-CEF" 1 CF"

Using induction and exact sequences of the form:

Ei+1ani71 Eanfz Eanfz

0— Fit2 fn—i—2 - Fit2 fn—i—2 - Fit+l fn—i—1

—0




29

together with the subadditivity of Ag(I'n(—)) (see Prop. [3.1.3), one obtains

Lpje(n) = An(Tn(F"/E") < jX_;AR (T (ieper ) ) = oo

Furthermore, by Proposition [3.1.3 additivity holds if A(#'/E) < oo and so we recover

equality. [ |

Lemma 3.3.2 Let (R, m) be a Noetherian local ring of dimension d and let E C F C

R" be R-modules having a rank. Let U be a submodule of E having a rank. Then
Avie(n) < Ayjp(n) < Ayp(n) + Agrp(n),
and the second inequality is an equality if A\g(E/U) < oco.
Proof Consider the exact sequence
0— E"/U"— F"/JU" - F"/E" -0

The result follows by subadditivity of Ag(I'w(—)). Furthermore, in short exact se-
quences, additivity holds if the first module has finite length. In particular, if
Ar(E/U) < oo, then equality holds. u

There are examples of modules for which the I" function is not of polynomial type.
We will provide examples in the next section. We will show that if the underlying ring
has positive depth, then I' is bounded above by a polynomial of degree depending
only on the dimension of the ring and the rank of the module E. The following results

are from [23]:

Theorem 3.3.3 (Kleiman,Ulrich,Validashti, [23]) Let (R,m) be a Noetherian
local ring of dimension d and E C F C R". Assume rank(E) = e and rank(F) = f.
If E is free and depth(R) > 0, then Agp(n) is bounded above by a polynomial of

degree e.
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Proof (Casee =0)Ife =0,since Eis free, E = 0. In this case F"/E" = F" C R™.
Note that I'y,(F™) is a submodule of I'y,(R™). Note that by Proposition [3.1.2(b) the
latter is zero, given that depth(R) > 0.

We may assume e > 0. Completing we may also assume R = R. By Cohen’s
Structure Theorem, there exists a complete local ring 7' with R ~ T'/a. Let x be a
maximal T-regular sequence inside a and write S = 7'/(x). Then S — R and (S, n) is

a complete local Gorenstein ring with dim S = dim R = d. Write W = Extglfl(R, S).

Since S is Gorenstein, S is Cohen-Macauley and wg ~ S sodim W < d—(d—1) = 1.
Recall there is a fixed s € N such that

m*Tw(F - gr,(A)) = 0.

The graded components of I'y,(F - gr;(A)) are of the form

n—1

@ Fm(EiFn—i/Ei—i—an—i—l)’

i=0
hence m*T (B F" /B F==1) = ( for all n and all i. Now F"/E™ has a filtra-
tion with n factors of the form E'F"~"/E1 F"~=1 Hence, by left-exactness of T'y,
[w(EF™/E™) has a filtration with n factors that are submodules of I (E*F"~¢ / BT Fr—i=1),

hence are annihilated by m®. In particular for all n € N
m*' T (F"/E™) = 0.

The exact sequence

0—-E"—F"—F'/E"—0
induces an exact sequence

Ext&(E", S) — Ext$(F"/E", S) — Ext4(F",9).
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Recall that S is a complete local Gorenstein ring of dimension d, hence Extcsl(—, S) ~
[o(—)", where — = Homg(—, Es(S/n)) denotes the Matlis dual. Also, for R-
modules I',(—) ~ I'n(—). Hence

Extd(F,S) ~Tu(F)".

Since F is R-torsionfree and depth(R) > 0, T'y(F) = 0. Hence Ext(F,S) = 0. Also
Ext$(F"/E", S) ~ T'w(F"/E™)*. With this we obtain

AR(TCw(F"/E™)) = As(Tn(F"/E™)) = As(Ext§(F"/E", S)) = Ar(Ext§(F"/E",S)).
Now we have seen that
R/m*" @p Exti ' (E™, S) — Exti(F"/E™,S),

where Ag(Ext$(F"/E™, S)) = Apr(n). Since E ~ R, R(E) ~ Sym(E), hence
E" ~ 5,(F) ~ R*, where k = ("!°["). In particular

n+e—1)

R/m* ®p Extd ™ (E", §) ~ (R/m*™ ©g Extd (R, 5))® ("5

n+e—1)

