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ABSTRACT 

Predictive modeling allows us to analyze historical patterns to forecast future events. When 

the data available for this analysis is imbalanced or skewed, many challenges arise. The lack of 

sensitivity towards the class with less data available hinders the sought-after predictive capabilities 

of the model. These imbalanced datasets are found across many different fields, including medical 

imaging, insurance claims and financial frauds. The objective of this thesis is to identify the 

challenges, and means to assess, the application of machine learning to transportation data that is 

imbalanced and using only one independent variable. 

Airlines undergo a decision-making process on air route addition or deletion in order to adjust 

the services offered with respect to demand and cost, amongst other criteria. This process greatly 

affects the topology of the network, and results in a continuously evolving Air Traffic Network 

(ATN). Organizations like the Federal Aviation Administration (FAA) are interested in the 

network transformation and the influence airlines have as stakeholders. For this reason, they 

attempt to model the criteria used by airlines to modify routes. The goal is to be able to predict 

trends and dependencies observed in the network evolution, by understanding the relation between 

the number of passengers per flight leg as the single independent variable and the airline’s decision 

to keep or eliminate that route (the dependent variable). Research to date has used optimization-

based methods and machine learning algorithms to model airlines’ decision-making process on air 

route addition and deletion, but these studies demonstrate less than a 50% accuracy.  

In particular, two machine learning (ML) algorithms are examined: Sparse Gaussian 

Classification (SGC) and Deep Neural Networks (DNN). SGC is the extension of Gaussian 

Process Classification models to large datasets. These models use Gaussian Processes (GPs), 

which are proven to perform well in binary classification problems. DNN uses multiple layers of 

probabilities between the input and output layers. It is one of the most popular ML algorithms 

currently in use, so the results obtained using SGC were compared to the DNN model. 

At a first glance, these two models appear to perform equally, giving a high accuracy output 

of 97.77%. However, post-processing the results using a simple Bayes classifier and using the 

appropriate metrics for measuring the performance of models trained with imbalanced datasets 

reveals otherwise. The results in both SGC and DNN provided predictions with a 1% of 

precision and 20% of recall with an �� score of 0.02 and an AUC (Area Under the Curve) of 0.38 
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and 0.31 respectively. The low �� score indicates the classifier is not performing accurately, and 

the AUC value confirms the inability of the models to differentiate between the classes. This is 

probably due to the existing interaction and competition of the airlines in the market, which is 

not captured by the models. Interestingly enough, the behavior of both models is very different 

across the range of threshold values. The SGC model captured more effectively the low 

confidence in these results. In order to validate the model, a stratified K-fold cross-validation 

model was run. 

The future application of Gaussian Processes in model-building for decision-making will 

depend on a clear understanding of its limitations and the imbalanced datasets used in the process, 

the central purpose of this thesis. Future steps in this investigation include further analysis of the 

training data as well as the exploration of variable-optimization algorithms. The tuning process of 

the SGC model could be improved by utilizing optimal hyperparameters and inducing inputs.  
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 INTRODUCTION 

1.1 Research Overview 

The evolution of the Air Transportation System (ATS) is affected by socioeconomic factors 

including population growth, government regulations and increase in gross domestic product 

(Rocha, 2017). Airlines and software companies develop advanced computer models that measure 

how the profitability of different air routes is influenced by external factors, which affects the route 

addition and deletion decision-making process. Consequently, the Air Traffic Network (ATN) 

evolves as a result of the airlines’ decisions on route selection, and this evolution can impact the 

robustness and the flow of traffic (Sha, Moolchandani, Panchal, & DeLaurentis, 2016). The full 

set of criteria used to measure the profitability of routes, which is affected by all types of external 

factors, is not openly available to the public. For this reason, researchers have built approximate 

models with the use of historical data. This historical data is highly skewed, which presents a great 

challenge when building a predictive model.  

Machine learning algorithms are applied successfully to a range of problems in classification, 

including those that model the evolution of the air traffic network, further explored in Chapter 2. 

This thesis intends to provide a novel approach to modeling airlines’ behavior on route addition 

and deletion by making use of Gaussian Processes (GPs), a probabilistic approach to learning in 

kernel machines, and by using performance metrics appropriate for models that run imbalanced 

data. The GPs are implemented through the modeling technique known as Sparse Gaussian 

Classification (SGC), used for large datasets, based on the method of Gaussian Process 

Classification (GPC). GPC is a generalization of the Gaussian probability distribution. It is a non-

linear, non-parametric generic supervised learning method. As such, its biggest advantage is that 

it employs user-specified kernels to provide predictive distributions rather than point predictions. 

The SGC model will be compared to a DNN model and both will be evaluated using the metrics 

associated with a confusion matrix in chapter 4. 

1.1.1 The Evolution of the ATS 

In the USA, we saw the most drastic changes in the ATS after the deregulation of the airline 

markets in the 1970s. Mergers, consolidation and the growth of low-cost carriers have played an 
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important role in the development of the US airline industry, which contributed to the evolution 

of the ATS as we know it today. 

The first mergers happened shortly after the deregulation in 1978. Nowadays, over 85% of 

US domestic capacity is controlled by four different entities (Belobaba, Odoni, & Barnhart, 2015). 

This has allowed merged airlines to apportion their network, eliminating redundant operations, 

and limiting capacity. This strategy is the reason there has been little growth in capacity in the US 

markets and also the reason for the recent profit performance of US airlines. However, this is an 

unstable point for the current ATS and as such it has inconvenienced passengers and stakeholders 

alike (Belobaba, Odoni, & Barnhart, 2015). The many challenges to overcome in the current ATS 

will be discussed in this chapter.  

Air travel demand is the primary driver of air transportation, along with shipment of goods 

(Belobaba, Odoni, & Barnhart, 2015). Socioeconomic factors like population size, age, education 

level and disposable income greatly affect air travel demand. Prices of competing modes of 

transportation influence air travel demand, especially in short-haul markets that utilize cars, buses 

or trains as alternative modes of transportation. Cities with industry in similar sectors will require 

more air travel between them.  

As a result of these demand factors, hubs have grown in large metropolitan areas, where 

demographics and economic activities prevail. The evolution of the system has also shown that 

these fewer hubs offered even more flights over time and became more important to the resilience 

of the ATS. The adaptation of the ATS to the society’s needs has also benefited the population 

directly by providing access to remote areas, more continuous flights between large cities and 

supplying goods by air shipping. 

Because of the importance of the US airline industry, many decisions and strategies require 

the agreement between a number of varied organizations; the legislative entities, environmental 

and labor organizations, and local governments that aim to protect competition and the consumer. 

Requiring so many institutions to come to an agreement in many cases results in a troublesome 

and inefficient way to achieve the improvement of infrastructure and air traffic management 

systems (Belobaba, Odoni, & Barnhart, 2015).  
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1.1.2 Challenges to overcome for a successful growth of the ATS 

Current times present an exception to the historic increase in demand for air travel. The 

COVID-19 pandemic is the culprit for the unprecedented measures nations around the world have 

adopted as an attempt to contain the spread of the virus. These measures include the closure of 

airports, limited flights, and entry banned to international travelers.  

However, putting these exceptionally reduced air travel times aside, the historic trend 

translated to increasing air traffic, and the current ATS was facing many challenges to 

accommodate this increase. The system suffers from bottlenecks and inefficiencies, ultimately 

resulting in passengers experiencing delays and air traffic controllers and pilots working in 

stressful conditions. Some of these difficulties are still felt in the current limited air travel situation, 

now due to regulations that enforce social distancing and by rerouting flights to certain airports 

only, sometimes eliminating the possibility to purchase direct flights.  

Amongst the most important challenges currently faced by the ATS is the outdated airport 

infrastructure, which limits airport capacity. Airport capacity constitutes one of the most important 

long-term constraints on the growth of air traffic (Belobaba, Odoni, & Barnhart, 2015). The 

runway system plays an important role in this claim. Delays cannot be easily mitigated and they 

propagate rapidly through the network with weather implications that constrain the number of 

runways in use and airports operating at a full capacity or near full capacity. Unfortunately, the 

time-consuming processes like passport control or luggage transport and the underfunded projects 

make it very difficult to modernize the air traffic management systems and upgrade and expand 

infrastructures (Belobaba, Odoni, & Barnhart, 2015). 

With the increase of air traffic, safety measures will require improvement to achieve faster 

and more efficient screening of air travelers. These process adaptations need to be exercised with 

extreme care in order to prevent compromising everyone’s safety. 

Environmental concerns have also affected the growth and current operation of the ATS. We 

are becoming more aware of the effects the airline industry has on the environment through 

greenhouse gas emissions, as well as noise pollution in nearby towns and the environmental 

disruption through the expansion of airports. New environmental policies could drive the 

investment and adoption of new technologies, which could also negatively affect carriers that 

cannot fund the required upgrades. 
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Modeling the evolution of the ATS can help the population predict the future changes and this 

way allocate funds efficiently and strategically to support the system’s adaptations, which 

contribute to the population’s economic growth and fulfillment of needs.  

1.1.3 Modeling the Evolution of the ATS 

The evolution of the ATS is characterized by the effects of external changes such as 

government’s regulations and policies, environmental matters and society’s preoccupations. One 

of the biggest changes that resulted from this process was the shift from a point-to-point network 

to a hub-and-spoke network, where fewer airports offer more flights while the majority of airports 

only offer a few.  

Network theories can help us determine topological characteristics of the hub-and-spoke air 

route network. Combining these characteristics with historical data can help us decipher the 

evolutionary nature of this complex system. Understanding the underlying framework is key to 

building efficient models that can more efficiently support and adapt to the changes in economics, 

transport, infrastructure and demographics.  

The motivation of this thesis is to better understand the effect passenger demand has on the 

decision-making process of addition and deletion of routes. To achieve this, first it is necessary to 

understand how to process data that is highly imbalanced, because this is a problematic 

characteristic of the dataset used to train and test any model. In the past, it was reported that results 

on deletion of routes were more accurate than on addition of routes (Sha, Moolchandani, Panchal, 

& DeLaurentis, 2016). For this reason, this research focuses on how the deletion of routes is 

affected by historical data on passenger demand, by using machine learning algorithms a proof of 

concept. 

The time scale of the variability of flight networks is much shorter than that of air route 

networks. Flight networks can vary from week to week and with the seasons. On the other hand, 

airways are more stable because of regulations and the physical constrain of available airspace.  

However, with the implementation in the near future of the concept of free flight traffic control, a 

more dynamic airway system will result from pilots choosing what airway to fly in certain areas 

(Rocha, 2017). The implementation of such a system requires an optimized airway network. 

According to (Rocha, 2017), network modeling efforts in this direction will allow the 
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implementation of a decentralized system that could be the answer to optimized flight times, 

avoiding congestion, bottlenecks and bad weather.  

As our society becomes aware of the mechanisms that have driven our past decisions, we use 

machine learning to computerize the process of decision-making so we can predict data more 

efficiently. In the case of supervised learning, this computerization consists on the analysis of past 

data to find the patterns that have led to certain outcomes. Historically, these tools have been 

applied to concrete problems like character or image recognition. More recent applications face 

the difficulties that come datasets with few data points in the class of greater interest. These are 

known as imbalanced datasets. 

1.2 Research Question 

•  What are the challenges, and means to assess, associated with predictions when applying 

Machine Learning to transportation data that is imbalanced and using only one independent 

variable? 

 

Per results obtained in classification experiments where multiple machine learning algorithms 

are compared, the hypothesis is that assessing the performance of machine learning models that 

have been trained with imbalanced data needs to include metrics derived from a confusion matrix 

in order to be complete. Measuring the accuracy of this model by comparing against the test data 

will not reflect the performance of the model due to the imbalanced nature of the test data. 

Gaussian Processes can be used as a tool in the prediction of future changes in the air service 

provider network topology by modeling of the airlines’ decision on route addition and deletion 

using one independent variable. The performance of the model will rely upon an optimized set of 

parameters, and how we use this model will depend on specific metrics used to assess its 

performance. 

1.3 Structure of thesis 

This thesis is structured in the following way: first, a literature review on other methods used 

to perform classification in this field or an applicable field is presented. These methods are divided 

into optimization-based and network-based. Since this study focuses on the application of GPC (a 

network-based algorithm), a more in-depth review on network-based algorithms follows. This 
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category comprises a collection of machine learning algorithms that have been used to model route 

selection and route formation. Using previous studies and analyses, a comparison on the 

performance of these methods is summarized. Next, the importance of machine learning in human 

applications is highlighted, and the GPs are introduced along with the Classification methods that 

use GPs: GPC, and its large-data-application counterpart, Sparse Gaussian Classification. The 

advantages of the use of GPs in contrast with other approaches are summarized. In Chapter 4, the 

specifics of the data used in this project are explained. These include the imbalanced nature of the 

training and test data. The metrics used to measure the performance of the models are selected 

specifically taking into account this imbalance. They are explained and used in this chapter to 

assess the performance of the DNN model and the SGC model. In Chapter 5, the results are 

validated using a technique called K-fold cross-validation. Lastly, conclusions are drawn and 

future steps are presented.  
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 METHODOLOGY 

2.1 Literature review 

Models built to date that attempt to predict trajectories and route selection can be categorized 

into optimization-based and network-theory-based (Sha, Moolchandani, Panchal, & DeLaurentis, 

2016). Optimization methods are characterized by the use of an objective function along with 

constraints and input variables. The goal is to optimize this objective function and then, multiple 

methods can be used to refine the results. The biggest downside to this approach is that there is 

only one defined objective, which is normally cost minimization. In contrast, in network-based 

approaches, the multi-objective decision-making process of the airlines can be replicated when 

maximizing the capabilities of the system (Sha, Moolchandani, Panchal, & DeLaurentis, 2016).  

Optimization-based approaches include: 

– Linear Programming relaxation method (Lohatepanont & Barnhart, 2004) 

– Integer Linear Programming (Jaillet, Song, & Yu, 1996) 

– Mixed-integer programming (Balakrishnan & Chien, 1990) 

– Mixed-integer programming with relaxation methods (Raack, 2012) 

– Profit maximization (Lederer & Nambimadom, 1998) 

Network-theory-based approaches include: 

– Discrete Choice Modeling (Sha, Moolchandani, Panchal, & DeLaurentis, 2016) 

– Logistic Regression (Guitton, 2000) 

– Random Forests (Diaz-Uriarte, 2004) 

– Artificial Neural Networks (Tsoukalas & Uhrig, 1997)  

– Fitness Function (Kotegawa, 2012) 

– K-nearest neighbor (Murphy, 2012) 

– Support Vector Machines (Cortes & Vapnik, 1995) 

 

A brief description of each will be presented next. 

 

In optimization, linear programming (LP) used to be the solution method of choice in the 

aircraft routing problem when the number of alternatives was relatively small (Balakrishnan & 
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Chien, 1990). This trend then transitioned to mixed-integer programming methods (MIP). 

However, integer programming has a high computational cost, and as the number of nodes 

increases, so does the complexity, making it unusable for large networks computations (Sha, 

Moolchandani, Panchal, & DeLaurentis, 2016). 

In the LP approach, Etschmeier and Richardson, cited in (Balakrishnan & Chien, 1990), make 

use of LP along with integral routing variables and continuous single-commodity variables, with 

a very loose LP relaxation. Jaillet et all (Jaillet, Song, & Yu, 1996) presented an ATN design 

approach without the initial assumption of hub-and-spoke distribution. The flow-based model was 

designed for capacitated networks and routing policies. Three integer linear programming models 

are presented, based on the number of stops and connecting flights. The inputs include the set of 

all cities, the distance between them, the demand measured in passengers who decide to fly from 

one city to another, and the supply, presented in the form of number of aircraft, their capacity, and 

cost per mile.  

In the MIP category, Balakrishnan and Chien (Balakrishnan & Chien, 1990) use a MIP method 

along with a Lagrangian relaxation scheme, which allows them to obtain tight upper bounds. The 

objective in their method is to maximize total profit. The constraints ensure commodity flow as 

well as a limit on the amount of traffic and capacity, which corresponds to demand. Raack (Raack, 

2012) applied mixed integer programming in capacitated network design. Here, a linear objective 

function is optimized over linear constraints for demand and capacity with integral variables. The 

MIP method integrates a linear programming (LP) relaxation to increase the solution space and to 

solve the resulting relaxed problem. Then the problem is re-optimized by adding a cutting plane 

algorithm, which divides the solution space into smaller subproblems. 

Lederer and Nambimadom (Lederer & Nambimadom, 1998) study the choices of networks by 

performing a profit maximization analysis. In their study they use several assumptions regarding 

the demand, the frequency of flights, takeoff, landing and ground times, as well as a relaxed 

assumption on delays. They compare four types of networks: direct, hub-and-spoke, tour, and 

subtour. 

Li and Wang (Li & Wang) use the column-generation method to integrate the fleet assignment 

and aircraft routing problems. This approach minimizes the cost with respect to constraints that 

include a maximum utilization of the aircraft to maximize revenue, and time constraints including 

connection time and flight duration, as well as the maintenance times mandated by the FAA. 



 

 

19 

Network-based methods allow for multi-objective approaches, which resemble the airline’s 

decision-making process. These methods can be categorized into parametric and non-parametric. 

Parametric models define an initial type of function, which shapes the model, and the parameters 

are adjusted to better fit the data. The downside to parametric models is that they depend heavily 

on the initial assumptions. If the function is not adequate, the data will fit poorly. Models in this 

category include logistic regression and neural networks. On the other hand, non-parametric 

models consider a family of functions rather than a single function, so better fitting can be achieved 

since the modeling process does not depend on the initial assumptions by the researcher. K-nearest 

neighbor classifier, fitness functions, support vector machines and Gaussian processes are all non-

parametric methods.  