= (I/I/'/n’ﬁ””{/[/)e9 ("t

So Ar(R/m™ @r Exty '(E™,5)) = ("F ) Ar(W/m*"W).

e—1

Since dimg W < 1, Ag(W/m*"W) is bounded by a linear polynomial. Hence

Apr(n) is bounded above by a polynomial of degree (e — 1) + 1 = e. n

Theorem 3.3.4 (Kleiman, Ulrich, Validashti[23]) Let (R,m) be a Noetherian
local ring with dim R = d and depth(R) > 0. Let E C F be finite modules of
ranks e and f embedded in some free module. Then Agjr(n) is bounded above by a

polynomial of degree d + e — 1 (independent of f.)

Proof Let K = Quot(R). Then K ® E' ~ K* has a K-basis 1, ..., x. so that after

dividing by a non-zero divisor in R

EgE/:iR:EiZRe.
i=1
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There exists a non-zero divisor @ on R so that aE’ C E. Let F — R". In K" we
have R-submodules £ Ca 'E C F' :=a 'F < a 'R~ R". Thus E' C F' — R",
where E' ~ R and F’ is a finite R-module having a rank, since F' @z K = F Qp K.
In particular by Lemema |3.3.2

Apir(n) < Apjp(n) < Agjp(n) + Ay (n)

for every n. Since E’ is free of rank e, Agp(n) is bounded above by a polynomial of
degree d 4+ e — 1 by Definition and Lemma [3.3.1(a). Since £ ~ R®, Ap/p(n) is
bounded above by a polynomial of degree e < d + e — 1 by Theorem |3.3.3| [ ]

Definition 3.3.2 (e-multiplicity) Let (R, m) be a Noetherian local ring with dim R =
d and depth(R) > 0. Let E C F be finite modules of ranks e and f embedded in some
free module. Define the e-multiplicity of E C F as

ndte—1 ’

e(E|F) = (d+e—1)!limsup

n—o0

If F is a fived free module, we write e(E) = e(E|F).

Remark 3.3.5 Under the hypothesis of Definition]3.3.3, notice that by Theorem|3.5.
¢(E|F) € R,

Remark 3.3.6 Cutkosky [5] has constructed examples of ideals I C R where (1) &
Q, in more details if R = Clxq,...,x4] and m = (21, ...,x4), Cutkosky has proved that

there is a nonsingular projective curve € C P with defining R-ideal I and

i An(Tn(R/T)

n—oo TL4

¢ Q

Theorem 3.3.7 (Cutkosky, [? |, Theorem 3.2.) Let (R, m) be an analytically un-
ramified Noetherian local ring. Let E C F be finite modules with E having a rank e

and F' free. Then
d —DIA
S(B|F) = tim (e DAer(n)

n—00 ndJre*l
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Definition 3.3.3 (Fiber cone, analytic spread) Let (R, m,k) be a Noetherian lo-

cal ring. For a finite R-module E having a rank, one defines

FB) = m@fE)) B @ mEE;'

n=0
The dimension of the fiber cone is called the analytic spread of E and denoted by
UE).

Remark 3.3.8 Whenever we have an inclusion of modules E C F' ~ R° and rank(E) =

e, we have e(E) < j(E). This follows directly from Lemma|3.3.1}

Proposition 3.3.1 (Ulrich, Validashti [24]) Let (R, m) be a equidimensional, uni-
versally catenary local ring of dimension d, and E C F R-modules with F' ~ R°.

Assume E has a rank e. The following are equivalent:
(a) e(E) > 0;
(b) {(E)=d+e—1, i.e, E has mazimal analytic spread.

Proof See [24], Theorem 4.4 [

Remark 3.3.9 Let (R,m, k) be a Noetherian local ring. If I is an m-primary ideal,
then

Definition 3.3.4 [Z]|] Let (R, m) be a Noetherian local ring of dimension d and U C
E be submodules of a free module F'. Assume that U, = E, for p € Min(R). Consider

the inclusion of R-algebras
F(U) € R(E)  Sym(F).

We say that U is a reduction of E (or that E is integral over U ) if R(U) C R(E) is

an integral extension of rings.
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The following theorem, is an application of the e-multiplicity, giving a criterion for
the integral dependence of modules, based on the e-multiplicity, just as Rees’ theorem

does in the m-primary case.

Theorem 3.3.10 (Ulrich, Validashti [24], Theorem 3.1.) Let R be a locally equidi-
mensional, universally catenary Noetherian ring. Let U C E be submodules of a finite

free module F' and assume that both U and E have a rank e. The following are equiv-

alent:
(a) E is integral over U;
(b) e(Uy) = e(E,) for every p € Spec(R);
(c) e(U,) < e(Ey) for every p € Suppr(E/U) with {(U,) = dim R, + e — 1.

The previous theorem motivates the need for computational tools of € multiplicity.
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4. e-MULTIPLICITY AND THE SATURATION REES
ALGEBRA

4.1 Background

When studying the e-multiplicity of modules, one graded algebra of interest ap-
pears. Let (R, m, k) be a Noetherian local ring and £ C F' = R" be R-modules with
a rank. Let S = Sym(F’). Note that

E" ipn m™ E™ g m™
Agip(n) = Ap(Cu(F"/E™) = Ap | —— | = Ap [ ——
En E™
Definition 4.1.1 Let (R, m, k) be a Noetherian local ring and E C F = R" be R-
modules with a rank. Let S = Sym(F'). The R-algebra

Rt E) = R(E) :sm™ =P E":5, m® C S
i=0
1s called the saturation Rees algebra of E.

We show that the Noetherianness of this algebra implies the rationality of (E).
As a matter of fact, in this case we can express the epsilon multiplicity as the Hilbert
multiplicity of some graded module. To prove this, we need a criterion for the Noethe-

rianness of certain algebras.

Definition 4.1.2 (Veronese subalgebra) Let S be a Noetherian ring and of =
@An a graded S-algebra. The S-subalgebra @Am 1s called the r-th Veronese

subalgebra of </ and denoted </ 7).

Theorem 4.1.1 Let S be a Noetherian ring and o/ = @;-, A; be a positively graded
S-algebra with Ay = S. If &7 is a Noetherian S-algebra; then there exists r € N such
that the r-th Veronese subalgebra of < is standard graded, i.e. o/") = S[A,].
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Proof Assume &7 is Noetherian, in which case o is finitely generated. Write &/ =
Slfi, .y fn], where f; € A.,, 1 <i < n. Let e = lem(ey,...,e,). Now set g; = fe/ei.

)

Note that g; € A, hence the S-subalgebra of &7, B := S[g1, ..., g»] is generated over S
by homogeneous elements of degree e, in particular B(®) is standard graded. Now note
that f; is integral over B, 1 < ¢ < n, given that they are a root of the polynomial
te/ei — g, € B [t]. In particular, A is a finitely generated B-module, and so is the
A-submodule A©). Write

l
A =" BA,
j=0

and define r = ef. We will prove that A" is standard graded, i.e., A,; = A% for
i > 0. Proceed by induction on i. If i = 0, then Ay = R = A% Assume ¢ > 1. Since

Al C A,; for all 7, it is enough to show that A,; C A°.

We proof that A.s = Be(s — {)Aee for s < £. To do this, note that

l
A =3 " BA,;
j=0

so for any s > ¢ we have
¢
Aes = Z Be(s—j)Aej
j=0

Note that since B® is standard graded, Bej = Be(j—1yBe € Bej—1)Ae for any j > 1.

In particular we have a filtration
BesAO - Be(s—l)Ae c..-C Be(s—Z)Aef,

50 Aes = Be(s—Z)AeE-

Now by the claim and the induction hypothesis:

Air = Ae&' = Be@(ifl)Aeﬁ - Ar(ifl)Ar = A:n
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Remark 4.1.2 In the context of theorem if f = S[Ay, ..., Ad|, and r = d - d!,
then ") = S[A,]. For Example see the proof of Lemma 5.2. in [10].

Proposition 4.1.1 In addition to the assumptions of Theorem [{.1.1], assume there

1s x € Ay which is a non-zero divisor on . The following are equivalent:

(a) < is a Noetherian S-algebra;
(b) there is v € N such that &/") is astandard graded Noetherian S-algebra;
(c) there is r € N such that /") is finitely generated a Noetherian S-algebra.