 

1. Logistic regression is a generalized linear model used for binomial regression. It creates a 

probability curve for the occurrence of an event, or dependent variable, based on a set of 

independent variables, also called predictors (Lemeshow & Hosmer, 2014). It is an analog 

of linear regression in the classification case because the outcome in logistic regression is 

usually binary. The most important quantity in regression models is the conditional mean 

E(Y|x) (Y being the outcome variable and x the independent variable). In the network 

topology evolution problem, the event represents the addition or removal of a link in the 

network. In (Kotegawa, DeLaurentis, & Sengstacken, 2010) the iteratively reweighted least 

squares algorithm (IRLS) is used to train a regression model with historical data. Link 

addition and removal was modeled with this method.  

2. In the Fitness Function (FF) model, nodes with higher importance (or fitness value) receive 

a higher probability of creating new links with other nodes. The FF uses parameters such 

as clustering coefficient. This method is used to model the link addition event in the 

evolution of the network topology (Kotegawa, 2012). In (Kotegawa, DeLaurentis, & 

Sengstacken, 2010), Kotegawa et all develop an FF algorithm to study new route formation 

in the ATS.  They compare the performance of this algorithm against an artificial neural 

network method and logistic regression. 

3. The artificial neural network (ANN) was developed motivated by the intention to replicate 

the brain and build a learning machine. In ANNs, connections between elements are created 

and initialized with random weights. Then, the algorithm is fed with training data until 
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convergence, which takes place when the desired input-output mapping is achieved. In the 

binary classification case, an ANN is a logistic regression model applied to a logistic 

regression model. It produces posterior probabilities through nonconvex optimization in 

the training process (Murphy, 2012). Naessens (Naessens, 2018) used DNNs in trajectory 

prediction. In DNNs, multiple layers of elements are stacked to allow for more complex 

learning. They used a set of historical data to train the model along with a set of predictors. 

They performed a comparative study between decision trees, random forests, kernel SVM’s, 

K-nearest neighbors and neural networks. 

4. The Support Vector Machine (SVM) uses a decision surface to separate the input data 

according to the margin, which is the minimum distance between the decision boundary 

and the samples. Hence, the decision surface is such where the margin is maximized 

(Murphy, 2012). Since the model parameters are defined by convex optimization, any local 

minimum is also a global optimum (Bishop, 2006). SVM is a decision machine, which 

means that it does not provide posterior probabilities. SVM is used for link addition. In 

(Sun & Park, 2017), drivers’ route choice behavior is modeled using SVM and ANN for 

performance comparison.  

5. Random forests (RF) learn decision trees based on a randomly chosen subset of the input 

variables and data cases. These models usually perform really well in terms of predictive 

accuracy (Murphy, 2012). 

6. The K-nearest neighbor (KNN) model is a very simple example of non-parametric models. 

This model counts the number of points from each class in a set of K amount of points 

from the training data near the input x, and returns an empirical fraction as the estimate. 

This method employs memory-based learning (Murphy, 2012). 

7. With Discrete Choice Modeling (DCM), the main goal is to maximize utility. Airlines’ 

decisions of route selection can be modeled using discrete choice analysis based on 

random-utility theory. This utility is composed by the observed utility V and the 

unobserved utility E. V is affected by explanatory variables that affect the user’s decision. 

E introduces the uncertainty that comes with the randomness due to measurement error, 

unknown attributes, etc. The intention is to use the decision model to construct a network 

topology generator. In (Sha, Moolchandani, Panchal, & DeLaurentis, 2016), the strategic 
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planning process of deciding on origin-destination routes is modeled as a discrete choice 

problem where the airlines are modeled as a single benevolent entity.  

The probability of a decision maker to choose an alternative i over j is defined as the cumulative 

distribution of �� − ��. You can find the value of this parameter with the density function of E. In 

(Sha, Moolchandani, Panchal, & DeLaurentis, 2016), a multinomial logit model is chosen to 

describe the density function. This is based on the assumption that ��  is independent and 

identically distributed following a Gumbel distribution. Two reasons that support the use of this 

model are that the output choice probability can be obtained in closed form, and also that logit 

models are known to perform well in decision-making problems (Sha, Moolchandani, Panchal, & 

DeLaurentis, 2016). 

2.2 Comparison of network-based models 

Since this research focuses on the use of a network-based machine-learning algorithm, a 

comparison of the performance of the different network-based models mentioned above is 

discussed next.  

• DNNs are smaller models in size compared to RFs or SVMs (Kotegawa, 2012; Lederer & 

Nambimadom, 1998). This is due to the high computational power required for the training 

process. Consequently, RFs do not scale well with an increase of training data or predictors 

(Naessens, 2018). However, since it has more degrees of freedom than LR, it is able to 

output more precise results than the latter (Kotegawa, DeLaurentis, & Sengstacken, 2010). 

• In (Murphy, 2012), Murphy includes a discussion on two experimental comparisons of 

different binary classification methods. The two experiments differ mainly in the amount 

of features in the problems. The first experiment, considered low-dimensional, used 11 

data sets, which were run through 10 binary classification methods. Amongst these 10 

methods, 5 of them have been discussed in this project. From these, the best performing 

algorithm was RF, followed by SVM, ANN, KNN, and lastly, logistic regression. In the 

second experiment, considered high-dimensional, the best performing algorithm was based 

on Bayesian neural networks.  
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• While KNN is a simple enough method that works very well with enough labeled training 

data and a good distance metric, it is affected by the curse of dimensionality, which 

translates to poor performance with high dimensional inputs (Murphy, 2012).  

• In (Sun & Park, 2017), a drivers’ route choice behavior was modeled using SVM and 

compared with NN. The prediction accuracy between the two methods was similar but 

SVM was much faster in the computation time. Another study mentioned in (Sun & Park, 

2017) modeled travelers’ route choice behavior using a dataset from the San Francisco Bay 

area.  They compared the performance of SVM with a multinomial logit (ML) model and 

NN. Their best performing algorithm was SVM, with comparable prediction capabilities 

to NN, but better computing efficiency. 

• Another analysis on route addition and deletion compared DCM with linear regression (LR) 

(Sha, Moolchandani, Panchal, & DeLaurentis, 2016). In the DCM, a ML model was used. 

LR yielded high accuracy results, very close to DCM, but its performance worsened with 

small networks. The DCM model was still able to perform well with high sensitivity values. 

• According to the discussion comparing some ML methods in (Kotegawa, 2012), one of the 

advantages of RF versus SVM is that it can be used on large datasets even when there were 

more predictor variables than number of observations. However, this method tends to 

overfit the data, especially when there is excess noise in the training dataset. This is a 

behavior also observed in NN, which makes it underperform against SVM (Sun & Park, 

2017). 

• Integer programming has a high computational cost, and as the number of nodes increases, 

so does the complexity, making it unusable for large network computations (Sha, 

Moolchandani, Panchal, & DeLaurentis, 2016). 

• Kotegawa et al. compared in (Kotegawa, DeLaurentis, & Sengstacken, 2010) the 

performance of ANN, FF and LR. ANN performed with the highest precision, but FF and 

LR provided a good representation of the distribution of new routes and also allowed 

flexible forecasting. These two algorithms struggled with high-degree nodes, which 

suggested that additional parameters would be necessary to tune the models.  

 

The following table summarizes the results discussed herein.
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Table 2.1 Comparison of network-based models 

Model Pros Cons 

Linear Regression • Ability to yield high accuracy results (Sha, 

Moolchandani, Panchal, & DeLaurentis, 2016) 

• Good representation of the distribution of new 

routes and also allows flexible forecasting 

(Kotegawa, DeLaurentis, & Sengstacken, 2010) 

• Struggles with high-degree nodes 

• Performance worsened with small networks 

(Sha, Moolchandani, Panchal, & DeLaurentis, 

2016) 

• Suffers from bias towards classes with higher 

number of instances 

Fitness Function • Good representation of the distribution of new 

routes and also allows flexible forecasting 

(Kotegawa, DeLaurentis, & Sengstacken, 2010) 

• Struggles with high-degree nodes (Kotegawa, 

DeLaurentis, & Sengstacken, 2010) 

Artificial Neural 

Network 

• High precision, works well with high dimensional 

problems (Murphy, 2012) 

 

• High computational power required 

(Kotegawa, 2012) 

Support Vector 

Machine 

• Good computing efficiency (Sun & Park, 2017) 

 

 

• Does not perform well in large datasets 

(Kotegawa, 2012) 

Random Forest • Can handle large datasets (Kotegawa, 2012) • Tends to overfit the data, especially with noisy 

training datasets (Kotegawa, 2012) 

• Suffers from bias towards classes with higher 

number of instances 

K-Nearest 

Neighbor 

• Simple, works well with a good distance metric and 

enough labeled training data (Murphy, 2012) 

• Does not work well with high dimensional 

inputs (Murphy, 2012) 

Discrete Choice 

Model 

• Performs well with large datasets (Sha, 

Moolchandani, Panchal, & DeLaurentis, 2016) 

• Low accuracy (Sha, Moolchandani, Panchal, & 

DeLaurentis, 2016) 
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 MACHINE LEARNING ALGORITHMS 

3.1 Machine Learning in Human Applications 

Machine learning algorithms are successfully being used in today’s applications like 

regression, spam filtering, image and voice recognition, commute time prediction, data mining, 

and many more. Some of these applications involve a human decision-making process, like 

targeted advertisement or virtual assistants. In some of these cases, the outcome is dependent on 

the irrational nature of the human brain and our cognitive bias, which makes the human decision-

making process very complex. We have found that machine learning can constitute a set of 

powerful tools in the process of modeling this process, usually characterized by a recognition of 

patterns (Ripley, 1996). As we become aware of the mechanisms that have driven our past 

decisions, we use machine learning to computerize the process of decision-making so we can 

predict data more efficiently. In the case of supervised learning, this computerization consists on 

the analysis of past data to find the patterns that have led to certain outcomes. Historically, these 

tools have been applied to concrete problems like character or image recognition. However, 

achieving a machine that could be used to replicate the human’s behavior in decision-making 

processes is of great interest in the scientific community. 