Proof We already proved (a)=- (b), and (b)=- (c) is trivial. We prove that (c¢)=
(a). For 0 < j <r —1 define

7T — éArH-j
i=0

r—1

which is an «/(")-submodule of «/. Note that o/ = @Jzi(”j), so it is enough to
5=0

show that each 7" is finitely generated as a module over 7). Since z € A is a

non-zero divisor, so is "7 € A,_;. Note that
"D CEP A A D Ay € 7.
i>0 i>0

Since 2777 is a non-zero divisor, the o7 ("-linear map p, : &) — &7 is injective,
hence 79 must be isomorphic to an ideal of o7 (). Since 7" is finitely generated
as an S-algebra and S is Noetherian, .7 (") is a Noetherian ring. Therefore .27 "#) must
be finitely generated as a module over .7 ™). But since .o/ is a finite direct sum of the
modules .7 ("), o/ must be finitely generated as a module over «7("). In particular, .o/

is a Noetherian ring. [ |

Theorem 4.1.3 (Simis, Ulrich, Vasconcelos, [22], Proposition 3.2) Let R be
a Noetherian local ring and let A C B be a homogeneous inclusion of standard graded
Noetherian R-algebras and R = Ay = By with Ag(B1/A;) < co. Write d = dim B
and m for the mavimal ideal of R. Let G = gr 4, p(B), with internal grading.
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(a) Forn >0, Agr(B,/A,) = MN[B1G],.);
(b) Forn >0, \(B,/A.) is of polynomial type of degree dim B;G —1 < d — 1;

(c) If Pap(X) € Q[X] is the polynomial associated to N(B,/Ay), then:

Pup(20) = G2 X+ 0K

where
0 i dim(B1G) < d;

e(A|B) =
e(B1G) if dim(B,G) =d

Proof Let G =gru,5(B). Note that
~ [ AlB
G, = [;} .
i=0 A1+IB n

We consider the module B;G. With this grading

[BlG]n = T

i=1

Aifl aniJrl
Aiani ’

in particular one has
[O e BlG]O = [0 ‘R BlG] = aHHR<Bl/A1).

Note that R/ann(B;/A;) is an Artinian ring, and so we are in the context where B;G
is a finitely generated G/(0 :¢ B1G)-module, the latter being a standard graded ring

with 0-th graded piece an Artinian local ring.

n
Ai— 1 Bn—i+1
i1 AiBn—i
1=

Ail—l(AlBj) C A;_1Bj11, so for n > 0 we have a filtration

Recall that [B1G],, = . Fori > 1and all j we have 4;B; = A|B; =

An = AnBO - An—lBl c---C ADBn = B,.
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By additivity of length we see that:

() - DR( R ) = ae(BiG

Statements (b) and (c) follow from the theory of Hilbert functions for graded modules

over a standard graded ring with Artinian local zero-th graded component. [ ]

4.2 Rationality of the s-multiplicity and the Noetherianness of the satu-

rated Rees algebra

From now on, when writing lim f(n) € Q, we mean the limit exists and is rational.
n—oo

Theorem 4.2.1 Let (R,m, k) be an analytically unramified Noetherian local ring of
dimension d > 0. Consider E C F := R' an R-module with rank e. If Rsu(E) is an

Noetherian R-algebra, then

c(B) = tim (e Dhpr(n)

n—»00 nd—i—e—l

€ Q.

Proof Rewrite Agp(n) as follows:

E"™ :pn me

By Theorem [4.1.1] given that the R-algebra P (F) is Noetherian, there is r € N

such that we know there is r € N such that

sat @ ETn ‘Fprn M

is standard graded, i.e., E™ :pro m*™ = (E" :pr m™)" for n > 0 (not that this is
not the n-th power of the module E” :pr m®, but the power inside S). Consider the
R-standard graded algebras

A=ROE ©E"® - = RE)") C Bur(E)") =: B,
We have an inclusion of standard graded R-algebras A C B, Ay = By = R and:

Ar(B1 /A1) = A(E" :pr m®/E") = A\g(Tu(F"/E")) < 00
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Now, we can apply Theorem [£.1.3]to the R-algebras A C B to get that the numerical