Figure 3.1 summarizes the process of supervised learning in a predictive model that uses 

machine learning. The raw data is processed to provide two sets of data; the training dataset and 

the test dataset. The training dataset is then fed into the machine learning (ML) model, which also 

goes into an iterative process of parameter optimization, until the user is satisfied through bias and 

variance measurement. The resulting model is then ran with the test data, and performance metrics 

are used to evaluate the accuracy of the model. Once these metrics are obtained, they can be 

compared to other models’ metrics, and the user chooses the most appropriate model. New data is 

fed to the model of choice, which performs the predictions.  

No matter how accurate the learning process of a supervised machine learning algorithm is, it 

is entirely based on the training dataset that it is fed with. Feeding it the right data is a priority if 

the intent is to achieve accurate predictions. This is especially important when dealing with 

datasets that are missing information, contain too many features or are imbalanced. Before feeding 
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raw data to a machine learning algorithm to train, pre-processing the data ensures the training 

process is maximized to our needs.  

 

Figure 3.1 Supervised learning diagram 

 

To exemplify this, in (Ripley, 1996), two examples are compared: facial recognition and zip 

code recognition. The complexity of the first one is what determines the difficulty in achieving 

high accuracy in the computerized classification. The less we understand the variables that help us 

make decisions, the less accurately the machine learning algorithm will classify. Since we are not 

able to access the data that airlines’ use to make their decisions on addition or deletion of routes, 

our predictions are entirely based on public data that is readily available, and it is entirely up to 

the scientific community to find the connection between the outcome of the airline’s decisions and 

use those as premises for our investigations.   

GPs have been known for over 100 years but it is only 10 years ago that they were introduced 

in the machine learning community. A lack of a readily available introduction to this method along 

with its probabilistic nature have played a role in its reduced popularity. However, this method has 

been proven to perform competitively against more popular methods like SVM and DNN in the 

classification field. GPs have been used successfully in this field, with examples summarized in 



 

 

26 

Chapter 3. The study of addition or deletion of routes can be simplified as a classification problem, 

and this is the reason GPs seemed an appropriate approach in the prediction of route addition or 

deletion. 

One of the biggest advantages of this method is the ability to avoid the assumption of a 

determined function for the classification model. Instead, the process of classification with GPs 

looks at a family of functions, which contributes to the flexibility of the model. A detailed 

description of GPs is included in the next section. 

3.2 Gaussian Processes 

A GP is a generalization of the Gaussian probability distribution. It is a collection of random 

variables, any finite number of which has joint Gaussian distributions (Rasmussen & Williams, 

2006). GPs can be used to perform generic supervised learning in the form of regression and 

probabilistic classification problems. Random fields are probabilities on function spaces, and GPs 

are a special type of random fields. GPs are defined by a random function, a mean function and a 

covariance function instead of a random vector, a mean vector and a covariance matrix, in the 

multivariate normal context.  

For a GP function f with a mean m and a covariance K, the vector of outputs f for the vector of 

inputs x will follow the multivariate-normal: 

 

�|	�:�, (∙), �( ∙ ,∙ ) ~ �(�|(	�:�), �(	�:�, 	�:�))   (1) 

Where the mean vector is defined as (	�:�) =  �(	�)⋮(	�)�  and the covariance matrix 

as �(	�:�, 	�:�) = ��(	�, 	�) … �(	�, 	�)⋮ ⋱ ⋮�(	�, 	�) … �(	�, 	�) �. 

The mean and the covariance functions play a central role in our job defining the GP: 

• The mean is defined as the expected value of the random variable f(	): 

 (	) =  �[�(	)]     (2) 

 

This value varies according to the trends in the response of f(	) for different inputs. The 

user can define this value depending on the problem: zero, some constant, a linear function, 
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a set of basis functions, etc. In the presented problem, like in most applications, we will 

not have any prior knowledge about the mean, so by symmetry this value will be chosen to 

be zero. 

• The covariance function represents the variance of the random variable f(	):  

 

�(	, 	) =  �[�(	)] =  �  !�(	) − (	)"#$   (3) 

 

Consequently, for a pair of different input-output vectors 	  and 	′ , the covariance is 

defined as: 

 

�(	, 	′) =  ℂ[�(	), �(	')] =  �[(�(	) − (	))(�(	') − (	'))]  (4) 

 

This function defines the similarity between data points. It is based on the assumption that 

input data points that are closer together will have a similar target value y (Rasmussen & 

Williams, 2006).  

 

 The covariance matrix needs to always be positive definite (i.e., all the eigenvalues of K need 

to be positive). This ensures that the outputs are a multivariate normal distribution. The value of 

�(	, 	′)  will get smaller as the distance between 	  and 	′ grows. The covariance matrix also 

allows the user to model regularity, invariance, periodicity, etc., on the functions sampled from 

the probability induced by the GP.  

The most commonly used covariance function is the Squared Exponential (SE). This is 

modeled in the Python package GPy as the Radial Basis Function or RBF, and it is the kernel of 

choice used in this project due to its popularity and flexibility. The SE formula is the following: 

 

�(	, 	′) = () exp -− �
# ∑ (/01/0')2

302 45�6� +  (�    (5) 

 

where () is a parameter that represents the signal strength. This means, the larger this value, the 

more the GP will vary about the mean. If this value is set too large, the function will follow outliers. 

On the other hand, the parameter 8 represents the length scale of the i-th input dimension of the 
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GP. The more we increase this value, the smoother the samples of the random variable along the 

i-th dimension. This means, the slower the values change. Parameter (� specifies the variance of 

a zero-mean offset with a Gaussian distribution. Prior to running the algorithm, these parameters 

need to be defined. The vector containing these parameters is 9 =
(8:;<), 8:;<�, 8:;=�, … , 8:;=5),  where =� = �

302 . These parameters are defined as logarithms 

since they are positive scale-parameters. The vector of parameters 9  is analogous to the 

hyperparameters in neural networks.  

Choosing the right parameters in your covariance kernel is key to maximize the performance 

of the GP.  In order to estimate the value of 9, one can pursue the maximization of the likelihood 

through an optimization method like the Broyden-Fletcher-Goldfarb-Shanno algorithm (BFGS), 

or, instead, use a Bayesian approach via Markov Chain Monte Carlo where a posterior distribution 

over the parameters is obtained (Williams & Barber, 1998). In this model, the parameters were 

optimized using the BFGS approach. The user can also select a number of restarts to try for the 

multi-start approach and the function then chooses the best solution found.  

3.3 Parametric vs. Non-parametric 

The problem we are presented with consists on a finite set of data that needs to be mapped to 

a function so we can make a point prediction from an input. In order to find this function, we make 

assumptions about it. Depending on the type of assumptions made, there are two categories of 

modeling techniques that arise: parametric and non-parametric. In the parametric case, we look at 

a specific class of functions and we define the parameters that describe the family of distributions. 

This approach is limited in the sense that if the wrong type of function is assumed, the fitting will 

be poor. On the other hand, there is the non-parametric modeling, which is able to look at a family 

of functions for its probability distribution instead of just a set of parameters within a fixed function 

class.  

The GP framework is very powerful because many models used today in machine learning are 

restricted examples of GP. Since the GP is not a parametric model, there is no need to fit the data 

in the model. GP techniques look at a family of functions rather than a family of parameters, which 

makes it very flexible against parametric methods. 
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3.4 Generative vs. Discriminative approach discussion 

Generative models constitute a branch of unsupervised learning techniques in machine 

learning. These models make use of the joint distribution while discriminative models use the 

conditional distribution. Classification problems can be approached in two different ways, 

depending on how the joint probability p(y,x) (where y is the class label) is decomposed. The first 

approach consists on modeling the class densities (generative approach) and the second on 

modeling the conditional probabilities (discriminative approach). Using Bayes theorem, the 

generative approach decomposes the joint probability as p(y)p(x|y) and the discriminative 

approach as p(x)p(y|x). The generative approach is useful when we are handling missing data or 

outliers because we have access to p(x). However, density estimation for the class-conditional 

distribution is a hard problem especially if x is high dimensional. In the discriminative approach, 

we model p(y|x) directly, so modeling assumptions do not affect the process as much as in the 

generative approach (Ripley, 1996). 