E™ g m™ A,

is of polynomial type of degree dim BG — 1 := ¢ where G = gr,, 5(B), i.e., there is
a polynomial P(X) € Q[X] with

function

P(X) = #X‘S +0(Xh)

with P(n) = Agp(nr) for n > 0 and e(A|B) € Q. Since R is analytically unram-
ified, by Theorem the £ mutliplicity of E exists as a limit. In particular, any
subsequence of (d + e — 1)!Agp(n)/n®! has as limit £(E). Putting this together

gives:
. (dH+e=DWAgpnr) . (d+e—1)P(n)
e(B|F) = lim () et = lim () e

By Cutkosky’s theorem, this limit exists and is finite hence § < d4+e—1. If § < d+e—1,

then ¢(F) =0. If § =d + e — 1, then:
— 1!
lim (d+e—1)IP(n) e(AlB) No

00 (mn)d+e—1 C pdde—l pd+e—1

The hypothesis that R, (F) is Noetherian is not always satisfied. For example
if FE =1 CF = R for an R-ideal I this reduces to the Noetherianess of the satu-
rated Rees algebra. As we mentioned in Remark [3.3.6] [5], Cutkosky has produced
an example of an ideal I C R, where £(I) is not rational. By the previous result, the

associated saturation Rees algebra cannot be finitely generated.

Other examples of ideals for which the saturation Rees algebra may not be Noethe-
rian include monomial curves in A%, We will discuss more of this case in Chapter 5.

Now we explore a case that we will generalize in the following section.

Definition 4.2.1 (Saturation Rees algebra) Let S be a Noetherian ring, I and
J S-ideals. The saturation Rees algebra of I with respect to J is

RoalI1|) := @I 1 J*)7" C S[7].

n>0
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The following is a result from Herzog, Hibi and Trung:

Theorem 4.2.2 (Herzog, Hibi, Trung[12], Theorem 3.2) Let R = k[xy, ..., 24

be a polynomial ring and I, J monomial ideals. Then Rsu(I,J) is Noetherian.

Corollary 4.2.3 Let R = k[zy,...,z4] be a polynomial ring and I a monomial R-
ideal. Then e(I) € Q.

Corollary has been proved using different techniques. For example, Herzog,
Puthenpurakal and Verma have studied the nature of the funcion A;(n) for monomial

ideals.

Definition 4.2.2 (Quasipolynomial type) Let F' : N — N. We say that F has
quasipolynomial type if there are polynomials Fy, ..., Py_1 € Q[X] such that for n >> 0:

F(n) = Fi(n)  if n=i(mod g)

The following result by Herzog, Puthenpurakal and Verma [I3] is proved with

much more generality than the following version:

Proposition 4.2.1 ([13]) Let R = k[z1, ...,z4] and I a monomial R-ideal.
(a) The numerical function Ag((I"™ :gp m>)/1™) is of polynomial type.

(a) Let Py, ..., Py_1 be the polynomials with A;(ng+ 1) = P;(n) forn > 0. Then all

these polynomials have the same degree and same leading coefficient.

This shows that £(I) exists and it is rational, being the normalized leading coeffi-
cient of any P;, 0 <17 < g — 1. But one can say even more about the e-multiplicity of
monomial ideals. In fact, Jeffries and Montano have explicit formulas for what these

multiplicites should be.

Theorem 4.2.4 (Jeffries,Montano [16], Theorem 5.1.) Let R = k[xy, ..., z4] and

I a monomial R-ideal. Then
e(I) = dlvol(out([I))

which s a rational number.
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4.3 The saturation algebra of monomial modules

Definition 4.3.1 (Monomial module) Let k be a field and R = k[z1, ..., x4] a poly-

nomial ring in d-variables. Let F' be a finite free R-module with basis {e;}1 .
(a) A monomial in F is an element of the form x{* - - x5%e;, 1 < i < m;
(b) A monomzial module is an R-submodule of F' generated by monomials.

Let E be a monomial submodule of F'. Notice that E£ has a rank. Consider the
inclusion ¢ : £ < F to define the e-multiplicity of £. We show that the saturation

Rees algebra of F with respect to any monomial ideal is Noetherian.

Remark 4.3.1 Let R be a Noetherian ring and E C F' finite R-modules with a rank
and F'=R". Let S = Sym(F) and [ = E - S. Then E™ = [I"],.

Theorem 4.3.2 Let k be a field and R = k[x,...,x4) a polynomial ring. Let F be
a finite free R-module and E C F a monomial module. Let S = Sym(F). Given a
monomial R-ideal J, the R-algebra:
Roa(E,J) = R(E) 15 J° =P E" :pn J*C S
n>0

is Noetherian.