The posterior probability can be calculated using the following formula: 

 

>(?|	) =  @(A)@(/|A)
∑ @(BC)@(/|BC)DCEF      (6) 

 

For the generative approach, inference of p(y) is straightforward: it consists on the estimation 

of a binomial probability in the binary case.  

The following is a summary table with the multiple approaches described in Chapter 2. 
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Table 3.1 Model Type Comparison 

Model name Parametric/Non-parametric Generative/Discriminative 

Linear regression Parametric Discriminative 

Logistic regression Parametric Discriminative 

Fitness Function Non-parametric Discriminative 

Neural Network Parametric Discriminative 

Support Vector Machine Non-parametric Discriminative 

Random Forest Non-parametric Discriminative 

K-nearest Neighbor Non-parametric Generative 

DCM Parametric Discriminative 

Gaussian Process Non-parametric Discriminative 

3.5 Gaussian Process Classification 

As its name indicates, this method will consist on a learning process of input-output mapping 

from empirical data (the training dataset). Depending on the characteristics of the output, this 

approach is known as either regression, for continuous outputs, or classification, when the outputs 

are discrete. Our problem is a binary classification problem. 

In probabilistic classification, test predictions take the form of class probabilities. This means, 

it results in predictive distributions rather than point predictions, which is the output in regression 

analysis (Rasmussen & Williams, 2006). 

The targets are discrete class labels instead of continuous probabilities. For this reason, 

Gaussian likelihood does not apply (in GP Regression, we define priors and likelihoods to be 

Gaussian, which give us GP posteriors). In GPC, the likelihood is not Gaussian, but the posterior 

process can be approximated by a GP (Rasmussen & Williams, 2006).  

The main difference between GP Regression (GPR) and GPC is the way the output data is 

connected to the underlying function outputs. In GPR this connection is done through a noise 

process. However, in GPC, there are two steps in the classification of the data because we are 

interested in the class probabilities. The first step involves the GP in itself. This consists on 

evaluating the latent function, which represents how the likelihood varies over the x-axis. The 

second step involves squashing this output through a sigmoid (e.g., logit or probit) function. This 

schematic from (Ebden, 2008) represents the process just described. 
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Figure 3.2 Summary schematic of GPC process (Ebden, 2008) 

 

Given a training set D of inputs 	�  with binary class labels ?� ∈ H−1, 1J: K =
H(	�, ?�)|L = 1, … , MJ, N = H	�|L = 1, … , MJ, O = H?�|L = 1, … , MJ, the goal is to find the correct 

class label y’ for a new data point x’. This is achieved by computing the class probability p(y’|x’, 

D). The idea is to transform some real valued latent variable f’, which contains the value of some 

latent function f (∙) at x’. For this, we define a GP prior on this function, which means the points 

from this function will follow a multivariate Gaussian density. Also, we have a set of parameters 

defined by 9 that will contribute in the definition of our class probability. 

Since we are basing this mathematical representation of GPC from Rasmussen and Williams’ 

book (Rasmussen & Williams, 2006), we will assume we use a probit function to relate the latent 

function to the class probability. The probit function will be expressed as: 

 

>!? =  1P�(	)" =  Q(	) =  Φ(�(	))   (7) 

 

The observations are independent given the latent function f, so the likelihood is defined as:  

 

>(?|�) =  ∏ >(��6� ?� , ��) =  ∏ Φ��6� (?���)   (8) 

 

The next step is to define a GP prior over the latent function, with mean 0 and covariance K: 

 

�|N, 9 ~ �(0, �) (9) 

 

Which is a normalized Gaussian distribution. The posterior then becomes: 
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>(�|K, 9) = @!�PN, 9"@(A|U)
@(V|W) = �(U|),X)

@(V|W) ∏ Φ��6� (?���)   (10) 

 

Which, since it involves the multiplication of a GP and a probit function, is non-Gaussian. 

The last step is to find the latent value f’ at the test point x’: 

 

>(�'|	', K, 9) =  Y >(�'|�, N, 	', 9)>(�|K, 9)Z�   (11) 

 

And finally the predictive class probability is found: 

 

>(?'|	', K, 9) =  Y >(?'|�')>(�'|K, 9, 	')Z�′   (12) 

 

Both of these integrals are intractable to compute, and here is where the approximation 

methods come to rescue. 

3.5.1 Approximation methods 

The posterior >(�|K, 9) is intractable because it involves the product of a Gaussian (the prior) 

and a product of sigmoids (the likelihood). The reason we perform approximation methods is to 

replace a non-Gaussian posterior with a Gaussian. There are different methods: the Laplace 

approximation, Expectation Propagation (EP) and Markov Chain Monte Carlo (MCMC), amongst 

others (Rasmussen & Williams, 2006). EP is the most accurate method as long as a slightly longer 

running time is not a constraint (Nickish & Rasmussen, 2008). Several authors have reported it 

works relatively well with GP models even though convergence is not guaranteed (Rasmussen & 

Williams, 2006).  

A comparison between multiple machine learning methods is presented in (Rasmussen & 

Williams, 2006). It consists on a binary classification task between images of the digits 3 and 5. 

In this analysis, two different approaches are compared in the GPC algorithm: Expectation 

Propagation (EP) and the Laplace approximation. While the test error rates where comparable 

between the two approaches, the EP approximation produced a higher maximum value of the log 

marginal likelihood as well as a better test information (Ripley, 1996). 
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Another example carried out by (Rasmussen & Williams, 2006), this time one-dimensional, 

demonstrates the superiority of the EP method approximation versus the Laplace method 

approximation. In this example, the same hyperparameters were chosen to maximize the 

approximate marginal likelihood for the Laplace method. A plot showing the actual dataset along 

with the predictive probability approximations by the two methods were drawn and the Laplace 

approximation performs conservatively compared to the EP approximation. This is because the 

Laplace method approximation is uncontrolled due to the Hessian, which gives a poor estimation 

of the true shape of the posterior. 

The Python Gaussian Process framework used to build the model, GPy, integrates the EP 

method. It will be described next in detail. 

3.5.1.1  Expectation Propagation (EP) 

The approximation of the predictive class probability starts with the use of Bayes’ rule with 

the likelihood, the prior, and a normalization term to obtain the posterior: 

 

>(�|N, ?) =  �
[ >(�|N) ∏ p��6� (?�|��)     (13) 

 

Where the normalizing term is the marginal likelihood: 

 

\ = >(?|N) =  Y >(�|N) ∏ p��6� (?�|��)Z�    (14) 

 

Up until this point, the same logic is followed for the case of regression in GP. The two 

methods diverge in the definition of the likelihood. In classification, the likelihood is non-Gaussian, 

which makes the posterior p(f|X,y) intractable. As mentioned before, we will be using a probit 

function to define our likelihood, i.e., >(?�|��) = Φ(��?�). The approach now in EP is to use a local 

likelihood approximation, defined as: 

 

>(?�|��) ≃ _�!��P\'� , `'�, a'�#" ≜ \'��(��|`'�, a'�#)   (15) 

 

Which is nothing but an un-normalized Gaussian function over the latent variable �� . The “site 

parameters” are \'�, `'�  and a'�# s. t.: 
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∏ _�!��P\'� , `'�, a'�#" =��6� �(f', Σ') ∏ \′��     (16) 

 

Where f′ is the vector of `'� and Σ' is the diagonal with Σ′�� = a'�#.  

The idea being pursued is to approximate the non-Gaussian likelihood that normalizes over 

the targets ?� by an un-normalized Gaussian distribution over the latent variables ��. 
The posterior >(�|N, ?) is then approximated by h(�|N, ?): 

 

h(�|N, ≜ �
[ij >(�|N) ∏ _�!��P\'� , `'�, a'�#" =��6� �(f, Σ)   (17) 

 

Where the rule of the product of Gaussians was used to obtain an un-normalized Gaussian, the 

approximate posteriors are f = ΣΣ'1�f′  and Σ = (�1� + Σ'1�)1� , and \kl = h(?|N)  is the 

approximation from the EP algorithm to the normalization term Z from eq. (17).  

The next step is to choose the site parameters. The approach consists on updating the value of 

the local likelihood approximation _� sequentially, for which the cavity distribution is found. Then, 

the new un-normalized Gaussian marginal which best approximates the product of this cavity 

distribution times the likelihood is found. In order to minimize the Kullback-Leibler divergence of 

p(x)||q(x), the moments of the product between the cavity distribution and the local approximation 

of _�  are derived, which allows us to obtain the parameters of the approximation _�. 

3.5.2 GPC vs. Other Methods  

Logistic regression can be generalized to give GPC. However, GPC is different from logistic 

regression in that its decision boundary is non-linear. This allows the method to model non-linear 

functions (Rasmussen & Williams, 2006). 

In (Rasmussen & Williams, 2006), an experiment on handwritten digit and character recognition 

is performed with different machine learning methods. The task consists on discriminating images 

of the number 3 with the number 5. The results are compared using the test log predictive 

probability and the test error percentages. The methods compared in this analysis are GPC, a linear 

probit model, SVM, K-nearest neighbor and a GP least-squares classifier. 
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Figure 3.3 Misclassification and test information in terms of rejection rate, using different 

machine learning methods, in the classification task of digits 3 and 5 (Rasmussen & Williams, 

2006) 

 

Figure 3.3 summarizes the error rate and test information for comparison between the different 

machine learning algorithms used in the binary discrimination example. The figure on the left 

shows the error-reject curve and the figure on the right presents the amount of information about 

the test cases with respect to the rejection rate. In the legend, P1NN stands for probabilistic one 

nearest neighbor, which corresponds to a natural extension for K-nearest neighbor, LSC is for the 

GP least-squares classifier, and lin probit is for the linear probit classifier. The methods that 

performed the best were the Expectation Propagation (EP) approximation for GPC, the SVM and 

the GP least-squarest classifier. The GP least squares classifier performed the best overall. This 

method treats classification as a regression problem, where a Gaussian noise model is used and the 

goal is to minimize the squared error function (Rasmussen & Williams, 2006). 

One of the advantages of GPC versus SVM is that with the first method you can interpret the 

result with probabilities; i.e., the output is a prediction for the probability of your value y to be 1 

given x. In SVM, probabilistic predictions could be obtained by calculating the sigmoid of the 

function with fitted variables and an unbiased version of the training dataset. However, this method 

does not take into account the variance of the function of x, which results in error-reject curves 

that correspond to an underperforming classifier (Rasmussen & Williams, 2006). 

One of the best aspects of GPs versus other methods is its versatility. Even though common 

kernels are provided, the user is allowed to input their own kernel, as seen in Chapter 5, which 

allows for finer tuning. Not only that, the parameters used in GP can be chosen directly from the 

training data. Other models, like SVM, need cross validation because of the initial choice of kernel. 
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The biggest disadvantage of GPs is in the loss of efficiency in high-dimensional spaces when the 

number of features exceeds a few dozens, called the curse of dimensionality. This is a common 

problem with other advanced methods, such as DNN and SVM. Also, it is not a sparse method, 

which means they are harder to train with sparse data. This is where Sparse Gaussian Classification 

comes into the picture (this sparse GP-based algorithm is described more in depth in the next 

section). Despite these downsides, GPC has been proven to be a very effective classifier. A large-

scale comparison study of 12 major classifiers, on 22 benchmark classification problems was 

performed, where GPC was the best classifier among all (Atiya, 2010). 

Rasmussen & Williams speculate in (Rasmussen & Williams, 2006) about why GPs are not 

more widely used. There are three major reasons highlighted. The first one is that GPs require the 

use of large matrices, which were computationally tedious to handle in the past; the second reason 

is that the covariance functions in GP used to be fixed, and not much information on how to choose 

these functions was available, which is one of the most interesting aspects of the use of GPs. Lastly, 

GPs are a natural extension of Bayesian linear regression. In statistics, this was never a very 

popular method in the first place.   

3.6 Sparse Gaussian Classification 

The size of the training database was the main challenge encountered when processing the 

data with GPs. GPs are unable to process large amounts of training data rapidly, just like the other 

more advanced machine learning methods discussed in this thesis, ANN or SVM. This is because 

matrix inversion of a large number of data points makes the application of GPs infeasible for large 

databases (Tresp, 2001). In order to circumvent this issue, the training database was processed 

using a modified GP Classification method, called Sparse Gaussian Classification (SGC), where 

the sparseness relies on the selection of a smaller dataset. 

SGC allows the user to process large datasets because the inference complexity is reduced 

from O(Mm) to O(M#), where N is the number of data points and M is a subset of the data that the 

user is able to select, where M << N. This subset of data is a set of latent variables u, called the 

inducing variables. The name of the model comes from the fact that u is the only way the vector 

of latent functions f and the function values f’ “communicate”, and therefore u induces the 

dependencies between the training set and the test case. This method is defined by the following 

likelihood and inducing prior: 
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>(?|�) =  �(�, a�n�op# q)   rMZ   >(s) = �(0, �t,t)   (18) 

 

The inducing variables can be integrated out from the expression for the probability p(f, f’) 

from the joint GP prior p(f, f’, u) as follows: 

 

>(�, �') =  Y >(�', �, s)Zs =  Y >(�', �|s)>(s)Zs, =ℎvwv >(s) =  � (0, �t,t) (19) 

 

Now, the approximation that defines almost all sparse approximations [45] is at the joint prior, 

where we assume that f and f’ are conditionally independent given u, such that: 

 

>(�', �) ≃ h(�', �) = Y h(�'|s)h(�|s)>(s)Zs   (20) 

 

Per (Quiñonero-Candela, 2006), the selection of inducing variables is a challenging problem 

in itself, and different methods proposed in literature will be based on variations of the additional 

assumptions of the two inducing conditionals h(�'|s), h(�|s) in the above equation.  

Initially, the selection of the inducing variables had to be from the set of training points. 

However, Snelson and Ghahramani (Snelson & Ghahramani, 2005) proposed to relax this 

constraint and treat it as an optimization problem. Snelson and Ghahramani (Snelson & 

Ghahramani, 2005) maximized the marginal likelihood to learn the inducing inputs just like it is 

done with the hyperparameters. The marginal likelihood conditioned on the inducing inputs then 

became: 

 

h(?|Nt) =  ∬ >(?|�)h(�|s)>(s|Nt)ZsZ� =  Y >(?|�)h(�|Nt)Z�  (21) 

 

where Nt is the vector of inducing inputs and f is the vector of latent function values.  

This sparse approximation is the result of modifying the algorithms to present “an exact 

inference with an approximated prior”, rather than “an approximate inference with the exact prior” 

(Quiñonero-Candela, 2006). This way it is possible to express the approximations in terms of prior 

assumptions about the function, which allows us to understand the consequences of the 

approximations (Quiñonero-Candela, 2006).   
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 DATA PROCESSING AND ANALYSIS 

4.1 Data Processing 

As discussed at the beginning of this thesis, the data used to model the airline’s decision of 

deletion of routes was obtained from BTS. According to the conclusions drawn from the analysis 

performed by Sha et al. in (Sha, Moolchandani, Panchal, & DeLaurentis, 2016), market demand 

as well as the hub status of an airport affect the addition of a route. Cost to the airline and distance 

do not affect the addition of a route significantly, and there is no significant interaction between 

the hub status and the cost of flight.  

The data on market demand in the BTS-100 for 2009 through 2013 was used to run the models. 

This constitutes the single independent variable that will be used in the models. The data contains 

the market demand for the routes between the main 132 airports in the country in the United States 

Air Traffic Network, totaling 8,646 possible routes in the database. These are divided into two 

classes: the routes that were deleted that year (the minority class, or class with less samples, 

represented with a 1) and the routes that were kept that year (the majority class, or class with more 

samples, represented with a 0). The members in each class represent a route’s market demand for 

a particular year, and the decision to delete or keep that route with respect to the year before. This 

database presented an imbalanced number of sample routes. This means that the minority class is 

the class of greater interest but suffers from the greater cost in the learning process. This type of 

problem has become more significant in classification in the field of machine learning because of 

its prevalence in multiple fields (Albisua, 2012), such as medical imaging, insurance claims and 

fraudulent transactions. In these examples, the imbalance in the datasets can reach values of 98% 

to 2%. 

The data from 2009 to 2013 is characterized by the following proportion: 

Class 0: 25,850 Class 1: 647 Proportion: 39.95 : 1 

The reason imbalance is problematic in machine learning is because of the accuracy paradox. 

The classifier will be able to reach high levels of accuracy, meaning, it is able to accurately predict 

outcomes available in the data set, because it is most often predicting the outcomes observed in 

the larger class distribution (the majority class).  The important outcome here is correct prediction 

of the minority class outcome. Some algorithms like decision trees and logistic regression have 
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bias towards classes with higher number of instances. The model can also suffer from overfitting 

the data in this class distribution or classify all data as the majority class and label the minority 

class as noise.  

The solution to the class-imbalance problem is to process the data with a resampling method. 

Resampling methods consist on synthesizing a new dataset from the existing training data, where 

the number of samples for each class is balanced.  

However, for this problem, instead of pursuing resampling, inspection of the data revealed 

that the majority of the data points of interest (those with a value of 1) were located at very low 

values of market demand, which can be observed in Figures 4.1 and 4.2. These figures represent 

the majority and minority classes in the dataset. The first plot shows the entire dataset, while the 

second one applies to market demand under 500 passengers. The distribution of the points is less 

skewed for the second case.  

 

Figure 4.1 Decision to delete (1) or keep (0) a route with respect to demand data per route in the 

United States, from 2009 to 2013, entire dataset 
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Figure 4.2 Decision to delete (1) or keep (0) a route with respect to demand data per route in the 

United States, from 2009 to 2013, under 500 passengers 

 

Therefore, instead of running the entire dataset, a threshold was set to select only the points 

under this threshold and ignore the rest, and this way reduce the proportion of 0’s to 1’s. 