Proof Let {e;}*, be a basis for F. Write S = Rlty,...,t,]. Consider monomial
generators for F/, say F = 25:1 Rmy, with m; = x%e;,. Define the S-ideal I := E-S.
Let p; = Sym(¢)(m;) = x*t%. Note that I = (p1, ..., fte) is @ monomial S-ideal.
Hence, by Theorem [.2.2] the saturation Rees algebra

[e.e]

Rai(1,7) = U 25 J¥)r" C S[r]

n=0

is Noetherian.
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Now note that R (E, J) = B, o(E™ :pn J®) =@, ,[I" :5 J®],. In particular

o0

SR VRN v S

n=0 n=0 j=0

thus Kot (F, J) is a direct summand of Fei(I, J) as a module over R (E, J). It
follows that K. (E, J) is Noetherian. [ |

Corollary 4.3.3 Let k be a field and R = k[xq,...,x4] a polynomial ring. Let F' be a
finite free R-module and E C F a monomial module. Then ¢(E) € Q.

Proof By Theorem m, Rsat () = Rsar(E,m) is Noetherian. Hence by Theorem
4.2.1} it follows that () is rational. u
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5. e-MULTIPLICITY OF SOME MONOMIAL CURVES

5.1 e-multiplicity of monomial curves in A3

Definition 5.1.1 (Monomial curve in A3) Let k be a field and consider the k-
algebra map

@ kXY, Z]] — K[[t]

Xt Y =t Z—t"
where ged(¢,m,n) = 1. The algebra im(p) is called the coordinate ring of the
monomial curve of (,m,n. The image of the map X\ — (N, \™ \") is called

a monomial curve of A3(k). The kernel of this map is called the defining ideal

associated to the monomsial curve.

Remark 5.1.1 If p is the defining ideal of a monomial curve in A3(k), then p is a
perfect ideal of height 2. As a matter of fact, Herzog proved in [11], Proposition 3.3,

that there are a, o', 8, 8", 7,7 € N such that
X yo zv
p = ker(p) = Iy /
Y8 z7v Xe

It is also easy to see that if p is the ideal of maximal minors of a matrix as in

Remark [5.1.1] and p = p(¢, m,n), then

t=py+p6y+ 67
m=ya+yd ++«a
n=af +oB+ap
Not every matrix of the form
X* vs X7
| CEVAND G
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will have maximal minors corresponding to the defining ideal of a monomial space
curve. For example, in [§], Lemma 2.1. it is shown that starting with a matrix of this
form, if p = p(¢,m,n) for some relatively prime integers, then a # 2a/, 25 # f’ or

2y #7.

Definition 5.1.2 Let R be a Noetherian ring, and I an R-ideal. Recall that the n-th

symbolic power of I is defined as

™= () I'"'B,NR
peAss(R/I)

It is clear that I" C 1™ for n > 0. If p € Spec(R), then p™ = p"R, N R.
For an R-ideal I, define

g (1) = | J Assp(R/T")

n>1

Proposition 5.1.1 Let R be a Noetherian ring and I an R-ideal with no embedded
primes. Let Q C V(I) be a set such that

(a) Q is finite;
(b) Min(I) N Q2 = @;
(¢c) If q € (1) is not minimal in (1), then q € Q.

I =y <ﬂ p) .

peQ

Then

For a proof, see [10], Lemma 1.30. In particular, note that if (R, m) is a Noetherian
local d-dimensional ring and p € Spec(R) with ht(p) = d — 1, then one can take
Q = {m}. Clearly Q is finite, it does not contain any minimal prime of I, since
Min(p) = {p}. Finally note that m is the only potential embedded prime of any
power of p. With this one obtains:
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Corollary 5.1.2 Let (R, m) be a d-dimensional Noetherian local ring and p € Spec(R)
of height d — 1. Then

Tw(R/p™) =~ p™ /pm.

Definition 5.1.3 Let (R,m) be a Noetherian local ring, p a prime ideal. The sym-
bolic Rees algebra of p is the graded R-algebra

Ri(p) = Prpt" C R[]

n>0
Let p be the defining ideal of a monomial curve. By Theorem |4.2.1], if the symbolic
Rees algebra of p is Noetherian, then £(p) € Q, but there are examples of families of
monomial curves in A3(k) where the symbolic Rees algebra is not Noetherian, due to

the work of Goto, Nishida and Watanabe:

Remark 5.1.3 Let k be a field of characteristic 0, and for n > 4, an integer not

divisible by 3, consider the monomial curves in A3(k) with defining ideals
p=p(7n —3,(5n — 2)n,8n — 3).