It was observed that the threshold for market demand could be set at 500 without a significant 

loss of 1’s and still reduce the ratio of the majority class to the minority class, so this was the 

threshold selected. The number of points was reduced from 25,850 to 10,327. The balance of 

samples of the dataset pre-threshold and post-threshold improved significantly:  

Class 0: 10,327 Class 1: 401 Proportion: 25.75 : 1 

Once the dataset was reduced to a more manageable size, a special type of cross-validation 

was used to run the models. This method is explained in Chapter 5. 

4.2 Metrics 

Figures 4.3 and 4.4 demonstrate the skewness of the data collected for this research. With 

such datasets, accuracy becomes an unsuitable metric to measure the performance of an algorithm 

(Ng, 2019). A more appropriate approach is to present a confusion matrix along with the precision 
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and recall metrics to analyze the results. Precision refers to the percentage of results that are 

relevant while recall represents the percentage of those values that are correctly classified. 

 

Figure 4.3 Normalized histogram of demand data, measured in number of passengers per route in 

the United States, from 2009 to 2013, entire dataset 

 

Figure 4.4 Normalized histogram of demand data, measured in number of passengers per route in 

the United States, from 2009 to 2013, under 500 passengers 
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4.2.1 Confusion Matrix  

This table is built to help analyze the performance of a classification model. In the confusion 

matrix, the true negatives (TN) are the actual negatives that were predicted correctly; the true 

positives (TP) are the actual positives that were predicted correctly; the actual negative wrongly 

predicted positive is a false positive (FP) which corresponds to a type error I; and lastly, the actual 

positive that was wrongly predicted negative is the false negative (FN), corresponding to a type II 

error.  

In terms of the current experiment, an FP would be a route that was actually not removed but 

predicted to be removed; and an FN would be a route that was actually removed but was not 

predicted to be removed. FPs are the least desirable type of error because we prefer a conservative 

decision-making process, which we will talk about more later in this section. 

Table 4.1 corresponds to the confusion matrix for the values obtained when the threshold for 

the resulting probabilities is set to 0.495. These values are then used to compute the precision and 

recall. 

 

Table 4.1 Confusion Matrix 

 Predicted negative (0) Predicted positive (1) 

Actual negative (0) TN = 96.11% FP = Type I error = 99.03% 

Actual positive (1) FN = Type II error = 3.89% TP = 0.96% 

 

Precision:  
yl

ylz{l = 0.01    (22) 

Recall: 
yl

ylz{| = 0.20     (23) 

 

We are capable of controlling the trade-off between the precision and recall by applying a 

Bayes classifier with a threshold probability. The model will choose a class once it reaches this 

threshold. Varying this threshold can help achieve a classifier with higher precision and lower 

recall, because we want to make sure the number of routes the model predicts to be deleted are 

actually deleted in the data and not deleting a route that was not deleted in the data. This translates 

into a lower false positive.  

The metric that will be used to measure the performance of the algorithm given threshold is 

called the �� score, which uses the prediction (P) and recall (R) values.  
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�� }~:wv =  #l�
lz�     (24) 

 

The �� score ranges from 0 to 1, 1 indicating a perfect precision and recall, and 0 indicating one 

of the two values is zero. 

4.2.2 ROC Curve and AUC 

The ROC curve (Receiver Operating Characteristic curve) is used to evaluate the performance 

of a classification model for the range of predictive probability thresholds. The curve is achieved 

by plotting the precision against the recall. The AUC is the Area Under the Curve, and it represents 

the area encased under the ROC. It is a measure of separability, which means it is capable of telling 

us how good our model is at distinguishing between classes.  

The AUC value ranges from 0 to 1. The closer to 1, the more capable our model is at 

distinguishing between classes. An AUC value of 0.5 means it is not capable of distinguishing the 

classes. An AUC closer to 0 means the model can distinguish the classes, but it is assigning them 

inversely; i.e., the 1s are 0s and the 0s are 1s.  

 

 

Figure 4.5 ROC curve examples (Rocca, 2019) 

 

Figure 4.5 represents three different ROC curves. A curve that resembles a diagonal across 

the plot, from the bottom left to the top right, will indicate an AUC of 0.5, equivalent of a model 

incapable of discerning between classes. The first figure in 4.5 exemplifies this. The middle figure 
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corresponds to an average classifier. The last one is obtained from a good performing classifier. 

The better the model, the closer the line will be to the top left corner. 

The scikit learn library in Python was used in this thesis in order to plot the ROC curve and 

find the AUC for the SGC and the DNN models. 

4.3 SGC Results 

The varying prediction threshold results are plotted in Figure 4.6. Here, the accuracy of the 

model increases as we raise the threshold whereas the precision, recall and �� score decrease. 
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Figure 4.6 Performance metrics comparison with varying predictive probability threshold for the 

SGC model, using the demand data for the years 2009 to 2013 in the United States. 
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There is a very noticeable split in the data at the 50% predictive probability threshold. What 

this tells us is that the majority of the 1s returned by our model have a predictive probability below 

50%, specifically between 0 and 10%. As we increase the threshold, it is more difficult to select a 

route to delete; hence, the model returns more 0s. Since there are more 0s in the dataset, the 

accuracy reflects this positively. As we increase the prediction probability threshold, the precision 

and recall stay relatively unaltered. At the 0.495 threshold, the model returns a 42% accuracy. At 

the 0.5 threshold all metrics have a spike, which is especially noticeable in the accuracy and the 

recall. After this value, the accuracy shoots up because there are very few real 1s afterwards. This 

means, if the model labeled all results as 0, the percentage of values that are 1s could just be labeled 

as noise, bringing the accuracy to its reported 97.77%. This is why looking at the precision and 

recall is important. These are indicative that the results obtained in this range are meaningless. 

Overall, the �� score stays relatively unaffected until the 0.49 threshold where it spikes and then 

decreases in a similar fashion to the precision. The spike can be interpreted as the inability of the 

model to select a class for the data that sits at the 50% probability threshold. The subsequent 

decrease is indicative of less positives actually marked positive, which means, more routes are 

marked as not actually deleted.  

Figure 4.7 represents the ROC obtained for the SGC. The AUC is 0.375. This value confirms 

the inability of the model to discern between the classes.  
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Figure 4.7 ROC curve for the SGC model, across the range of probability thresholds from 0 to 1, 

using the market demand test data for 2014 in the United States 

 

It was reported in (Sha, Moolchandani, Panchal, & DeLaurentis, 2016) that regarding route 

addition, the accuracy in the results returned is lower compared to route deletion. This is because 

airlines prefer to stay conservative due to the large initial investment to operate a new route (Sha, 

Moolchandani, Panchal, & DeLaurentis, 2016). There are more uncertainties associated with 

adding routes than deleting them and airlines are more intolerant to risk in this case. 

4.4 DNN Results 

To provide some context, the SGC model was compared to a similarly built DNN model. The 

same historical data to train and validate the model was used as well as the same optimizer as the 

SGC.  
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Figure 4.8 Performance metrics comparison with varying predictive probability threshold for the 

DNN model, using the demand data for the years 2009 to 2013 in the United States. 

 

Figure 4.8 shows that the accuracy of the model is unaffected until the 0.85 threshold, where 

it starts increasing. The precision, recall and �� score are unaffected until they start dropping at the 

0.85 threshold as well. Accuracy is lower in the lower threshold values because there are too many 

routes predicted to be deleted, which translates to more zeroes predicted erroneously as 1s. There 

are more 0s than 1s in the dataset, so decreasing the amount of 1s that can be returned by increasing 
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the threshold affects the accuracy positively once again. At the predictive probability of 0.85 we 

see a rapid increase of the accuracy. This is due to an increasing number of 1s around this value 

that will turn to 0 as the threshold increases. The majority of 1s returned come with a posterior 

probability of over 90% (the second part of the increase, where the slope is steeper), which is a 

very high chance returned by the model of the route being deleted. Therefore the recall decreases 

in this range and continues decreasing sharply until the end of the threshold range. The precision 

and �� score remain unchanged up to 0.85, and then they start to decrease as well.  

Figure 4.9 represents the ROC obtained from the DNN predictions after running the market 

demand data for 2014. The resulting AUC is 0.314. This value confirms the inability of the model 

to discern between the classes.  

 

Figure 4.9 ROC curve for the DNN model, across the range of probability thresholds from 0 to 1, 

using the market demand test data for 2014 in the United States 

  



 

 

50 

4.5 Comparison of results 

The SGC and the DNN models are compared: 

 

Table 4.2 SGC and DNN metrics comparison 

 SGC DNN 

Threshold 49% 96% 

Accuracy 42% 40% 

Precision 0.01 0.01 

Recall 0.20 0.20 �� score 0.02 0.02 

AUC 0.38 0.31 

 

• At a 49% threshold, the SGC model has an accuracy of around 42%, precision of 0.01, 

recall of 0.20, �� score of 0.02 and AUC of 0.38. 

• At a 96% threshold, the DNN model has an accuracy of around 40%, precision of 0.01, 

recall of 0.20, �� score of 0.02 and AUC of 0.31. 

 

Without the threshold modification, these two models would appear to perform equally, given 

the high accuracy output of 97.77% in both cases. However, using a predictive probability 

threshold to fine-tune our results and the appropriate metrics for imbalanced problems can help in 

the selection of the appropriate model for the problem, as well as support the decision-making 

process. From these results it can be concluded that these models had a very similar performance.  

 However, it is interesting to see how differently they behave along the range of threshold 

values. Most of the cases of route deletion have a predictive probability of over 90% for the DNN 

model while for the SGC they stayed under 50%. Unfortunately, in both models, the precision was 

lower than the recall, which is undesirable for this problem. As stated earlier, a higher precision 

translates to more correctly classified values, which in the case of route deletion it is important to 

account due to the high costs associated to initiating a new route. The poor performance of the 

models suggest that more data should be used to train the models, as well as new data about other 

parameters that seem to affect the deletion of routes.  
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The models output similar ROC curves, which yielded an AUC of 0.31 and 0.38, meaning the 

models are incapable of differentiating between the classes. The low probabilities returned by the 

SGC confirm these suspicions. 
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 VALIDATION 

5.1 Stratified K-fold cross-validation 

A popular method used in machine learning to compare different algorithms is K-fold cross-

validation. It consists on splitting the data set into k folds or subsets, training each model with (k-

1) folds and running them against the remaining fold, until every fold has been used as the test set.  

Stratified K-fold cross validation consists of a modified K-fold cross validation. The 

difference relies on the arrangement of the data points in each fold. The stratified method ensures 

that each fold contains a representative amount of data from each class. This is especially 

significant in highly unbalanced datasets, making it more suitable for the dataset used in this 

research. The k error in each fold will contribute to the performance metric for the specific model.  

The user can vary the value of k depending on the outcome. Bias and variance are inversely 

proportional so a lower K will result in more bias, a higher K will produce larger variance. K=10 

has been shown through experimentation across fields to provide a model skill estimate with 

acceptable bias and variance (Kohavi, 1995). Twenty folds were conducted to compare the 

validation models but it became too computationally intensive so the simulation was stopped. Five 

folds produced acceptable results. Ten folds yielded similar results, slightly less biased. Therefore, 

in this model, k will be set to 10. 

5.2 Results 

A DNN stratified 10-fold cross-validation was run to validate the results from both models. 

This operation produced 10 folds of the complete data set from 2009 to 2014. The stratification 

ensured a balanced amount of data points from each label for every fold. 

The accuracy, �� score, precision and recall numbers were plotted for every fold against the 

range of values for thresholds. The values for a predictive probability threshold of 0 to 0.96 stayed 

constant until the observed changes in the region of interest. The four plots in figure 5.1 show the 

values on the region of interest, from threshold 0.96 to 0.985. This region of interest is where the 

majority of the predictive probabilities are returned from the model.  
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Figure 5.1 Metrics measured for the stratified 10-Fold Cross-Validation results using the DNN 

model, for the predictive probability threshold range of 0.96 to 0.985. 
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Figure 5.1 continued 

 

 

 

 

Each plot shows the range of values for every fold for each different metric: accuracy, recall, 

precision and ��  score. Overall, all folds appear to perform very similarly. The predictive 

probabilities range from ~0.973 to ~0.980. The recall plots show the same bump we had seen in 

the previous section plots. This sudden change in slope is due to an increase of misclassified values. 
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Observing the point right before the bump, we can note that the recall varies between 0.3 and 0.6 

for the folds. At this same threshold, the precision is measured to be between 0.01 and 0.02, the �� 

score between 0.03 and 0.07, and the accuracy between 0.2 and 0.6. The plots shapes match those 

that resulted from the DNN model in the previous section, which validates the results obtained for 

the year tested.  

An attempt was made to run a Sparse Gaussian Classification Stratified 10-fold Cross-

Validation model. The model turned out to be very computationally expensive for this algorithm 

and for that reason fewer threshold values were run. With fewer values, the plot was not significant 

for comparison with the original model where we tested against data from 2014. 
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 CONCLUSION AND FUTURE STEPS 

The objective of this thesis is to identify the challenges, and means to assess, the application 

of machine learning to transportation data that is imbalanced and using only one independent 

variable. Machine learning is a powerful tool used to understand the relationship between different 

variables that lead to certain decisions that maximize profit or minimize loses. It has found broad 

applications in finance, healthcare, technology and engineering. However, we have learnt that 

there is no universal machine learning algorithm. Existing models that use a machine learning 

algorithm set a precedent for resolving new problems, but testing new approaches result in more 

efficient models or more accurate results. Our decision on what algorithm to implement is 

impacted by the type of data collected as well as the characteristics we are interested in studying. 

More recently, we have encountered across many fields of study skewed datasets that affect the 

performance of the algorithm, by resulting in the accuracy paradox.  

The demonstration application centers creating a prediction model that relates the number of 

passengers per flight leg as the single independent variable and the airline’s decision to keep or 

eliminate that route (dependent variable). One of the difficulties faced in the modeling process 

originated from the imbalance of the data. This is a problem currently observed in fields where 

there is a lack of data in the class of interest. The datasets used for training can become 

unmanageable due to the size, because the low percentage of cases in the class of interest forces 

the user to select a bigger dataset to obtain more samples. The problem then requires the use of a 

sparse method to build a model. The pre-processing of the imbalanced dataset can also include 

resampling which introduces bias and overfitting or causes the loss of important information.  

This thesis represents a step in the process for finding the best performing algorithm in a 

classification problem for an imbalanced dataset. In this type of problems, the outputs of the model 

are discrete. There are existing categories and the data is classified following an input-output 

mapping that results from the training process. The number of problems in classification is 

continuously increasing, and there have been many instances of successfully applying a machine 

learning algorithm to create this mapping. The addition and deletion of routes by airlines represent 

a binary classification problem. Routes are deleted –or not—as a result of a decision-making 

process affected by many variables, and studying how they may affect the outcome is a powerful 

approach to better understand the factors that affect the network topology evolution. A simplistic 
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approach where this decision-making process is dependent on a single variable (in the case of our 

model, demand) is not representative of the outcome. 

The use of GPs seems appropriate in this problem because of the reported high prediction 

accuracy in binary classification problems in (Rasmussen & Williams, 2006). Properly interpreting 

the accuracy in the results is another key part of machine learning. The application of the SGC and 

DNN algorithms to this particular problem, which uses an imbalanced dataset, teaches us that 

sometimes accuracy results can be deceiving, and further investigation is required for validation. 

Using the appropriate metrics for imbalanced problems allowed us to conclude that a much 

more thorough study of the variables that affect the airlines’ decision-making process is required 

in order to use a machine learning algorithm successfully. The output from both the SGC and the 

DNN models showed a precision lower than the recall, which means they did not perform 

accurately. This may seem to contradict the accuracy value returned of over 97%, but when a 

model is trained and tested with imbalanced data, the accuracy on its own is not sufficient to 

evaluate the performance of the model. The use of appropriate threshold values for the predictive 

probabilities plays an important part in the analysis of the results from these models. Varying the 

threshold is a way to avoid relying on the models’ results completely and to restrict the number of 

cases where a route is predicted to be deleted. Since creating a route incurs a large investment, 

deleting it should be a decision that comes with high confidence, and the appropriate threshold 

allows that precisely. 

The SGC model returned probabilities of under 50%, which confirms the inability of the 

model to perform predictions with confidence. The DNN model returned similar results to the SGC 

model but the probabilities reported were higher than 90%. Since the �� score was very low in both 

cases, the high threshold probability returned by the DNN is undesirable. The AUC was 0.38 for 

the SGC and 0.31 for the DNN classifier. These values come close to 0.5, which indicate their 

inability to discern between the classes.  

A properly optimized SGC model can represent an aid tool in the decision-making process of 

adding or deleting an air route. The model in this thesis represents the first step towards the 

successful application of Gaussian Processes to the problem. This model will need to be optimized 

by exploring other choices of covariance matrices. The output of the model is highly impacted by 

this matrix, which makes this investigation crucial in the process of obtaining a good performing 
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algorithm. Another task that will greatly benefit the model is the optimization of the inducing 

inputs. This will allow us to maximize the capabilities of the sparse data.  

Understanding these limitations and the metrics used lays the grounds for future application 

of Gaussian Processes in decision-making. The next steps in this study include research to find 

more parameters that could affect the airlines’ decision-making process (i.e., the urban 

development in the origin/destination city, financial performance of the country in that year, rate 

of growth of other modes of transportation, etc.). This will allow the scientist to create a more 

complex model that can accurately represent the reality of the air traffic network evolution. A 

stratified K-fold cross-validation technique is an efficient way to confirm the validity of the model, 

as seen in this thesis. 

Further research in the topic should include the exploration of variable-optimization 

algorithms. Recently developed Gradient Descent Optimization algorithms proved to work very 

well in machine learning (Ruder, 2017). When the data readily available is scarce or hard to obtain, 

the improvement of the model through optimization methods can result in less computational effort 

and improved use of computational memory. 
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