These ideals do not have Noetherian symbolic Rees algebras as proved in [9], Corollary

1.2.

The j-multiplicity for monomial curves in A(k) has been completely described

by Nishida and Ulrich in [19], Example 4.5.

Theorem 5.1.4 (Nishida, Ulrich[19], Ex. 4.5.) Let k be an infinite field, p =

p(¢,m,n) be the defining ideal of a monomial curve in A*(k). If we write

Xe y# gz

p = ker(p) =1y /
Y8 zv X©

By replacing the variables X, Y and Z suitably, one may assume
lao = min{la, nB, ny, Lo, mpB',ny'}.

Then j(p) = aB(y +7).
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An interesting question to ask is whether there is an analoguous formula for the
¢ multiplicity in this class of ideals. Since the Noetherian property of the symbolic
Rees algebra of p guarantees the rationality of the e-multiplicity, a more approach-
able question would be: given a monomial curve with defining ideal p such that
Psar(p) is Noetherian, is there a formula depending on «, o', 8, 8, v, describing the

e-multiplicity?

We have studied numerically a particular case of this problem. Herzog and Ulrich
have characterized the monomial curves in A3(k) for which R, (p) = Rlpt, p@1?]
(see [14], Corollary 2.12.).

Theorem 5.1.5 (Herzog, Ulrich, [14] Corollary 2.12, [8], Corollary 4.3.) Let

R be a regular local ring of dimension 3, X, Y and Z a regular system of parameters

Xe y# gz

p=1I ,
Y8 zv X«

a prime ideal of codimension one. Let M be the matriz defining p. After suitable
permutations of the rows and columns of M, one may assume that either (i) o < o,
B < B and v <~ orthat (i) a > o, B < ' and v < ~'. The following statements

are equivalent:
(a) Z:(I) = Rlpt, p®t?;
(b) We have the following conditions:
(a) the matriz M satisfies (i);
(b) B=p ora=a andy=~".
In this case, Z4(1) is Gorenstein, and (p@)"* = p@?) forn > 1.

A lot is known about the function A, in this case. We have the following behavior

of the symbolic powers:
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p271-4—1 ‘R m® = p(2n—|—1) — p(p(Z))n

for all n > 0. In particular the functions Ay(2n) and A,(2n + 1) are of polynomial
type of degree 3 ([I3], Proposition 5.5) Huneke has shown that the R-module p(? /p?
is cyclic [15], and Schenzel has fully described its generator [20]. In this case, using

Theorem [4.2.1], one can write

3! ) A (2)\n /4420 e (2) 1142
) = 5 tm r((p nz /) (pg\p)

where e(p®|p?) denotes the relative multiplicity associated to the homogeneous in-

clusion of standard Noetherian graded R-algebras & (p?) C R(p?).

Since we know that A,(2n) is of polynomial type of degree 3, we can use this
to generate numerical evidence on what the e-multiplicity of these monomial curves

should be. For example, consider the family ideals:

Xv zv
Y Z X

By declaring deg X =29’ + 1, degY =~/ + 2 and deg Z = 3, we may assume that p

is homogeneous and we compute:
Ar(p® r (X, Y, 2)%)"p7") = Ar(p®" /p°") = MD(xy.2) (R/p™"))

for v/ = 2,...,10 and use this to get a polynomial of degree 3. The results obtained
are summarized in Table 5.1.
There are two interesting facts about this data. The first one is that the estimation

for the e multiplicity is:

, 32+ 1) +2 deg X degY deg Z
c(p(yy) = 2B HD)_ des X dee

The second one is that for this family

4 n

Ap(21) = =(p) <§n3 +n?— g) .

so there is a generic polynomial giving the e-multiplicity of the family.
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Table 5.1.: Prediction of the e-multiplicity for the family p(v)

v | (¢, m,n) Predicted Ay(2n) | Predicted e(p)
2| (5,4,3) | 40n®+30n —10n 30
31 (7,5,3) | 70n®+4 Pn? —3n 15
51 (11,7,3) | 154n® + Blp? — T Bl
6 | (13,8,3) | 208n® + 15602 — 52n 156
8 | (17,10,3) | 340n° + 255n2 — 85n 255
9 | (19,11,3) | 418n® + Zin? — 2y 827

5.2 Some conjectures for relative multiplicity

A possible approach for the computation of the e-multiplicity of monomial curves,
following the ideas of Ulrich and Nishida for the j-multiplicity, is to reduce the
dimension of the ring. Using the notation for relative multiplicity introduced in
Chapter 4, given two R-ideals J C [ in a local ring with Ag(I/J) < oo, denote
e(J|I) = e(R(J)|R(I)). This function is the normalized leading coefficient of the

polynomial that behaves like the numerical function Ag(1"/J™).

Following the ideas of Ulrich and Nishida in [19], a first step in proving that the
formula for e-multiplicity of the family p(+’) holds, is to show the following conjecture:
let (R, m, k) be a Noetherian local ring, J C I R-ideal such that Ag(//J) < oc.
Assume that grade(JJ) > 0. Is it true that for € J general

e(J/ (@) (x)) = e(J|1)?

Note that Ag(I™/J") is of polynomial type of degree d + 1 = dim R([), while
Ar(I" + (x)/(x)/J" + (x)/(x)) has degree dim(R/(z)) + 1 = d.
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In particular, if this holds one may assume that ht(7) = ht(J) = 0. We studied
some numerical examples to see whether there is enough evidence to assume this
result holds. Since Ag(I™/J") is of polynomial type, we compute it for large values
of n in Macauley2, and extract the information about the relative multiplicity. In
k[X,Y, Z] the experiment was run for over 90 monomial ideals with finite colength
and the result was positive for all of them, i.e., relative multiplicity carried over after

going module general elements.

Another interesting fact for this family is that the relative multiplicity was bounded
above by the colength. It is not true in general that e(I]|J) < Ag(I/J), even for
the primary case. For example take R = k[[X,Y]]. For n > 2 set [ = (X", Y™")
and J = (X" X"Y,Y™). Note that for all of these ideals, Ag(I/J) = 1, yet
e(JII) = e(J) —e(l) = n(n + 1) —n?> = n. This shows that the relative multi-

plicity can be made arbitrarily large without changing the relative colength.

Finally, after analizing some of the data, in particular when the colength and
multiplicity match, one sees a patern. This data appears in Table 5.2. It leads to the

following conjecture:

Conjecture. Let R be a regular local ring of dimension d. Let J C I be R-ideals
with Ag(I/J) < oo. If I is a complete intersection of height d — 1 and J is an almost
complete intersection, then e(J|I) = Ag(I/J).
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Table 5.2.: Colength and relative multiplicity of some monomial ideals in Q[X,Y, 7]

I J Ar(I7)J™),n >0 | e(J|I) | Ar(1/J)
(X2Z4Y9) | (X227, X°Z0Y9) | Zn® +8n?+27n | 81 81
(XZ,Y3) | (XZ?2,X?Z,Y3) ind 4 gn2 +n 3 3
(XY7, 2% | (2°,XY8, X*%Y7") | 3n+2n’+3n 9 9
(X3, Y% (X3Z, Y4 X1 2n® +2n® + 3n 4 4
(XZ2,Y%) | (XZ°, X422 YS) | 9n® +27n%+18n | 54 54
(Y, Z?) (Z%Y?, XY) snd+n®+2n 2 2
(Y2Z,X5) | (Y2Z3,Y*Z,X%) | ¥n® +10n? + 2n | 20 20
(Y5, Z7) (Z7,Y", X?Y®) | ¥nd+14n?+ 2n | 28 28
(Z,Y5) (2°,X4Z,Y®) | On34+40n* +Ln | 80 80
(X225,Y®) | (X228, X32°,Y®) | 4n®+4n?+ in 8 8
(X*Z,Y?) | (X322, X*Z,Y®) | 3n3+432n%+3n 5 5
(Z,Y3) (Z3,X2Z,Y3) 2n3 + 6n? + 4n 12 12
(Y4, Z8) (Z8, Y3, X5Y®) | Sn® +64n* + 280 | 128 128
(X4Z6,Y11) (X4Z7,X5ZG,Y“) 11 n3 4+ 11n2 4+ 11 11 11
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